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ABSTRACT

In auction environments in which agents have private values, the Vickrey
auction induces agents to truthfully reveal their preferences and selects the
efficient allocation accordingly. When the agents’ valuations are interdepen-
dent, various generalizations of the Vickrey auction have been found which
provide incentives for truthful revelation of all private information and preserve
efficiency. However, these mechanisms generally do not provide the bidders
with dominant strategies. The existing literature has therefore used a stronger
equilibrium solution concept. In this paper we show that while the general-
ized VCG mechanism admits a multiplicity of equilibria, many of which are
inefficient. We give conditions under which the efficiency equilibrium is the
unique outcome of iterative elimination of ex post weakly dominated strate-
gies. With two bidders, the standard single-crossing condition is sufficient.
With more than two bidders, we show by example that a strengthening of the
single-crossing condition is necessary.
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2 Efficient and Dominance Solvable Auctions

1. INTRODUCTION

he Vickrey-Clarke-Groves mechanism is among the pillars of mechanism

design and implementation theory. In its simplest form, the Vickrey
auction is a selling mechanism under which bidders with private valuations
for a single object have a dominant strategy to submit a bid equal to their
valuation, thereby ensuring that the auction will be won by the bidder whose
valuation is the highest. More generally, in social choice environments in
which agents have private values (they have all the information that is relevant
to determine their preferences), and utilities are quasi-linear in money, the
Vickrey-Clarke-Groves (VCG) mechanism induces agents to truthfully reveal
their preferences, and selects the efficient outcome accordingly.

Attention has recently turned to efficient implementation in environments
characterized by interdependent values. Values are interdependent whenever
the preferences of one agent depends on some information held privately by
another agent. To achieve an ex post efficient allocation in such an environment,
a planner must induce truthful revelation of all private information with the
understanding that the social alternative will be chosen to maximize total
surplus as calculated on the basis of this information. For a simple example
of such an environment, consider a planner who must decide how to allocate
a single indivisible object among a given set of agents. When the agents’
valuations for the object are interdependent, various generalized versions of the
Vickrey auction have been found to provide incentives for truthful revelation
and efficiently allocate the object. !

However, unlike in private value contexts, the generalized VCG mechanism
does not provide the players with dominant-strategy incentives for truthful
revelation. Instead, in these interdependent valuation contexts, the implementa-
tion notion used has been weakened to an equilibrium concept. Specifically, it
has been shown that the generalized VCG mechanism admits an ex post Nash
equilibrium in which all agents report truthfully. While ex post equilibrium
is a more conservative equilibrium concept than, for example, Bayesian Nash
equilibrium, it nevertheless presumes considerable coordination on the part
of the players. In particular, there is generally a vast multiplicity of ex post

See Maskin (1992), Dasgupta & Maskin (2000), Perry & Reny (1999), Bergemann & Viliméki
(2002), Ausubel (1999), Bergemann & Vilimiki (2002), and Krishna (2003). Each of these
papers, including the present one, assumes a single-dimensional type for each bidder. Jehiel &
Moldovanu (2001) prove impossibility results when types are multi-dimensional.
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equilibria, most of which are not efficient. Thus, while the existing literature
has shown how the VCG mechanism can be extended to interdependent val-
uation settings, these generalizations have not been shown to have the same
robustness as their private value counterparts.

In this paper we show some progress on this dimension. We study ex post
efficient implementation in single object and multi-unit auction environments
with interdependent valuations. We find conditions under which the efficient ex
post equilibrium of a version of the generalized Vickrey auction is the unique
outcome of iterative elimination of weakly dominated strategies. When there
are two bidders and any number of identical objects, a sufficient condition for
dominance solvability is a standard single-crossing condition. This condition
has been observed in the literature as essentially necessary for efficient imple-
mentation even in ex post equilibrium. Thus, when there are two bidders, the
generalized Vickrey auction is dominance solvable (essentially) whenever it
has an efficient ex post equilibrium.

When there are more than two bidders, dominance solvability becomes
a strictly stronger requirement than implementation in ex post equilibrium.
We demonstrate this in the context of a symmetric linear model in which the
necessary and sufficient conditions can be easily identified and interpreted.
While the single crossing condition assumes only that the valuation of bidder i
1s more sensitive to the private information of bider i than that of other bidders,
the necessary and sufficient condition we identify is that the influence of i’s
private type on his own valuation is greater than the influence of the sum of the
types of the other bidders.

Interestingly however, even when our condition is not satisfied, our negative
result for the case of 3 or more bidders does not conclusively rule out the
existence of a dominance solvable efficient mechanism. This is because our
condition applies to the class of generalized VCG mechanisms; and while
it is known that all ex post efficient direct revelation mechanisms belong
to this class, as we show in this paper, the revelation principle fails for our
solution concept of iterative elimination of weakly dominated strategies. Thus,
unlike nearly all implementation notions studied in the literature, it does not
suffice for our solution concept to focus on direct revelation mechanisms.
The possibility is therefore open that a dominance solvable, efficient indirect
auction mechanism can be found when our condition fails.

Finally, it is well known that the outcome of iterative elimination of weakly
dominated strategies often depends on the chosen order in which strategies
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4 Efficient and Dominance Solvable Auctions

are eliminated. We wish to show that the efficient ex post equilibrium is
the outcome under any possible order of elimination. However, we argue by
examples that in games such as auctions, order independent elimination is
too much to ask for due simply to technical issues related to the infinity of
strategies and payoff discontinuities. We therefore identify a weak restriction,
which we call vigilantness, on the elimination procedures considered and prove
that every order of elimination satisfying this restriction yields the efficient
ex post equilibrium. In finite games, vigilantness reduces to the condition
that the elimination procedure does not leave any dominated strategies in the
ultimate solution. Thus, in finite versions of our auction environment, this latter
condition is sufficient to ensure that the (finite) generalized VCG mechanism
yields the efficient ex post equilibrium as the unique (i.e. order independent)
dominance solution.

Dominance solvability of interdependent value auctions has been previ-
ously investigated by Harstad & Levin (1985). These authors study affiliated
pure common value auctions with a special information structure: the highest
among all bidders’ signals is a sufficient statistic for the full profile of signals.
They show that these auctions are interim dominance-solavle.

This paper is organized as follows. In section 2 we describe the class
of environments we study, and we present the versions of weak dominance,
and iterative elimination of weakly dominated strategies that we employ. The
concept of vigilance is defined and discussed here. In section 3, we prove our
result for the case of two bidders and a single object. In section 4, we show
that using a (new) version of the generalized VCG mechanism, this result can
be extended to the case of two bidders and any number of identical objects. In
Section 5, we study the general case in which there are more than two bidders.
In a model with symmetric, linear valuation functions, we identify necessary
and sufficient conditions for the generalized VCG mechanism to be dominance
solvable. Finally, in section 6 we present our counterexample to the revelation
principle.

2. PRELIMINARIES

2.1. Dominance Solvability

For this subsection, we consider an arbitrary game of incomplete information.
Each player i € {1,...,n} has a set T; of types, and a set A; of actions. The
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payoff to player i is 7;(a,s) when the type profile is s € T and the profile of
chosen actions is @ € A. A pure strategy for player i is a map o; : T; — A;
specifying an action for each possible type. Let X; be the set of all pure
strategies for i.

Definition 2.1. Let3_; C X_; be a subset of strategy profiles for the opponents
of i. Strategy o; € X; ex post weakly dominates strategy 6; against X._; if for
every type profile s € T and every 6_; € X_,

i (0i(si), 0-i(s—i),s) > m(6i(si), 0-i(s—i),5)
with strict inequality for at least one 6_; € 3_; and s.

Ex-post weak dominance is the most conservative version of weak domi-
nance possible in this incomplete-information setup. Other notions of domi-
nance, such as ex-ante, or interim dominance, evaluate expected payoffs using
some exogenous beliefs about the distribution of types. For any given belief, a
strategy may be dominated in either of these senses without being ex-post dom-
inated. On the other hand in finite games, if a strategy is ex-post dominated,
then it is ex-ante and interim dominated for any full-support prior beliefs.”

In what follows, we will often say that an action a; is dominated for a type
s; by another action @; against a set of strategies. By this we mean that the
payoff to s; using 4; is at least as high as the payoff from using a; and strictly
higher in at least one possible case. Clearly a strategy o; is dominated if and
only if o;(s;) is dominated for at least one s;. If we say that a strategy o is
dominated within a given subset 3 of strategy profiles, we mean that o; € f3;
and there is an element of 3; which dominates o; against _;. Finally, we say
that a set 3 of strategy profiles is internally undominated if there is no strategy
o; € B which is dominated within 3.

In private value settings, the Vickrey auction implements the efficient
allocation in dominant strategies. In general interdependent value settings,
there is no efficient mechanism in which the players have a dominant strategy.

The finite/full-support qualification is necessary here because otherwise an ex-post dominated
strategy may satisfy the strict inequality in the definition only for a profile of types which
have probability zero, in which case the strategy would not be dominated in the other senses.
Of course our auction mechanisms have infinite strategy sets as an efficient auction in our
setting must. It is nevertheless true in each of the dominance arguments we present that the
strict inequality would be satisfied with positive probability under any full-support prior. We
however do not take the time to prove this in each case below.
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6 Efficient and Dominance Solvable Auctions

However, we will show below that efficiency can be achieved as the unique
outcome of iferative elimination of ex-post weakly dominated strategies.

There are subtle aspects of iterative elimination of weakly dominated
strategies, especially in games such as auctions in which there are infinitely
many types and actions and in which payoffs are not continuous. In the
remainder of this section, we formalize the types of elimination procedures we
will consider.

In any game with finitely many strategy profiles X, an elimination sequence
is a sequence B* of strategy profiles satisfying the following four conditions

1. B0=x

2. Bk c pr!

3. 0; € B\ BF only if o; is dominated against B* !
4. M B* is internally undominated.

It is well-known that even in finite games, the outcome of iterative elimina-
tion of weakly dominated strategies can depend on the chosen order in which
strategies are eliminated. Our definition of an elimination sequence imposes
no requirements on the order of elimination.

Our main focus is on environments with a continuum of types, in which
an efficient mechanism must have infinitely many strategies.” In games with
infinitely many strategies, the definition of an elimination sequence must be
modified in two ways. First, we must strengthen the third requirement as
follows.

3. o; € B\ BF only if o; is dominated against B*7! by an element of B¥.

That is, we add the requirement that eliminated strategies must be dominated by
a strategy that survives. In games with infinite strategy sets and discontinuous
payoffs, it is possible that each element of an infinite subset of strategies is
dominated by another element of the same set, without any element of the set
dominated by an undominated strategy. In our positive results below, when we

Even if there are truly only finitely many types, the finite generalized VCG mechanism requires
that the mechanism designer know precisely the set of possible types of each player. On
the other hand, when there are two bidders, the second price auction can be used no matter
what the size of the set of types. So if we are interested in mechanisms which minimize the
informational demands on the designer, we are forced to consider infinite mechanisms.
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construct an elimination sequence leading to the efficient equilibrium, we will
be careful to show that all eliminated strategies are dominated by strategies
that are not themselves dominated.

We wish also to show that the solutions we obtain by our elimination
sequences would be obtained under any alternative order of elimination. How-
ever, when the mechanism has infinitely many strategies, the definition of an
elimination sequence for finite games is far too permissive. We will modify*
condition 4 as follows. Let Z* be the set of strategies that are dominated
within B%~! by an element of B*.

4'. There exists a K such that if 6; € 2* for K consecutive rounds k =
ki,...kg, then o; ¢ Br&+1,

In finite games, condition 4’, which we call vigilance, is equivalent to 4. In
infinite games, it is possible to construct pathological elimination sequences
in which a strategy is dominated in every round of the process, but if not
eliminated in any finite stage, is undominated within the final set of strategy
profiles. Vigilance rules out such elimination sequences. Another possibility
is that a set of strategies X can be dominated in every round, and if they
are eliminated at any finite stage then a further set of strategies ¥ could be
eliminated. With an invigilant elimination sequence it is possible that the set
X 1s eliminated only “at the limit,” at which point it is no longer possible
to eliminate Y.> Vigilance will ensure that all strategies in X are eliminated

Condition 4’ is not a strict strengthening of condition 4. In some games, there are elimination
sequences which satisfy 1, 2, 3/, and 4’, but which do not satisfy 4. In particular, it can happen
that a strategy which is undominated in every round becomes dominated only in the limit set.
The appropriate solution to such situations would be to extend the elimination procedure to
trans-finite rounds. In our application, 4’ does imply 4 as this problem does not arise. We
therefore do not introduce the necessary additional notation.

Here is a two-player example illustrating both possibilities. Each player’s strategies are the
integers. The payoffs are as follows. If 6; > 0, then 7;(0;,0_;)) =1—1/0;if0; < 0_; + 1
and —1 otherwise. ;(0,-) = € > 0. For player 2, my(-,02) = —1 for 62 < 0, and for player 1,
when 0] < 0, 1 (01,02) = 1 if 62 < 0, otherwise € if 0, =0 and —1 if 6, > 0. Consider first
the elimination sequence given by Bf = {01 : 61 <0 or 61 > k} and 5 = {0} U {02 : 02 > k}.
This elimination sequence is not vigilant because the negative strategies of player 1 are
dominated in every stage after round 1, but are never eliminated. Note that the negative
strategies are not dominated in the limit strategy set because none of the positive strategies
remain despite the fact that for every finite &, there are infinitely many positive strategies in
BK. Hence condition 4 is satisfied in this case. Next consider the elimination sequence given
by Bf ={01: 01 <0or o >k} and B¥ = {0} U {02 : |02] > k}. This elimination sequence
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8 Efficient and Dominance Solvable Auctions

in finite time. In infinite games, we define an elimination sequence to be a
sequence satisfying conditions 1, 2, 3/, 4’.

Definition 2.2. A dominance solution of an incomplete information game with
strategy profiles ¥, is a subset B C X such that for some elimination sequence

B, B =B~

We pause here to note the role that vigilance plays in our results. We present
two types of results below. First, for each of our mechanisms we exhibit an
efficient dominance solution. Second, we argue that every dominance solution
is efficient (recall that with weak dominance, we cannot take this for granted
as we could with strict dominance which is order-independent). By limiting
(albeit by what we argue is a purely technical restriction) the set of elimination
sequences under consideration, we strengthen the first type of result, but
weaken the second.

Note that for any game, eliminating all dominated strategies in every round
yields an vigilant elimination sequence and hence every game has at least one
dominance solution (although it may be empty).

Finally, while we focus on the solution concept of iterative elimination of
weakly dominated strategies, we now recall the definition of ex post equilib-
rium, the solution concept previously studied in this context.

Definition 2.3. An ex post equilibrium is a profile (£1,...,%,) of strategy
subsets with X; C X;, such that for each strategy profile (oy,...,0y,) with
o; € X, each type profile s, and each player i,

i (0i(si), 0-i(s—i),8) > m(ai,0-i(s—),s)
for each action a; € A;.

Our definition is non-standard because it ascribes sets of (pure) strategies
to each player, rather than a unique strategy. Because the definition implies
that each player i is (ex post) indifferent among each of the strategies in ;,
regardless of the strategies in £_; used by the remaining players, we can inter-
pret this as a mixed-strategy ex post equilibrium. There is no need to specify

is not vigilant because all negative strategies for player 2 are dominated in every round, but
it takes infinitely many rounds to eliminate them. If they were eliminated in finite time, as
required by vigilance, then the negative strategies of player 1 could also be eliminated. Again,
condition 4 is satisfied.
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the randomization used by the players in this mixed-strategy equilibrium, be-
cause each player would be indifferent among all of his equilibrium strategies
regardless of the mixtures used by the opponents.

2.2. Auctions with Interdependent Valuations

We consider auction settings with n bidders competing for a single object
(we will generalize this framework to multi-unit auctions in Section 4). The
set of bidders is .. Each bidder i is assumed to observe a private type
s; € T; = [0, 1]. Bidder i’s value for the object depends on the realized profile of
types s € T :=[]7; according to the continuous function v; : T — R, where
v; 1s strictly increasing and satisfies the following standard single-crossing
condition:

Assumption 1 (Single-Crossing Property). For any i # j and §_;, the differ-
ence

g(si) = vi(si,§-i) —v;(si,5-i)
crosses zero at most once, and from below.

When bidder i is awarded the object and makes payment #;, his net payoff
18 V,'(S) — 1.

We will consider direct and indirect auction mechanisms. An auction
mechanism is a triple (4, p,t) := ({A;}}_, {pi}/_,, {t:}}_,). Here A, is a set
of actions available to bidder i. In a direct mechanism, these will be reports of
bidders’ private types, while in an indirect mechanism, they could be bids, or
more complicated messages. For each i, p; : A — [0, 1] is a mapping specifying
the probability p;(a) with which i is awarded the object when the profile
of actions is a. The vector p(a) = (pi(a),...,pn(a)) is called the outcome.
Finally #; : A; — R specifies the transfer made by bidder i to the auctioneer as
a function of the chosen actions.

Any dominance solution 3 of an auction mechanism yields an outcome cor-
respondence f: T =% A{l,...,n}. The set f(s) of possible outcomes for type
profile s is the set { p(a) : a = o (s) for some ¢ € B}. For any p € A{l,...,n},
let C(p) denote the support of p. The (ex post) efficient allocation correspon-
dence is e, defined by p € e(s) iff C(p) C argmax;v;(s). (We are implicitly
assuming that it is never efficient for the auctioneer to keep the object.) We
will say that a dominance solution 3 of an auction mechanism is efficient if its
outcome correspondence satisfies @ # f(s) C e(s) for every s.

Journal of Mechanism and Institution Design 4(1), 2019



10 Efficient and Dominance Solvable Auctions

Definition 2.4. The efficient allocation correspondence is ex post dominance
implementable if there exists a mechanism of which every dominance solution
is an efficient ex post equilibrium.

Note that our implementation notion requires that the dominance solution
also be an ex post equilibrium. Another potentially problematic feature of
iterative elimination of dominated strategies in infinite games is that the dom-
inance solution in general need not be a Nash equilibrium. In such a case,
we would obviously lose faith in our proposed dominance solution, and this
motivates the additional requirement. Fortunately, as we show, the generalized
VCG mechanism does not suffer from this problem.

3. AUCTIONS WITH TWO BIDDERS

This section considers the case of two bidders and one object. We shall prove
that the single crossing property is sufficient for efficient allocation to be ex
post dominance implementable.

Theorem 3.1. When there are two bidders, the efficient allocation is ex post
dominance implementable.

3.1. Illustration of the Proof

The proof of Theorem 3.1 is lengthy primarily because of the complications
introduced by asymmetric valuation functions. However, the main idea can
be understood with a simple diagram in the special case in which v;(0,0) =
v2(0,0) and vi(1,1) = vp(1,1), i.e. symmetry at the extremes. We normalize
these extreme values to 0 and 1 respectively.

In figure 1 we have depicted a box representing the set of type profiles in a
two-bidder auction environment. The horizontal and vertical axes are s; and s,
respectively. Our assumptions of continuity, monotonicity and single crossing
imply that there is a continuous curve, which we will refer to as the “pivot
curve” consisting of all type profiles in which the bidders’ valuations are equal.
In the special case we analyze here, the pivot curve connects the bottom left
corner with the upper right corner of the box. By the single crossing condition,
everywhere to the right of this curve, efficiency demands that the object be
awarded to bidder 1, and to the left, bidder 2.
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0
0 1

Figure 1: Pivot Curve and Indifference Curves

For every point s on the pivot curve, let v(s) denote the bidders’ common
valuation for the object at type profile s. By monotonicity, the value v(s)
increases as s moves up the pivot curve. In a standard second-price auction,
the following strategies constitute an ex post equilibrium (see Maskin (1992)).
When bidder i has type s;, he bids the value v(s;,s_;), where (s;,s_;) is the
point on the pivot curve whose ith coordinate is s;. That is, bidder i bids his
pivotal valuation, which we denote by b;(s;). Since this bidding behavior
implies that 1 outbids 2 if and only if s is to the right of the pivot curve, this
equilibrium yields an ex-post efficient allocation.

Unfortunately, this efficient equilibrium is not the unique ex post equi-
librium of the second-price auction. In fact, there are uncountably many
inefficient ex post equilibria. A simple class of inefficient ex post equilibria
is constructed as follows.® Fix any 0 < A < 1/2. Modify the efficient bid-
ding strategies so that each type s such that by (s1) € [1/2—A,1/2+ A] bids

The following inefficient ex post equilibria translate naturally to inefficient undominated ex
post equilibria of the English auction. Krishna (2003) provides examples of inefficient perfect
Bayesian equilibria of the English auction, but his examples are either dominated or fail the
“ex post regret” criterion. Applying our iterative dominance arguments to ascending auctions
with interdependent valuations is left for future work.
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12 Efficient and Dominance Solvable Auctions

va(s1,b, ' (1/2 4 A), and each type s; such that by(s2) € [1/2 —A,1/2+ A
bids vi (b, ' (1/2 —A,s;). Other types bid as in the efficient equilibrium. It
can easily be checked that this is an ex post equilibrium, and the object is
misallocated whenever 1/2 —A < b;(s1) < ba(s2) < 1/2+A.

This multiplicity may not be surprising at first; indeed even in the case
of private values, there are inefficient equilibria of the second-price auction.
However, with private values, all inefficient equilibria involve dominated
strategies. This is not the case in our setting. When A is chosen sufficiently
small, the strategies described above are not dominated. Furthermore, for any
k, A can be chosen small enough that the resulting strategies are not dominated
even after k rounds of elimination.

We now argue, however, that for any type s;, any bid not equal to b;(s;)
would be eliminated after sufficiently many rounds of elimination. The first
step is to eliminate for all types of either bidder bids greater than 1 and less
than 0. Bids greater than 1 are dominated because the value of the object is
always less than or equal to 1, and bids below 0 are dominated because the
value of the object is always greater than or equal to 0.

Next consider a point s* on the pivot curve. Let b = by (s7) = b2(s3) be the
value that each bidder assigns to the object when the type profile is s*. We can
find “indifference curves” for each bidder i through the point s*, connecting all
of the type profiles at which bidder i assigns value b to the object. The single
crossing condition implies that bidder 1’s indifference curve lies above that
of bidder 2 to the left of the pivot curve, and below to the right, as shown in
figure 1.

Consider the type s% of bidder 1 for whom v (s%, 1) = b. By monotonicity,
for any type 51 < s%, the maximum possible value for the object, v{ (s, 1) is
strictly less than b. Moreover, for any such sy, there is a bid ' < b such that
type s1’s valuation is less than or equal to &’ for any possible type of bidder
2. By bidding b, type s will win the auction and earn a strictly negative net
payoff whenever the opponent bids between 4’ and b. By instead bidding 2/,
s1 will lose the auction in all these cases and obtain a payoff of zero. Since
only in these cases does b’ change the outcome relative to b, it follows that b’
dominates b for type s1.” Thus, we can eliminate a bid of b for any type of
bidder 1 below s{. By the same argument, we can eliminate b for any type of
bidder 2 below sé, and we can apply the analogous arguments for all possible

This sketch ignores the possibility that &’ itself may be eliminated. In fact, as we show in the
proof, an undominated bid can be found which dominates both »’ and b in this case.
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bids corresponding to pivotal valuations.

Now consider type s%, depicted in figure 2. This type is defined by
va(sl,s3) = b. After having eliminated b for all types of bidder 1 less than s},
bidder 2 can deduce, whenever he wins at a price b, that bidder 1’s type is no
less than s%. This means in particular that conditional on winning at price b,
the value of the object to type s% is at least b. And by monotonicity, for any
type sp > s%, the object would be worth strictly more than b.

|
Sq

0
0 S% 1

Figure 2: Iterative Elimination for b

We wish to conclude from this that b is dominated for such a type s>
by some b’ > b. To make this argument we must calculate the payoff to s,
conditional on winning at prices slightly higher than b. The assumed continuity
of the valuation functions implies that for bids near b, the set of types of bidder
1 eliminated in round one is not much different than the set eliminated for b,
namely [0, s%) In particular, the smallest type that remains for a bid slightly
higher than b is close to s}. This means that we can find a 4’ higher than, but
close enough to b such that conditional on winning against any bid between
b and b’ type s, is ensured of a strictly positive net payoff. It follows that &/,
which leads to a different allocation only in these cases, dominates b for 578

8 Again, a more careful argument is required to show that b is dominated by an undominated &'.
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14 Efficient and Dominance Solvable Auctions

This argument shows that in the second round of elimination, b can be
eliminated for every type of bidder 2 greater than s%. The analogous argument
eliminates b for all types of bidder 1 greater than s%. As suggested by figure 2,

we can now iterate this argument deriving bounds s’f, s’ﬁ successively eliminat-

ing b for more and more types of each bidder. We claim that the sequences s’f
and sS converge to s7 and s5 respectively, and thus that these are the the only
types for whom b is not eliminated after infinitely many rounds of elimina-
tion. Indeed, if v| (s, s571) = va(sk,s51) = b for every k, and if (s&, %) were
any convergent subsequence of these bounds with limit § = (§},$>), then by
continuity of the valuation functions v (§) = v,(§) = b, i.e., § = s™.

Since this argument applies to every bid v(s) for s on the pivot curve,
and since we have already eliminated all other bids for every type of both
bidders, after iterative elimination of ex-post weakly dominated strategies
there remains a unique bidding strategy for each bidder i, namely the efficient
ex-post equilibrium in which s; bids b;(s;).

The formal proof below treats the asymmetric case and also shows that not
only this elimination sequence, but every vigilant elimination sequence leads

to the efficient allocation.

3.2. Proof of Theorem 3.1

We consider the following generalized VCG mechanism. Each bidder i’s
message space is [0,1]. The set of reporting strategies is the set R; of maps
pi : [0,1] — [0,1]. Given the profile of reports r, bidder i’s imputed valuation
is vi(r), and the object is awarded to the bidder with the highest imputed
valuation. Ties are broken by randomization. The winning bidder i makes
a payment to the auctioneer equal to his pivotal valuation: v;(s},r—;) where
st =min{s; € [0,1] : vi(si,r—i) > v—i(r—i,si)}. The loser makes no transfer.
As is well-known, the truthful reporting strategies form an ex-post equilibrium
of this mechanism whose outcome is ex-post efficient.

We begin by introducing some notation. Consider the set S of type pairs
s such that vi(s) = v(s). If S = 0, then by the intermediate value theorem
(hereafter IVT), either vi > v; for every type profile or v, > v; for every type
profile. In either case, every strategy profile brings about the unique efficient
allocation. In particular, no strategy is dominated, R is the unique dominance
solution and we are done. So assume S # 0, and let S; C [0, 1] be the projection
of this set into bidder i’s set of types.
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Lemma 3.2. 1. S; is an interval [s;, §;].
2. If si < sj then vi(s;i,§—;) < v_i(§_;,s;) for every §_;.
3. If s; > S5; then vi(s;,§—;) > v_i(§_;,s;) for every §_,.
4. If si >0thens_; =0.
5. If i< 1thens_;j=1.

Proof. Suppose s; ¢ S;. There exists no s_; € [0,1] such that v;(s;,s_;) =
v_i(s—i,s;). Then either v;(s;,s_;) —v_;(s_;,s;) > 0 for every s_;, or the oppo-
site inequality holds for every s_;. This is a consequence of the intermediate
value theorem (hereafter IVT) and the continuity of v; and v_;.

The single crossing condition implies in the former case that for all s} > s,
and every s_;, vi(si,s_;) > v_i(s_;,s}), and hence s} ¢ S;. In the latter case
the conclusion is that s} ¢ S; for every s; < s;. This argument shows that the
complement of S; is of the form [0,s;) U (§;, 1], and hence that S; is an interval.

To prove the second part, note that v;(s;,s_;) = v_;(s_;,s;). By the single-
crossing condition v;(s;,s_;) < v_;(s_;,s;), since s; < s_;. There could not be
any §_; such that v;(s;,§_;) > v_;(§_;,s;) otherwise the IVT would imply the
existence of a s”_; such that v;(s;,s" ;) = v_;(s"_;,s;) which is impossible since
s; < s;. The third part is proven by a similar argument.

The fourth and fifth claims follow immediately from the second and third.

O

In view of this result, we will write S; = [s;, ;] (by the continuity of the val-
uation functions, S; is closed). For each s; € S;, we denote by b;(s;) the unique
value b such that there exists a s_; € T_; for which v;(s;,s_;) = v_;(s_;,s;) = b.
Observe that b_;(r_;) is the generalized VCG payment bidder i would have to
make if he were to win the auction against a report of 7_; € S_;.° Furthermore
b1(s1) = ba(sy) := b and by (§1) = by(5,) := b. From the continuity and mono-
tonicity of the valuation functions, b;(-) is a continuous, increasing bijection
between S; and B := [b,b]. We now extend b; to all of T; = [0, 1], by specifying
bi(si) = vi(si, 1) for s; > § and b;(s;) = vi(s;,0) for s; < s;.

In fact, the value b;(s;) is the bid that type s; would make in the efficient ex post equilibrium
of the second-price auction. Thus, our arguments below that a report r; is dominated for a type
s;, are equivalent to showing that, in the second-price auction, the bid b;(r;) is dominated for

type s;.

Journal of Mechanism and Institution Design 4(1), 2019



16 Efficient and Dominance Solvable Auctions

We now introduce the following relation, which is central to the argument.
Given b € B, and s_; € T_;, implicitly define ¢;(s_;,b) € [0,1] by

vi(@i(s—i,b),s—i) =b

where this exists. Note that when such a type exists, it is unique by the strict
monotonicity of v;.

Lemma 3.3. 1. @;i(s_;,-) is continuous on its domain of definition.
2. @i(+,b) is decreasing on its domain of definition.
3. If si = @i(s—i,b) exists, then Q_;(s;,b) exists.

4. Fori=1,2, for each b € B, either ¢;(1,b) or ¢_;(0,b) exists.

Proof. The first two claims follow from our assumed properties of v;: continu-
ity in the first case, monotonicity in the second case.

To prove the third, assume first v_;(s_;, ;) <b. Then v;(s;,s—;) > v_;(s_;,s;)
and therefore s; > s; by part 2 of Lemma 3.2. If 5; > §;, then by monotonic-
ity v_;(5_;,8;) > v_i(§_;,5;) > b. On the other hand, if s; < §;, then there
exists §_; such that v;(s;,§_;) = v_;(§_;,s;). By the single-crossing condition,
since v_;(s_;,s;) — vi(si,s—;) < 0 we must have §_; > s_;. By monotonicity,
vi(si,$—i) > vi(si,s—;) = b, hence v_;(s_;,s;) > b. In either case there ex-
ists §_; such that v_;(§_;,s;) > b and the IVT now implies the existence of
s’ ; € [s—;,§_;] for which v_;(s"_,,s;) = b. Thus ¢@_;(s;,b) = s"_,. The case of
V_i (s_,,s,) > b is handled by first noting that this implies s; < §; and applying
the analogous argument.

Finally, for the fourth claim, suppose for bidder 2, say, that ¢,(1,b) does
not exist, i.e. there is no s, such that v,(1,s2) = b. Since b € B we know that
v2(1,1) > b, and hence by the IVT we must have v,(1,s2) > b for every s;. In
particular, v,(1,0) > b.

Observe that vy (s1,s2) = va2(s1,52), and hence by the single-crossing condi-
tion, vi(s1,0) > v2(s1,0) since 0 < s,. Applying the single-crossing condition
again, we see that v{(1,0) > v,(1,0) > b. And since v{(0,0) < b, the IVT
yields a s; such that vi(s1,0) = b, and ¢;(0,b) = s;. O

Define the following pair of functions.
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0(p) = @:(5_;,b) if it exists
R otherwise

Mo(b)— ¢i(s_;,b) if it exists
R otherwise

It follows from parts 3 and 4 of Lemma 3.3 that foreach b € Band i = 1,2,
@i(m° ,(b),b) and ¢;(M°,(b), b) exist. We can thus inductively define

which by Lemma 3.3 yield continuous functions of b for each k.

Lemma 3.4. For all k > 1 and for all b € B,
1. s; > (resp. >)MK(b) = vi(si,s_;) > (resp. >) b¥s_; >m*; L(b).
2. 5i < (resp. <)mk(b) = vi(si,s_;) < (resp. <)bVs_; < Mﬁ;l(b).

Proof. We prove the first claim. The second is shown by the symmetric
argument. If s; > M¥(b) and s_; > mk’1 (b), then by the monotonicity of v;,
vi(si,s—i) > v,(s,,mk Y(b)) > vi(MF(b),m*~1 (b)) and the latter is equal to b
by definition. D

We wish first to show that for each b = b;(s;) € B, the sequences M¥(b) an
mf‘(b) for i = 1,2, converge. By definition, Mgi(b) <§_;and m(li(b) > 5
Hence by the monotonicity of ¢; (part 2 of Lemma 3.3),

M (b) = @i(m?;(b),b) < M} (b)

because the latter is either §; or @;(s_;,b). Similarly m} (b) > m?(b).

Now by the monotonicity of ¢;, we can inductively conclude that mf‘(b) >
mt~1(b) and M¥(b) < M¥~1(b) for all k > 1. Furthermore, since the range of
@; is S;, these sequences are bounded. Hence for i = 1,2, there are types m (b)
and M (b) such that m*(b) — m(b) and M¥(b) — M; (b).
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18 Efficient and Dominance Solvable Auctions

Finally, since v;(m(b), M* (b)) = vi(MK(b),m* 71 (b)) = b, for all k > 1,

—1
the continuity of the Valuatlon functions implies that for each i,

vi(mj (b),M” (b)) = vi(M; (b),m" (b)) = b
which in turn implies m; (b) = M (b) = s;.
To summarize the argument to this point, for each s; € Sj,

M (bi(si)) 4 si
mf (bi(si)) 1 i

We now describe an elimination sequence which yields an efficient domi-
nance solution. As a first step, we eliminate any strategy p such that for some
si < §i, p(si) > §; or for some s; > s;, p(s;) < s;. This can be done in the former
case because a report r; > §; will win the auction against any report of the
opponent, in particular, against a report r_; = §_;. In this case, the payment
would be b;(5;) = vi(Si,5—i) > vi(si,§—;) for any type §_; of the opponent. The
alternative report §; for type s; would affect the allocation only in this case,
and in this case would win with a lower probability. Since the net payoff from
winning in this case was negative, this is a strict improvement. To summarize,
for every type of the opponent, and for every report of the opponent, the report
§; does no worse than r;, and does strictly better whenever the opponent reports
§_;. A similar argument shows that a report of r; < s; is dominated for a type
s; > s; by the report s;.

Next, for each k = 1,2, ..., define the following subsets of S; x §;:

)

DY = {(si,r1) €[0,1] x ;1 5; > MF(b(r1))}
Clk = {(si,ri) € [0, 1] X S8 < mf(b(r,))}
We observe that any such pair of sets describes a set of admissible bidding
strategies for bidder i, namely, the set of bidding strategies p(-) such that for
each s; € S;,
(si-p(si)) & G UD]

Let ﬁl-k denote the set bidding strategies represented in this sense by the sets Cf‘
and Df, and set B~ =R.

Lemma 3.5. For each k > 0, every strategy not in ,Bik, is dominated within
B*=1, by a strategy in BF.
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Proof. Consider any (s;,r;) € D¥. Define
Z =A{bi(#;) > bi(ri) :5; < Mf(bi(f’,‘))}.

By the continuity of b; and M{‘, Z is closed. Suppose Z # (. Then the value
bi(r}) = minZ is well-defined, and by continuity s; = M¥(b;(r})) > m¥(b;(r}))
and thus (s;,r) ¢ C{‘ UDf. We claim that reporting ;' ex post dominates
reporting r; for s;.

To prove this, note that the report of r;" changes the allocation relative to
that which would obtain under r; if and only if bidder —i reports some r_;
where

b_i(r—i) € [bi(ri),bi(r;)]

Note first that in all such cases, by reporting r; i wins the auction and pays
b_;(r—;) rather than losing the auction and paying nothing, as he would if he
were to report ;. And second, observe that given the strategies Bfl_] for —i
that remain, a type s_; will report r_; only if s_; > m’fil (b_i(r—;)).

Consider any such b_;(r_;). Suppose s; < M¥(b_;(r_;)). Then since
b_i(r—;) € [bi(ri),bi(r})], there is some type §; € [r;,r}] such that b_;(r_;) =
b;($;) and thus

s; < MF(bi(§1)). 2)

Now if §; = r;, then b,‘(?‘,‘) = b,‘(fi) = b,i(r‘,,‘) and thus Mlk (b,-(rl-)) = M{((b,i(l’,i)) >
si, which is a contradiction since (s;,7;) € D¥. So §; € (r;,r}] and thus b;($;) €
(bi(ri),bi(r})]. Now by our supposition (2) and the definition of r; we must
have b;(3;) < bi(r}), so in fact b;(5;) = b;(r}). But this implies s; = M¥(b;(5;)),
which contradicts (2). We thus conclude that our original supposition was false

and s; > M¥(b_;(r_;)) for all b_;(r_;) € [bi(r;), bi(r})).

By Lemma 3.4, it follows that for all b_;(r_;) € [bi(ri),bi(r})], vi(si,s—i) >
b_i(r_;) for every s_; > m*>1(b_;(r_;)). Furthermore, since s; > M¥(b;(r;)),
Lemma 3.4 implies that the inequality is strict for b_;(r_;) = b;(r;). We have
just shown that for all reports of —i such that reporting ;" wins the object
where reporting r; would not, and for all types of —i that could make such
reports in flfl, the value of the object exceeds its price, strictly in at least one
case.. Thus, the report ;' ex post dominates r; for s;.

Now suppose Z = (. Then applying the same argument as above, s; >
M¥(b) for all b € [b;(r;),b], implying that v;(s;,§_;) > b for all such b for every
possible §_; for which there remains a report r_; such that b = b_;(r_;). Since
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truthful reporting is never eliminated, one such possibility is §_;, reporting b.
In this case v;(s;,5_;) > b = v;(§;,5_;) and so monotonicity implies s; > §;. In
this case, r; is dominated for s; by the truthful report s;. This report changes
the allocation only in the above mentioned cases, where it ensures that i wins
the auction an pays b_;(r_;), a price strictly less than his valuation.

In both cases, the dominating reports } satisfy (s;,7) ¢ D¥UCF. By a
similar argument, it can be shown that for any (s;,r;) in Cll‘, the report r; is
dominated for s; by an alternative report r} for which (s;,r}) ¢ D¥UCEK.

We have thus shown that for any type s; € S, if (s;,7;) € Clk UDf.‘, then r;
is ex post dominated for s; by an alternative report that is not in Cf‘ U Di.‘. It
follows that all bidding strategies other than those in Bl.k are dominated by a
strategy in ﬁik and thus can be eliminated. [

We can now conclude the proof of the existence of an efficient dominance
solution of the generalized VCG mechanism. Let 8 be the set of strategy
profiles remaining after the elimination sequence B¥. A reporting strategy p;
remains in f3; for bidder i iff

(§i,1]  fors; > 5
[S_i, 1] fors; = §;
pi(si) € < {si} fors; € S;

[O,Sl’] for Si =S

[0,s;) fors; <s;

Thus, for any profile of strategies within 3, the allocation is identical, except
possibly in the event that s = § or s = 5. However, in either of these two cases,
the two bidders have the same valuation for the object, and for any strategy
profile in 3, the winner will pay that valuation. Thus, no strategies in 3 are
dominated within . Note also that 3 is an ex post equilibrium. Moreover,
the allocation is ex post efficient. Finally, this elimination sequence is vigilant
because every dominated strategy is eliminated at every stage.

We now establish that every dominance solution is an efficient ex post
equilibrium. We will show that every vigilant dominance solution is a subset
of B. Let 3" be an vigilant elimination sequence. Then there exists K such
that any strategy that is dominated in K consecutive stages must be eliminated.

We define . .
B (si) = {pi(si) - pi € Bf}-
We will make use of the following lemma:
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Lemma 3.6. For every s; € S;
1. If b="b_;i(s—;) > bi(s;), then v;(s;,s_;) <b.
2. Ifb = b,i(S,,') < b,‘(S,‘), then vi(si,s,i) > b.

Proof. Consider the first claim. There is a §; > s; such that v;(§;,s_;) =
b_i(s—;). By monotonicity, v;(s;,s_;) < b_i(s—;) = b. The second claim
follows from the symmetric argument. ]

The first step is to show by induction that no elimination sequence can
eliminate a strategy p; specifying p;(s;) = s; for all s; € S;, pi(s;) > §; for
all s; > §; and p;(s;) < s; for all s; < s;. We will call any such strategy a
“truthtelling” strategy.

Obviously all truthtelling strategies belong to B O Now consider any stage
of elimination k such that for each i all truthtelling strategies remain in B*~ 1.
First consider any untruthful report r; for type s; € (s;,5;) of bidder i. If r; > s,
then b;(r;) > b;(s;) and whenever —i uses a truthtelling strategy p_;, and his
type s_; satisfies b_;(s_;) € (b(s;),bi(r;)), bidder i will win the auction and
pay b_;(s—;). By Lemma 3.6, b_;(s_;) > v;(s;,s—;). Since i would have lost
the auction in these cases with report s;, truthtelling does strictly better. On the
other hand, if r; < s;, then for any b_;(r_;) € (bi(ri),bi(s;)), bidder i would
lose the auction with r; whereas he would have won with s; and payed b_;(s_;).
In these cases, given truthelling by —i, i’s payoff from winning would be
strictly positive by Lemma 3.6, so again s; strictly prefers to tell the truth. We
have shown that there is at least one possible case in [3"‘1 namely truthtelling
by the opponent, such that s; € (s;,5;) strictly prefers to tell the truth. Thus,
truthtelling by such types cannot be dominated. A slight modification of this
argument delivers the same conclusion for types s; and §;. (For example, a
report greater than §; cannot dominate §; because either report always leads to
the same outcome.)

Next, given that truthelling is an element of [§k*1, reports r; > §; for types
s; > §; and r; < s; for types s; < s; cannot be eliminated. To see this note that
if, say , type s; > §; reports 7; < §; rather than r; > §; (other alternatives can
never change the allocation), then in the event that the opponent’s type is §_;
(which is 1 in this case) and reports truthfully, i will lose the auction with 7;
rather than win with r; and pay b = v;(5;,5_;) < v;(s;,5_;). Since there is at
least one case in which r; leads to a strictly lower payoff than r;, we conclude
that 7; cannot dominate r;. A similar argument shows that no reports below s;
can be dominated for a type s; < s;.
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We have shown that no truthtelling strategy can be eliminated in any round.
Thus, every dominance solution 3 is non-empty and includes all truthtelling
strategies. We will now show that 3 C B. To do so, we will show that there is
no strategy p; in 3 satisfying any of the following:

1. pi(s;) = §; € S; for some s; # §;
2. pi(s;) > §; for some s; < §;
3. pi(si) < s; for some s; > s;

To show that 2 cannot hold for any p; in B observe that the domination
argument used in the first round of elimination leading to 8 in the proof of
Lemma 3.5 applies in any round in which all truthtelling strategies survive.
Thus, if s; < §; and r; > §;, then r; is dominated for s; by §; in every round.

Suppose r; is not eliminated in any round for type s;. Then by vigilance, it
must be the case that in some round k < K, reporting §; is eliminated for type
si. Let k be the first round in which reporting §; is eliminated for type s;. Then
there 1s some report 7;, which survives for type s; in round k and dominates
reporting §; within %~ !. This means that for every b € [bi(#;),b;(5;)], and for
every s_; such that b € b,i(ﬁﬁ_l( i)), we have v;(s;,s—;) < b. This implies,
by lemma 3.6 and the fact that all truthtelling strategies remain, that 7; > s;.
Applying lemma 3.6 again, we conclude that for every b in the interior of
this interval, v;(s;,s_;) < b for b_;(s_;) = b. Since the report of #; changes
the allocation relative to r; only when b_;(r_;) € [b;(#;),b;(5;)] and in all such
cases the payoff to bidder i is non-positive and in some cases strictly negative,
7; dominates r; as well. We can iterate this argument to conclude that for every
k, r; 1s dominated within Bkil by an element of 3" . Therefore, by vigilance,
r; ¢ Bi(s;). An analogous argument shows that 3 cannot hold.

Finally, we show that 1 cannot be true of any p; in [§ We will do this by
demonstrating that for every k, every (s;,r;) € Dﬁ-‘ U Cf‘ is eventually eliminated.
The argument is by induction. Let (s;,r;) € Dl-1 UC}. Then r; is dominated
within /§O for s; by some rl(-) # r;. By the same argument as above, r? dominates
r; for s; within 3" for every k.

Suppose ¥ € ﬁiK (s;). Then by vigilance, since r; could be eliminated
in K consecutive stages, r; must be eliminated for s; in 3K . On the other
hand, if r0 ¢ BX(s;), then there is a sequence of reports r¥, 7! such that

1717 71’

T e ﬁiK(s,), and foreachr =0,...,T — 1, there is a stage k(r) such that r} was
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eliminated in stage k() because it was dominated within ) by rtle prO+L,
We can now argue just as above that r? is dominated successively by each r},
and hence that r? could have been eliminated for K consecutive stages. By
vigilance, r? ¢ BiK (s;). Thus all reporting strategies in ﬁio will be eliminated
by stage K. i

Now suppose that for a given k, all strategies in BO\ B* are eliminated
by round kK, and let (s;,7;) € CIHI UDQ‘“. By lemma 3.5, r; is dominated
within B’_‘K for s; by some r?. If r? € ﬁ(l_‘H)K , then r; could be eliminated in
each of the K intervening stages and by vigilance would be eliminated in stage
(k+1DK.

It r? ¢ ﬁ(k“ , then there exists a sequence of reports rl , ll, rl.T , corre-
sponding to stages k(t) fort =0,...,T — 1 with ! € B*DK and with each ri
eliminated in stage k(r), dominated within %) by rle B*O+1 Then by the
same transitivity argument used previously, rl(-) is dominated successively by
each ! and hence r; could be eliminated in each stage from kK + 1 to (k+ 1)K
and hence by vigilance must be eliminated in the latter stage. i

_ Since (s;,7;) was arbitrary, we have shown that all strategies within B*\
B*! must be eliminated by stage (k + 1)K, and this concludes the inductive
step and the proof.

4. MULTI-UNIT AUCTIONS WITH TWO BIDDERS

The essential equivalence between implementability in ex post equilibrium
and ex post dominance implementability of efficient allocation generalizes
straightforwardly to multi-unit auctions with two bidders. Suppose there
are L > 1 identical objects. Forany i € .# and 1 <[ <L, let vﬁ :T — Ry
be bidder i’s marginal valuation of the /th object he wins. We assume non-
increasing marginal valuations: [1 </ < I’ < L] = [\ >!']. We maintain the
assumption that vﬁ is continuous, strictly increasing, and satisfies the following
single-crossing condition:

Assumption 2 (Single-Crossing Property). For any 1 <[ <L, for any i # j
and §j, the difference

g(si) = v (s,,s]) VL - l(s,,s])
crosses zero at most once, and from below.
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Theorem 4.1. When there are two bidders and L > 1 identical objects, the
efficient allocation is ex post dominance implementable.

Proof: Label the L objects from 1 to L. Consider the following indirect version
of the generalized VCG mechanism. We imagine L simultaneous auctions. For
each auction [ there will correspond sets S! and B! = [b',5'| and mappings b!(-)
constructed just as in the single-unit case, now using the valuation functions
vi () and v5~ +1(.). For notational convenience below, we will modify the

definition 0f bf outside of Sf by defining

b =14 maxvi(s)

il,s

b= —1+minv(s)

il,s

and setting bl (s) = b for s; > §;' and bl(s) = b for 5; < 5.

Each bidder simultaneously submits L reports rl.1 b rlL with the restriction
that b} (r]) <,... <bE(rL) and b (r)) > ... > DE(rE). Let A; denote the set of
reporting strategies for i meeting the corresponding restriction. The idea is that
for some [, bidder 1 should win objects 1 through 7, and bidder 2 objects [ + 1
through L. Thus object [ is awarded to the bidder with the greater imputed
Valuation according to the reports 7 using the marginal valuation functions
vl 1> vL M1 Ties will always be broken in favor of bidder 1'° The payment of
the winner of object [ is calculated in the same way as the single unit VCG
auction, using these reports and marginal valuation functions.

For each [ and for each k = 0,1..., we define the functions mf ;(+) and

Ml(f ;(+) on the sets B! as before. By the same argument as in the single object

case, these functions converge pointwise to e.g. mj ;(b) where bt (m7 (b)) =0D.
Moreover,

Lemma 4.2. For everyl < L, and for k > 0

2. m1 z(b) < m1 I+1 (b>’ M]f,l(b) < M1 J+1 (b)’ mlﬁ,z(b) > m’ilﬂ (b), Mé,z (b) >

K
My, (0).
10 This simplifies the notation in the proof. In general, any tie-breaking rule of the following
form will suffice. Prior to receiving reports, the auctioneer chooses an integer ¢ € {0,...,L}.

It can be kept secret or revealed to the bidders. If there is a tie in auction /, then object [ is
awarded to bidder 1 if and only if [ <t¢.
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Proof. The first follows from the assumption of non-increasing marginal val-
uations. Non-increasing marginal valuations also implies that the second
claim holds for k£ = 0. Finally, the non-increasing marginal valuations and the
monotonicity of ¢; implies that the same inequalities are satisfied for every
k> 0. O

The first step of elimination is to delete all reporting strategies p; such that
for some [ and for some s; € (s, 5i!), p!/(si) ¢ St. For example, take s; <
and suppose pi (s1) > § so that b (p!(s1)) = b. And suppose ! is the smallest
index for which these two inequalities are satisfied for s;. We will show that
p1(s1) is dominated for 51 by the following list of reports 7.

r =
R A A<l

a {max{r <ph(s):br(r)<B} A >1

By construction, /| € A;. To show that it dominates p; (s ), note that 7 yields
a different allocation than pj(s1) only in the event that bidder 2 submits a list
of reports r, such that for some auction A,

bl (At <bh (k) < bt (pf(s1)) 3)

with at least one of the inequalities strict. Notice that this can only be true
for A > [ since it is only in these auctions that bidder 1’s report has changed.
And in this case, since /1% # p? (s1) by definition we must have b} (7*) = b
Furthermore, for A < I, b% (pf“ (s1)) > bl (pl(s1)) = b, implying that bidder 1
will win the first / — 1 objects for sure, and hence his marginal valuation for
any additional object is no greater than vll.

Now consider a A satisfying (3). For any s,, we have

vi(s) <vi(s) <2,

where the first inequality follows from the assumption of declining marginal
valuations. To demonstrate the second inequality, observe that p{ (s1) > s'l1 im-
plies that § < 1 so that §, = 1. Hence, b’ = v (51,1) > v/ (s) by monotonicity
of vll. Since b' < b% (r%) and the latter is the price bidder 1 would have to pay
for object A , we have just shown that bidder 1’s marginal valuation for any
additional objects is strictly less than their price for any possible type of bidder
2. Thus, by lowering his reports to 7|, against any strategy of 1 for which the
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allocation is altered, 1 strictly reduces the probability of earning a negative
payoff. Thus, 7 ex post dominates p; (s;) for s1.""

By a similar argument we can eliminate any reporting strategy p; such that
p{ (s1) < gll for some / and 51 > gll . Such a reporting strategy will be dominated
by one in which the report to the /th auction is raised to gll, with reports to
all auctions A < [ correspondingly raised in order to satisfy feasibility. This
change affects the allocation only when b% (r%) < bl for some A < [, in which
case 1 wins the auction and pays no more than &'. In this case, we can argue
analogously to the above that bidder 1’s valuation always strictly exceeds this
price and hence the change only increases the probability of a positive payoff.
The symmetric pair of arguments applies to bidder 2.

We construct the remainder of the elimination sequence as follows. For
each k=0,1,..., define the following nested sequence of strategy sets for each
bidder i

Bf = {pi € Ai:bj(pl(s) =be B —
si € [mf (D), M}, ()] I=1,....L} 4

Let B be the set of profiles £ x B, and set ! = A.

Lemma 4.3. For each k > 0, every strategy not in ﬁl-k, is dominated within
B*1, by a strategy in BF.

Proof. Consider first a reporting strategy pjsuch that p;(s;) = ry for a type s
of bidder 1. Suppose for some auction A,

bt (rt) € B but sy <mf , (b} (r})). (5)
And suppose [ is the highest index A for which this is true for sy, r;. Let
z={A"€s,r] s> mi, (B1(r1))}

by the continuity of bl1 and my ;, Z is closed.
Suppose Z # (. Then define | = max Z, and consider the alternative list
of reports /| = (r],...,r%,...,rk). We claim first that 7| € A;.

"I'The report list 7| may itself be dominated. However, it is straightforward to extend the
arguments from the single-unit case to find an undominated strategy that dominates p; for

type sj.
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Suppose
by () > b () (6)
Then
by (™) > b, (7)
Since r; was feasible,
bi(r) = 6y (). (8)

It follows that b\ ™1 (#F1) < B+ otherwise b (r{™1) = b > B* > bt (}) which
contradicts (8). Combining this with (7), we have shown that ™! (r / e il
Thus, b/ (r[™1) is well defined and

st =mi O > mh 0T T) (9)

where we have the first inequality by the definition of / and the second inequal-
ity is an application of lemma 4.2. But now (6), (8) and (9) contradict the
definition of r{. Thus 7 is feasible.

We now show that /| dominates ry for s;. First note that /| changes the
allocation relative to r; only if bidder 2’s report r, satisfies

bh(r}) € (B (A"), b (r})]

By construction of 7}, we have s; < m’fyl(bz(rz)) for every such r,. And in
these cases, bidder 1 will lose the auction for object / rather than winning and
paying price b} (r}).

Since for any A </

bidder 1 will win'? all objects 1,...,I — 1. Furthermore, for every A > I,
b () < bY(A') < bh(rh) < b3 (r})

bidder 1 will lose all objects [+ 1,...L. Thus, the change from r; to /| affects
only the allocation of object / and bidder 1’s marginal valuation for object [ is
given by v/ (+).

12 Recall that ties are broken in favor of bidder 1.
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For any reporting strategy p, for bidder 2 in the set ﬁé‘*l, if pi(sy) = rh,
then bidder 2’s type s, must be no greater than Mé‘;l (b5(r})). And since
s1 <mk (bS(r))), Lemma 3.4 implies that for every such s,

vi(s1,52) < B(rh).

Thus, for any s, that would report ré, the marginal payoff to bidder 1 from
winning object [ is strictly negative. Therefore in all cases in which 7 changes
the allocation relative to rq, it strictly increases the payoff of bidder 1.

Now suppose Z = 0. Then s; < mf ,(b) for all b € [b',} (r})]. This implies

in particular that s; < gll because if 51 > gll, then s1 > m’f’l(lgl ). And by Lemma
42,51 < g% for all A > [. We can show by the same argument as above that
for any report r, such that b (rh) € [b', b} ()], bidder 1 will win all objects
1,...,/—1, and for any type s, of bidder 2 such that the report r; is possible
in ﬁé"l, bidder 1’s marginal valuation for the /th object is strictly less than
b, (rh), the price.

Since for all A > 1, mlm (b) > m’f’l(b) and b% (r}) > bl (r}), the payoff for
all objects A > [ is strictly’negative as well. It follows that r| is dominated for
s1 by the report 7} defined as follows.
¥ {r% ifA <1
8

s, ifA>1

Obviously A € A;. And since 51 < g%, and hence b% (flx) =bforall A > 1,
by reporting 7}, bidder 1 is guaranteed to lose auctions /,...,L, and avoid the
strictly negative payoff. Thus 7| dominates p(s;) for type s;.

To complete the domination argument, let {A,...,Ax} be the set of indices
of auctions for which (5) holds. By definition, Ax = [, and we have just shown
that p; (s;) is dominated for s1 by a list of reports, call it #(K) for which (5) is
not satisfied for any A > Ag. By repitition of the domination argument above,
7(K) is dominated by a report list #(K — 1) for which (5) is not satisfied for
any A > Ag_;. By induction, we arrive at a list of reports 7(1) for which (5) is
not satisfied for any auction, and which dominates 7#(2) and by the transitivity
of the dominance relation, dominates p (sy).

Now consider the set of auction indices u for which

by (# (1)) € B* but s; > Mf , (b (7 (1))). (10)
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Let [ be the lowest index u for which (10) is satisfied for s;,7(1). By an
induction argument similar to the one in the previous paragraph, we can then
show that 7(1), and by transitivity p;(s;), is dominated by a report list, call it
p{ (s1) for which neither (5) nor (10) are satisfied for any auction.

Since s1 was arbitrary, we have shown that for any pjoutside ﬁlk, there is a
p} in B which dominates it within B! O

We can now conclude the proof of theorem 4.1. Let B be the set of strategy
profiles that remain after the elimination sequence *. A reporting strategy p;
remains in fB; for bidder i iff p; € A; and, for all [,

( (58,1 fors; > 5!

[s',-l, 1] for s; = 5
pil(si) € {Si} for s; € Sf
[0,si'] fors;=s;

{ [O,§,~l) for s; < gil

l

Clearly this is an efficient ex-post equilibrium. The proof that any vigilant
elimination sequence leads to a subset of 8 follows lines identical to the
single-unit case and is omitted. L

S. AUCTIONS WITH N > 3 BIDDERS

We have shown that when there are two bidders, the standard single crossing
condition, essentially necessary for existence of an efficient ex post equilib-
rium, is sufficient for ex post dominance implementation. In this section,
we show that with more than two bidders, conditions for ex post dominance
implementability are generally strictly stronger than single crossing. To obtain
easily interpretable necessary and sufficient conditions for ex post dominance
implementation, we specialize in this section to symmetric linear valuation
functions. Specifically, we assume the valuation functions take the following
form.
Vie 7, v; :asH—Zsj.
J#

For this symmetric linear setting, there exists an efficient ex post equi-
librium of the generalized VCG mechanism if and only if a > 1.Moreover,
any direct revelation mechanism which has an efficient ex post equilibrium
is a generalized VCG mechanism. Thus, to search for ex post dominance
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implementing direct mechanisms, it suffices to consider generalized VCG
mechanisms.

The generalized VCG mechanism takes the following form. Each bidder
i reports his type (i.e. A; = T;). If r is the profile of reports, each bidder’s
valuation is calculated assuming r was truthful, i.e. v; = v;(r). If v; > v;
for each j # i, then i is awarded the object (p;(r) = 1). In the event of ties,
pi(r) can be chosen arbitrarily. In the symmetric linear setting with a > 1, the
winner is the bidder reporting the highest type. The payment is determined
as follows. Let bidder i be the winner of the object, and let 7, = min{s; € S; |
Vje ﬂ,vi(s,-,r_i) > Vj(S,',r_l')}. Then t,-(r) = v,-(fi,r_i) —}—fi(r_,-) and Vj # i,
tj(r) = fj(r—;), where f; and the f;’s are arbitrary functions measurable only
to r_; and the r_;’s, respectively.

The following proposition states that, in auctions with n > 3 bidders, the
generalized VCG mechanism ex post dominance implements the efficient
allocation only if a bidder’s valuation is sufficiently sensitive to his own signal.

Proposition 5.1. In the symmetric linear setting with n > 3 bidders, the gener-
alized VCG mechanism ex post dominance implements the efficient allocation
if and only if a > n— 1.

Proof. We first prove that, whenever a > n — 1, truth-telling is a dominance
solution of the generalized VCG mechanism with all the f;’s identically zero.
Since truth-telling induces efficient allocation whenever a > 1, this will fin-
ish the proof of the “if” part.”> We then prove that the generalized VCG
mechanism, for any arbitrary f;’s, is not dominance solvable if a <n—1.

To begin with, we show that iteratively undominated reports must lie above
some lower bound. Say that bidder i is pivotal at report r; if i has reported the
highest type and the second highest report is ;.

Suppose that type s; of bidder i is pivotal at report r;. Then the maximum
report among the other bidders is 7}, and i’s payment is at most (a+n —1)r;.
Bidder i’s payoff conditional on being pivotal at r; is therefore at least as; —
(a+n—1)r;. This payoff is zero for r; = r(s;) where

. asi
a+n—1

r(si)

13'We must also show that every dominance solution is an efficient ex post equilibrium. That part
of the proof would be similar to the corresponding part of the proof of theorem 3.1.
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Note also that this minimum payoff is strictly positive for all reports less than
r(s;). It follows that any report below the lower bound r(s;) is dominated by
r(s;). Note that r(0) = 0.

Now, assuming that each bidder’s reporting strategy is bounded below
by some linear function r(-) whose slope is between a+2’—4 and 1, and with
inverse s(-) we will construct an upper bound 7(-).

First, observe that for any report r;, no type greater than s(r;) will report
r;. Suppose that under report profile r, type s; of bidder i is pivotal at report ;.

Bidder i’s payoff is
as; —I-Zsk —arj— Z Tk
ki

Since s; < s(r;), this payoff is no greater than

asi+s(rj) — (a+1)rj+ (n—2) max(s(#) — 7x)

fkgrj
Since the slope of s(+) is greater than 1, the maximum is
asi+ (n—1)s(rj) — (a+n—1)r;

By assumption, a > n — 1. Therefore, the slope in r; of the right hand expres-
sion is at most w — (a+n—1) which is negative. Letting 7(s;) be

the r; for which this expression is zero, we can implicitly solve for 7(s;)

_asi + (n—1)s(7(s;))
at+n—1

7(si) (1)
and conclude that any report greater than 7(s;) is dominated for type s; by the
report 7(s;).

Since s(-) is linear, so will be 7(s;). And because the slope of s(+) is greater
than 1, it follows that the slope of 7(s;) is also greater than 1.

Now, we assume that all iteratively undominated reporting strategies are
bounded above by some linear 7(-) with slope greater than 1, with inverse §(-),
and derive a new lower bound.

Suppose that under report profile r, type s; of bidder i is pivotal at report r;.
Bidder i’s payoff is at least

asi+5(rj) — (a+1)rj+ (n—2) min (5(7) — 7)

f*kgrj
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Since the slope of §(-) is less than 1, the minimum is
asi+(n—1)5(rj) —(a+n—1)r;

The slope in r; is negative, so we can set this expression equal to zero, solve

for r(s;):

Fsi) = asi+ (n—1)5(r(s;))
a+n—1

and conclude that any report less than r(s;) is dominated for type s; by the

report r(s;). If the slope of § is greater than one, then the slope of r will also

be greater than one.

We can use equations (11) and (12) to iteratively construct upper and
lower bounds on the set of iteratively undominated reporting strategies. We
now show that r(1) increases monotonically to 1. Recall that in order for
our construction of 7(+) to be valid, we required that the slope of r(-) to be
greater than H"? Since this was satisfied by the initial lower bound, it will
be satisfied by every subsequent lower bound provided the slopes increase
along the sequence. Since each bound is linear, it suffices that the intercept
r(1) increases monotonically. Furthermore, since the slope of r(-) is less than
one, it will follow that r(-) increases monotonically to the identity mapping.
Plugging in the identity mapping to equation 11 shows that the limit of 7(-)
must also be the identity. Thus showing that r(1) increases to 1 will complete
the proof.

Consider any value 0 < r(1) < 1. By linearity, the inverse is defined by
s(r)=r/r(1). Using equation (11), we can solve for 5(r) :

a—l—n—l—’;(—ll)]

(12)

s(ry=r -

Plugging in to equation (12) and solving for r/(1) (after some manipulation):

aZ

r(1) =
a2+ [ SH] (- 1)2

Since r(1) < 1landa >n—1, F(1) > r(1). This finishes the proof of the “if”
part.

We now prove that the generalized VCG mechanism, for any arbitrary f;’s,
is not dominance solvable if a < n— 1. Consider the subset of reporting strategy
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profiles B :=[]B; where B; = {r; € R; : ri(s;) = a + TS O E [0, a+;1 Tl }-
We will show that for any reporting strategy r; € f8; and alternatlve reporting
strategy r; € B;, there exists some reporting strategy r—; € B_; against which r;
does strictly better than r; does. Hence 8 must be a subset of any dominance
solution, and hence there is no efficient dominance solution.
Fix any reporting strategy r; € 3; and alternative reporting strategy r; € B;.
Since 7] # r;, there exists §; € S; such that r/(§;) # ri(5;). Suppose r;(§;) < r <
ri($i). Consider r; € Bj, j # i, such that r;(s;) = &+ ri—s;, where ot =
min{r, 1= L-}. At the state of the world 5; = §; and Vj # i, s; = “2=L(r — a0),
employing reporting strategy r; results in bidder i losing the object and getting
net payoff — fj(r_ ;). Whereas employing reporting strategy r} results in bidder
i winning the object and getting net payoff as; + (n — 1)%& —o)—(a+

n—"1)r—fi(ri). 1 r> 2ty = 2L and the difference will be
a+n—1 n—1
N B B »
asi+(n—1) » (r a+n—1) (a+n—1)r
— 1= _12
= asi+(atn—1)" ; a (n _ )

n—l—a (n—1)?

< aSi+(a+n—1) -
a a
= a$i—a
< 0,
where the strict inequality follows from r < ri(§;) < 1. If r < +n r» then

o = r, and the difference will be

—(a+n—1)r
< a$i—(a+n—1)ri($)
a
< agi— _—
- (a+n )a—i—n—ls

0,

where the strict inequality follows from the definition of r. So employing
reporting strategy r; unambiguously results in lower net payoff at the state of
the world s; = §; and Vj # i, s; = “*2=1(r — @). The case where r(5;) < r <
ri(§;) is handled symmetrically. Combining the two cases we conclude that
there always exists some reporting strategies r_; € B_; against which r; does
strictly better than 7 does. This completes our proof. ]
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Let’s summarize what we have and what we have nof proved in this section.
We have shown that, in the symmetric linear setting with n > 3 bidders, the
generalized VCG mechanism is dominance solvable if and only if a > n— 1.
Since the generalized VCG mechanism is already the unique direct mechanism
that implements the efficient allocation in ex post equilibrium, it is hopeless
to construct other direct mechanisms that ex post dominance implement the
efficient allocation when a < n— 1. We summarize all these in the following
corollary.

Corollary 5.2. In the symmetric linear setting with n > 3 bidders, there exists
a direct mechanism that ex post dominance implements the efficient allocation
if and only if a >n— 1.

However, we have not proved that a > n — 1 is necessary for ex post
dominance implementation of the efficient allocation. The reason is that we
have only looked at direct mechanisms. For most other equilibrium concepts,
it suffices to look at direct mechanisms in order to obtain necessary conditions
for implementation. This is because the revelation principle holds for most
other equilibrium concepts. Unfortunately, the revelation principle breaks
down for dominance solvable mechanisms. Since this is an observation that
should be of independent interest, we shall discuss it in a separate section.

6. FAILURE OF THE REVELATION PRINCIPLE

We shall give an example in this section to demonstrate how the revelation
principle fails to hold for dominance solution. Our example may not be the
simplest one one can conceive, and makes use of a rather rich set of social alter-
natives. But it makes a point which we believe has not been addressed before
in the literature. In the implementation literature, the revelation principle holds
for most of the equilibrium concepts as long as we do not require unique im-
plementation. However, when it comes to ex post dominance implementation
(unique or not), the revelation principle breaks down.

Consider a situation with seven social alternatives (x, y, wa, Wp, Z4, Zp, and
0), two players (1 and 2), and each player having two types (s; = ia,ip, | =
1,2). The players have quasi-linear utilities, with the corresponding valuation
functions being summarized by Table 1. Table 1 also depicts the efficient rule,
f, that the mechanism designer wants to implement.
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1s2) = || (1a,24)  (14,28) (13,24) (1,28)
vi(x) =w(x) = 2 0 0 2

I
=|lowolowolo
<o wolo o wn
<o o wowolw
"o o wo o wo

Table 1: Players’ valuations and the efficient rule.

We first show that no dominance solvable direct mechanisms can (truth-
fully) implement f. Suppose an implementing direct mechanism exists. Such
a direct mechanism will be fully characterized by a pair of transfer functions,
5] (Sl,SZ) and tz(ShSz).

If truth-telling is the dominance solution, there must be some untruthful
strategy that is dominated for some player, say player 1. An untruthful strategy
is dominated for player 1 only if there is some type, say 14 for player 1 such
that telling the truth (reporting A), is at least as good as lying (reporting B), for
every type and report of player 2. This yields the following set of inequalities,
with at least one strict.

vi(f(14,24)]14,24) +11(14,24) > vi(f(15,24)|14,24) +11(15,24)  (13)

vi(f(1a,28)14,24) +11(14,28) > vi(f(1B,28)|14,24) +t:1(18,2p) (14)

vi(f(14,24)14,28) +11(1a,24) > vi(f(18,24)|14,28) +11(1B,24) (15)

vi(f(1a,28)[14,28) +11(14,28) > vi(f(18,28)[14,28) +11(15,25). (16)
Using the valuations from table 1, (14) and (15) reduce to

11(14,24) > 2+11(15,24) (17)

t1(1A523> 22+t1(13,23). (18)

Since truth-telling is a dominance solution, it is also an ex post equilibrium
in this finite game. Therefore truthful reporting should be a best-response for 1
to truthful reporting by 2 for every type profile, in particular whenever player
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1 is of type 1p:

vi(f(18,24)|1B,24) +11(18,24) > vi(f(14,24)|1B,24) +11(14,24)
vi(f(15,28)|15,28) +11(15,28) > vi(f(14,28)|15,28) +11(14,28).

This can be rewritten as

11(14,24) <2+11(15,24) (19)
t1(14,25) <2+1(15,25). (20)

In view of (17)-(18), inequalities (19) and (20) are satisfied with equality
implying that player 1 is indifferent between reporting A or B when type 1p
and 2 tells the truth.

Notice that (17) and (18) also imply

2—|—11(1A,2A) le(lB,ZA) (21)
2+11(14,28) > t1(15,2p) (22)
so that
vi(f(1a,24 | 18,28) +t1(14,24) > t1(1B,24) (23)
vi(f(14,2p | 18,24) +11(14,28) > t1(1p,25) (24)

1.e. 1 is willing to report A when he is type 1p and 2 is lying.

We have shown that 1 is willing to report A for every type profile and for
every behavior of player 2. Moreover, at least one of the preferences is strict
(in (13)-(16)). Therefore, the strategy of reporting A independent of type is an
ex post weakly dominant strategy for 1 and hence could never be deleted. But
then truthful reporting could not be the dominance solution.

Now we demonstrate that f can be ex post dominance implemented with
an indirect mechanism, and hence the revelation principle fails. The indirect
mechanism has message space {is, ip,ic} for each player i = 1,2 (ic can be
interpreted as a “fictitious type” that is augmented to the message space of
the direct mechanism), and transfer functions identical to zero. The outcome
function is depicted in Figure 3.

The process of iterative elimination of dominated strategies goes as follows.
In the first round, for any player i = 1,2, when his true type is i4, reporting
ip 1s dominated by reporting ic; similarly, when his true type is ig, reporting
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“2A” “2B” “2C”
“1A” O 7B ZA
“137’ wg x y
“IC” wa y X

Figure 3: A dominance solvable indirect mechanism.

is is dominated by reporting ic. In the second round, for any player i = 1,2,
reporting ic is dominated no matter what his true type is. So after two rounds
of elimination, only truth-telling survives. We urge the reader to do the
straightforward verification that truth-telling is an ex post equilibrium both for
this indirect mechanism and for its corresponding direct mechanism (i.e., the
direct mechanism derived by eliminating messages not used on the equilibrium
path).
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