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A Letter from the Editor

he year of 2020 will be remembered as having been a weird, eerie, and difficult one.

As of December Sth, the number of deaths caused by Covid-19 has reached 1,554,491
globally, according to Worldometer. Many people lost their loved ones and have been affected
terribly and hurt. We hope and expect that the situation will get better, gradually returning to
normality next year.

In briefly looking back at this year’s more positive events, I am happy to report on the
Conference on Mechanism and Institution Design, held June 11%-13" at the University
of Klagenfurt, Austria, organized by Paul Schweinzer. He left a little mark on history
in organizing—to the best of our knowledge—the first ever fully online economic theory
conference. There were no registration, participation, or presentation fees of any kind but
many people kindly made voluntary contributions towards the Journal (thanks to Bettina Klaus
for suggesting this terrific use of unused travel budgets!). Three distinguished economists,
Pierpaolo Battigalli of Bocconi University, Johannes Horner of Yale University, and Benny
Moldovanu of the University of Bonn, were the keynote speakers. In total, there were 122
talks scheduled around the clock, with participants from leading universities and research
institutes worldwide. A repository of most talks is available and can be freely used as a
source of inspiration, teaching, or as a perfectly geeky way of spending a weekend. We are
looking forward to meeting again, hopefully in social proximity, at our next conference at the
National University of Singapore in the beautiful city country of Singapore, 2022.

From January 2021 Xiaotie Deng will retire from our editorial board. We wish to express
our heartfelt gratitude to him for his five years of excellent service, advice, and support.
Meanwhile, we are very pleased to announce that an outstanding colleague, Marek Pycia, has
kindly agreed to join our editorial board from January 2021. We thank him and look forward
to working with him to further advance the Journal.

Our Journal will continue to publish high quality papers in the field of mechanism and
institution design and provide the best possible services to our authors and readers for the
public interest without any charge of any kind. As always, we appreciate and rely on your
support.

Zaifu Yang, York, December 8™ 2020.


https://conference2.aau.at/event/4/page/28-conference-programme
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IMPLEMENTATION WITH EX POST HIDDEN
ACTIONS

Caleb M. Koch
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ABSTRACT

We study implementation in settings where agents take strategic actions that
influence preferences over mechanism outcomes and yet are hidden from the
mechanism designer. We show that such settings can arise in entry auctions
for markets, and that the Vickery-Clarke-Groves mechanism is not necessarily
truthful. In this paper we first formalize so-called ex post hidden actions, we
then characterize social choice functions that can be implemented in a way
that is robust with respect to ex post hidden actions, and finally we propose
a mechanism to do so. The model allows agents to have multi-dimensional
types and to have quasi-linear utilities in money. We showcase these results
by identifying social choice functions that can and cannot be implemented in
entry auctions for Cournot competition models.

Keywords: Ex post hidden actions, dominant-strategy incentive compatibility,
auctions.
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2 Implementation with hidden actions

1. INTRODUCTION

ECHANISM design, sometimes called “reverse game theory”, is the theory
M of designing rules and regulations so that self-interested agents can
achieve social goals. A typical mechanism design problem is formulated as
follows. First, each agent has private information. Second, each agent may
submit a report to the mechanism designer about his/her private information
(this report may or may not be truthful). Finally, the mechanism designer
makes a social decision based on agents’ reports. This typical setup, however,
assumes that the only strategic action that agents take is sending the mechanism
designer a report. As such, mechanism design assumes that agents cannot
influence other agents’ payoffs via strategic interactions outside the mechanism,
and any strategic actions other than reporting are thus irrelevant for the design
of a mechanism itself. In other words, mechanisms are typically assumed to be
a closed system.

However, there are economic settings that might challenge the closed
system assumption. For example, consider a spectrum auction where firms
compete for (scarce) spectrum licenses to enter into the telecommunications
market (McAfee & McMillan, 1996; Milgrom, 2000; Klemperer, 2002a,b).
What is the timing of such an auction? First, firms make bids for spectrum
licenses. Second, firms receive licenses based on all firms’ bids (and pay
the government according to the auction payment scheme). Third — and
perhaps most importantly — firms with spectrum licenses compete for market
share. This third point is relevant because it means that firms can influence
each others’ payoffs via strategic market actions that are beyond the spectrum
auction. However, the telecommunications market has, to the best of the
author’s knowledge, never been modeled explicitly when designing spectrum
auctions.

Do strategic market actions after auctions make a difference for mechanism
design? We show that the answer is yes: in the main text (see, e.g. Example 4
and Remark 4), we give an example to illustrate where the Vickery-Clarke-
Groves Mechanism is not strategy-proof or truthful when strategic interactions
after a mechanism are modeled explicitly, even if there exists a unique Nash
equilibrium. More generally, we attempt to clarify how and why ex post
hidden actions after a mechanism can play an important role in influencing
mechanisms that are designed to implement social goals.

In this paper, we address these questions by studying environments in which
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Caleb M. Koch 3

agents can take hidden actions from the mechanism designer after mechanism
outcomes. Such hidden strategic actions can play a crucial role in determining
personal and/or others’ preferences over social decisions. To reiterate, strategic
actions differ from exogenous private information as they can (i) be selected
strategically and (ii) may be subject to change after agents give information to
the mechanism designer. For example, hidden actions could represent firms’
market decisions after spectrum licenses are distributed, where such market
decisions are clearly unknown to the mechanism designer before licenses are
distributed.

This paper makes two major contributions. The first is formalizing so-called
ex post hidden actions’. As noted above, an ex post hidden action is taken by
an agent after a mechanism outcome, is unknown to a mechanism designer,
and yet can be crucial for determining personal and/or others’ preferences over
mechanism outcomes. An ex post hidden action may include pricing decisions,
merger and acquisition decisions, contract negotiations, etc.

3

The second contribution is characterizing social choice functions that can
be implemented in a way that is robust to ex post hidden actions. Concretely, the
class of mechanisms considered here proceeds as follows. First, agents report
preferences over mechanism outcomes (this can be thought of reporting a utility
function); to reiterate, agents do not report ex post hidden actions. Second,
the mechanism designer makes a social decision based on agents’ reports, and
agents pay the mechanism designer based on a pre-specified payment scheme.
Finally, after the social decision, agents take their (ex post) hidden actions and
receive their payoffs.

Such mechanisms can be viewed as a strategic counterpart to robust
mechanism design (Bergemann & Morris, 2005). A robust mechanism asks
each agent to report private information but not his/her belief, which is also
private information. Such mechanisms are thus robust to unreported exogenous
private information. Here, mechanisms can be view as being robust with
respect to unreported strategic private information. We comment on this
further in the related literature subsection below.

The main theorems in this paper characterize social choice functions
that can be implemented in dominant-strategies when agents take ex post
hidden actions. The characterization boils down to a single ‘monotonicity’
condition that must be satisfied by the social choice function. This condition
requires two properties: (i) the social choice function gives agents with ‘higher
types’ priority to ‘better outcomes’, and (ii) matching higher types with better
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4 Implementation with hidden actions

outcomes exhibits increasing returns. Implementation is generally impossible
without both conditions.

We show that implementation with ex post hidden actions is indeed possible
and practical by studying entry mechanisms for a Cournot market (which builds
on an example in Dasgupta & Maskin, 2000). In particular, firms bid to enter
into a Cournot market, and firms’ valuations of mechanism outcomes depend
on ex post hidden actions because of strategic interactions in the Cournot
market. It turns out that our characterization can delineate between social
choice functions that can and cannot be implemented in a way that is robust
to the Cournot market. We show that: (i) there exists a truthful mechanism
that can maximize consumer surplus and that, (ii) even if there is a unique
Nash equilibrium in the Cournot market, there are no truthful mechanisms
that can maximize producer surplus (at Nash equilibrium), including the
Vickery-Clarke-Groves Mechanism.

This paper draws primarily from two research streams in mechanism design.

The first research stream from which this paper draws is robust mecha-
nism design (Bergemann & Morris, 2005). The fundamental goal of robust
mechanism design is to identify conditions under which a mechanism can
elicit information truthfully without asking for beliefs. A belief is modeled as
exogenous private information, which means that a robust mechanism can be
viewed as being robust with to exogenous private information. This literature
has identified various necessary and sufficient conditions under which agents
report truthfully regardless of privately held beliefs (see, e.g., Bergemann &
Morris, 2011, and Bergemann et al., 2011).

This paper tries to offer a strategic counterpart to the current robust
mechanism design literature: rather than beliefs, the main results relate to when
one can design mechanisms where agents report truthfully regardless of ex
post hidden actions. This opens up several possibilities for robust mechanism
design, such as allowing beliefs to be influenced by cheap talk.

The second research stream focuses on incentive compatibility in quasi-
linear environments with exogenous private information. Ex post hidden
actions in a mechanism design environment are closely related to studying
environments with interdependent preferences. Jehiel & Moldovanu (2001)
show that the Bayesian incentive compatibility of the efficient allocation rule is
generally impossible. We use an example that is closely related to the ex post
hidden action context (when the Nash equilibirum is unique, preferences with
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ex post hidden action reduce to interdependent preferences).! This paper is
closer to the strand of literature that focuses on dominant-strategy incentive
compatibility — which effectively requires Bayesian implementation within
every information structure (see, e.g. Dasgupta et al., 1979) — as dominant-
strategies are the focus here. The advantage of the dominant-strategy vs.
Bayesian approach is its ‘detail free’ nature (Wilson, 1987), in the sense that a
designer does not need information about agents’ priors in order to formulate
expected profits.”

The most closely related papers from this literature focus on deterministic
mechanisms and explore necessary and sufficient conditions for implementation.
Roberts (1979) was the first to do so in settings where agents’ types come
from an unrestricted type domain. The main finding of Roberts is a necessary
and sufficient condition, called “Positive Association Differences” (PAD), that
characterizes dominant-strategy incentive compatibility on such domains. The
drawback of PAD is its inapplicability in many relevant economic settings,
such as the allocation of private goods, since it precludes assumptions such
as free disposal and externality in consumption.® Bikhchandani et al. (2006)
resolved these issues and characterized dominant-strategy implementation on
a restricted type domain that admits assumptions such as free disposal. The
advantage of the approach taken in Bikhchandani et al. (2006) is its applicability
to a large class of economically relevant settings, including auctions.

The rest of the paper proceeds as follows. In Section 2, we introduce the
model. In Section 3, we present the ‘implementation with ex post hidden
actions’ problem statement. In Section 4, we present our main results. We
conclude in Section 5. All proofs, unless otherwise provided, are relegated to
the appendices.

For other references from the Bayesian incentive compatibility literature that are relevant to
this paper, see Myerson (1981), Rochet (1987), McAfee & McMillan (1988), Jehiel et al.
(1999), Williams (1999), Krishna & Maenner (2001), and Milgrom & Segal (2002).
Relatedly, Chung & Ely (2007) provide a theoretical foundation for dominant-strategy imple-
mentation by proving that such mechanisms are maximin optimal.

See Bikhchandani et al. (2006) for an extended discussion on the limitations of using Positive
Association Differences in applied economic models.

Journal of Mechanism and Institution Design 5(1), 2020



6 Implementation with hidden actions

2. THE MODEL

This section presents the model underlying implementation with ex post hidden
actions. Definitions are in bold.

2.1. The Environment

Consider a finite set of agents N = {1,2,...,n} and mechanism outcomes
Q =1{q1,92,-..,qk}. Each agent i € N has private information V; € D; and
takes an ex post hidden action s; € S; (where S; may be finite or infinite).
A collection of ex post hidden actions is denoted as s = (s1,...,5,) €
XjenSj =t S. Private information and hidden actions determine an agent’s
utility of an outcome g € Q and money m € R, which is represented as
IL(-,s; Vi) : QxR — R:

II;(q,m,s;V;) = Ui(q, s; Vi) + m. (1)

It is useful to let U;(q, s; Vi) = Vi(q, s) and refer to V; as agent i’s type. We
referto O; C {V; : Q xS — R} = P; as the domain of possible types and let
D = Xij.

Definition 1 (Social Choice Environment). An environment with ex post
hidden actions is defined by a tuple {N, (S;, D;,V;)jen, Q}-

By fixing an outcome g € @, an environment with ex post hidden actions
can be reduced to a non-cooperative game, {N, (S;,V;(q,-))jen}, Wwhere S;
is agent j’s action space.

From a standard mechanism design perspective, one could view agents as
having a mix of independent and (strategically) interdependent types. On the
one hand, agents have independent types insofar as V;(-) does not depend on
V_i. On the other hand, agents have (strategically) interdependent types insofar
as V;(-) dependson s_; € S_;.

We give an example of an environment with ex post hidden actions below.

Example 1 (Oil Drilling; Dasgupta & Maskin, 2000). A mechanism designer
is distributing two licenses to drill oil. Each (prospective) firm’s valuation of a
license equals its expected profit in the oil market. As such, the challenge for
the mechanism designer is that each firm decides its strategic actions in the
market after licenses are distributed. This means that the mechanism designer
cannot distribute licenses based on firms’ oil drilling plans.

Journal of Mechanism and Institution Design 5(1), 2020



Caleb M. Koch 7

To model this more formally, let N' = {1, 2, 3} denote the set of prospective
firms. Q = {(1,1,0),(1,0,1),(0,1,1)} denotes the set of possible license
distributions (1 represents a firm receiving a license, O represents a firm not
receiving a license). Let s; € S; = [0, S;] denote firm i’s oil production,
which is an ex post hidden action. A firm’s marginal cost of production,
Vi € D; = [0, D;], is exogenous private information. We model a firm’s profit
in the oil market as a Cournot competition. This means that firm i’s utility is
given as

Profit from oil market

si-P(g-s)—sVi ifg =1

0 otherwise
——

Profit = 0 without license

Ui(qg,m,s;V;) =m+

where P : R, — R, is the inverse demand function.

In this example, a firm’s oil pumping decision in the market is an ex
post hidden action because pumping oil: (i) impact a firm’s preferences over
mechanism outcomes and (ii) takes shape after the mechanism outcome. The
setup above forms the basis of examples throughout the paper. [ ]

2.2. Social Choice Mechanism

An agent’s ex post hidden action takes on a different role than the standard
concept of private information. In general, an agent may choose s; € S;
based on others’ types, others’ strategic actions, and is determined after the
mechanism outcome. This means that the mechanism designer cannot elicit
ex post hidden actions from agents, as such information is subject to change.
Instead, the designer must solely rely on exogenous private information to
make social decisions.

As such, we consider social choice mechanisms that require each agent to
report exogenous private information, but not ex post hidden actions. We thus
define a social choice function f : D — Q as a mapping from agents’ reported
types to an outcome. A payment function p = (p1,p2,...,pn) : D — R”
maps agents’ reported types to a money payment for each agent. Finally, a
social choice mechanism is denoted by a pair (f, p).

Journal of Mechanism and Institution Design 5(1), 2020



8 Implementation with hidden actions

2.3. Timing

Having spelled out the model ingredients, it is worth noting the exact timing of
the mechanisms that will be considered. (Other timings are perhaps possible,
but we restrict attention here for the sake of discussion.)

1. Each agent reports a type V; € D; simultaneously.

2. The mechanism designer makes a social decision based on everybody’s
report, f(Vi,. .., V).

3. Each agent pays the mechanism designer money based on everybody’s
reported types, p(Vi,...,V,) = (p1,...,pn) € R.

4. With everybody knowing everybody’s true type, each player takes an
action, s = (s1,...,5,) € S.

5. Finally, each player receives his/her payoft,

Vilf Vi, .. V) s) = pi(Viy ., V).

3. PROBLEM STATEMENT

In this section, we formalize the main research question of this paper.

3.1. Gathering Information Truthfully

Consider an environment with ex post hidden actions. The mechanism
designer’s goal is, first, to gather information from agents and, second, to
make a social decision based on this information. The challenge is that the
mechanism designer cannot make payments based on agents’ ex post hidden
actions, s; € S;, but only on agents’ exogenous private information, V; € D,.
Informally, our criterion for truthfulness is that each agent has a (weakly)
dominant-strategy to report his/her true V; while all agents’ strategic actions
follow a Nash equilibrium.

We introduce some notation to define our notion of truthfulness formally. As
noted above, any outcome g € Q reduces an environment with ex post hidden ac-
tions to a non-cooperative game, {N, (S;,V;(q,-))jen}. Let NEWHV-)(g) C
S denote the set of Nash equilibria of the non-cooperative game under outcome
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Caleb M. Koch 9

g € Q and with types (V;, V_;). When working with a social choice function f,
it is often useful to let NEYoV-)(£(V;, V) = NEVV-D(V;, V.)).

All results in the following paper build on the following assumption, which
states that there exists at least one Nash equilibrium at every combination of
types V € D and possible mechanism outcomes g € Q. Why is this assumption
important? Among other reasons, it gives players credible deviations from
telling the truth — otherwise the mechanism designer is not worried about
non-truthful strategies because it leads to non-Nash outcomes. Relatedly, the
absence of Nash equilibria renders it impossible to define a payment function,
which necessarily relies on Nash outcomes to provide a foundation on which a
payment function can be built.

Assumption 1 An environment with ex post hidden actions satisfies regularity
if NEY(q) is non-empty for all V € D and q € Q.

The following definition formalizes what it means for an agent to always
have a truthful dominant-strategy.

Definition 2 (Truthful Dominant-Strategy). For any ( f, p) and an agent i,
truthful reporting is a (weakly) dominant-strategy if, for every V_; € D_;, it is
weakly optimal for any type V; € D; to report truthfully, that is,

Vi(f(Vi, Vo), s) = pi(Vi, Vo) 2 Vi(f (Vi Vo), 55 = pi(Vi, Vo) (2)

for all untruthful reports V; € D;\{V;} that yield different outcomes ( f (V;, V_;) #
f(V;:,V_;)), Nash equilibria that result from reporting truthfully, i.e. s* €
NEWYHV-0(V;, V_;), and Nash equilibria that result from mis-reporting, i.e.
§ e NEVIV-D(V, V).

Notice that a truthful dominant-strategy is defined with respect to the true
Nash equilibria of the underlying game (that is, N&(Yi-V=)(-)) and not Nash
equilibria based on reports (that is, N gWiVi) (+) on the right-hand side of (2)).

Dominant-strategy incentive compatibility extends the concept of a truthful
dominant-strategy to all agents.

Definition 3 (Nash Dominant-Strategy Incentive Compatibility). A social
choice mechanism ( f, p) satisfies Nash dominant-strategy incentive compat-
ibility (DSIC) if truthful reporting is a dominant strategy for all agents.

Journal of Mechanism and Institution Design 5(1), 2020



10 Implementation with hidden actions

In other words, if a social choice mechanism satisfies Nash DSIC, then no
agent can strictly gain by misreporting (V;) to induce a new Nash equilibrium
outcome (§%).

Nash DSIC underlies a so-called “truthful” social choice function.

Definition 4 (Truthful). A social choice function f is truthful if there exists a
payment function p such that ( f, p) satisfies Nash DSIC; p is said to implement

f.
The main goal of this paper is to analyze social choice functions that can

be implemented in environments with ex post hidden actions.
Before proceeding, we make three remarks about the definition of ‘truthful’.

Remark 1. All results in this paper are formulated in terms of (i) reporting V;
truthfully as a dominant-strategy and (ii) s* € S following a Nash equilibrium
of the true underlying game. Concerning the latter, everything can be easily
adapted to represent rationalizable strategies rather than Nash equilibria.* All
of the proofs would proceed as stated (with a few modifications).

Remark 2. What doss the economic interpretation of ‘truthful’ mean in light
of ex post hidden actions? We have two interpretations in mind. First,
it may be that private information is common knowledge (in the sense of
Aumann, 1976), and the mechanism designer knows that agents have common
knowledge but does not know agents’ private information — such a setting might
be appropriate for small-n environments, or when agents have interacted in
mechanism settings together repeatedly. Second, agents may report while not
knowing others’ private information, and then types of all agents are revealed
after the mechanism outcome — such a setting may be appropriate for, e.g.
the oil drilling license auction or some spectrum auction settings. It is our
hope that main results and proofs can be adapted to different definitions of
truthfulness that may be more appropriate in specific economic settings.

4. A CHARACTERIZATION OF IMPLEMENTATION WITH EX
POST HIDDEN ACTIONS

This section contains the main results of the paper, which are presented as
follows. First, we derive a straightforward condition that is necessary for

See Bernheim (1984) and Pearce (1984) for the definition of rationalizable strategies and
Bergemann et al. (2011) for a characterization of implementation using rationalizable strategies
in robust mechanism design.

Journal of Mechanism and Institution Design 5(1), 2020



Caleb M. Koch 11

implementation. Second, we show that this condition is also sufficient when
we focus on unit-demand auctions with identical goods, and third we use this to
study different social choice functions in a Cournot entry market. Finally, we
present a generalized characterization of implementation with ex post hidden
actions.

4.1. A Necessary Condition for Implementation

In implementation theory, truthfulness is often characterized by a ‘monotonicity
condition’ (e.g., ‘Maskin monotonicity’, Maskin, 1999). Here, we take the
same approach.

The next definition introduces a monotonicity condition for social choice
functions.

Definition 5 (Nash Monotonicity, Nash-MON). In an environment with ex
post hidden actions, a social choice function f satisfies Nash monotonicity
(Nash-MON) if, foralli € N,V_; € D_;,and V;, V; € D; such that f(V;, V_;) #
f(‘7l’ V—i)’

marginal gain for V; to report truthfully vs. report V;

Vi(f (Vi, Vo), ) = Vi( f(Vi, Vi), 87)

> Vi(f (Vi Vo), 57) = Vi(f (Vi, Vi), 57)

3)

marginal gain for V; to misreport with V; vs. report truthfully
for all Nash equilibria that result from:
« player V; reporting truthfully, i.e. s* € NEYHV-)(V,, V_;),
* player V; misreporting, i.e. s** € NEYHV-0(V;, V),
« player V; reporting truthfully, i.e. §* € NEViV-0) (V. V_,),
« and player V; misreporting, i.e. §* € NS(V"’V—")(V,-, V_i).

How does Nash-MON work? The key idea is that the marginal gain
from reporting truthfully must always be greater than the marginal gain from
misreporting, and this must be true for all (relevant) Nash equilibria. Why is
Nash-MON a monotonicity condition? The reason is made clearer below (that
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12 Implementation with hidden actions

is, after introducing additional assumptions). But for now, suppose that V; is
a ‘higher’ type that V;. Then Nash-MON can be viewed as requiring that the
marginal gain of matching V; with a ‘better’ outcome—that is f(V;, V_;)—is
greater than matching V; with a ‘worse’ outcome—that is f(V;, V_;). We refer
the interested reader to Examples 3 and 4, where the role of matching higher
types with better outcomes is clearly demonstrated.

It is important to note that Nash-MON only checks those Nash equilibria
that are relevant for players’ true types. This is closely related to the assumption
that players’ true types are revealed after the mechanism designer makes a social
decision. What would happen if players’ types are not revealed (which would
be akin to firms entering the oil market without knowing other firms’ types)?
In general, an entirely different condition than Nash-MON would be required.
One would not only need to check conditions for the true Nash equilibria but
also all possible Nash equilibria that could emerge for any combination of
players. This would be a much stronger condition than Nash-MON, and it is
unlikely that the positive results that are shown below would be possible.

It is straightforward to show that Nash-MON is a necessary condition for
implementation in any environment with ex post hidden actions.

Lemma 1 (Necessity of Nash-MON) In an environment with ex post hidden
actions, a social choice function f is truthful only if f satisfies Nash-MON.

Proof of Lemma 1. Suppose that f : D — Q is truthful, and let p : D — R”
implement f. Consider agenti € N. Fix V_; € D. Consider types V;,V; € D;
that yield different outcomes (f(V;, V_;) # f(V;, V_;)). If type V; participates
in the social choice mechanism (f, p), then Nash DSIC implies that
Vi(f (Vio Vo), s™) = pi(Vi, Vo) 2 Vi(f (Vi Vo), s = pi(Vi Vo) (4)
for all s* € NEViV-)(V;, V_;) and s** € NEViV-)(V;, V_;) (supposing that
such equilibria exist). If type V; participates in ( f, p), then Nash DSIC implies
that
Vi(f (Vo V), ) = pi(Vi, Vo) 2 Vi f (Vi Vo), §°) = pi(Vi, Vo) (5)
for all §* € NS(‘Z’V—")(V,-, V_;) and §** € NS(V"’V-f)(Vi, V_;) (again supposing
that such equilibria exist). Combining (4) and 5 yields
Vi f (Vi, Vo), s5)=Vi(f (Vi, V=), ™) (6)
> pi(Vi, Voi) = pi(Vi, Vi) @)
> Vi(f(Vi, V=), 37) = Vi(f (V;, V=), §79). 8)

Journal of Mechanism and Institution Design 5(1), 2020



Caleb M. Koch 13
Finally, (6) > (8) implies that Nash-MON is necessary. O

4.1.1. Nash-MON Alone Is not Sufficient

Given the many impossibility theorems in implementation theory, it is perhaps
unsurprising to find that Nash-MON alone is not sufficient for truthfulness. We
show in the following example that, even in a single-agent environment, ex post
hidden actions make it impossible to find a payment function that implements
a social choice function.’

Example 2 (By itself, Nash-MON is not sufficient for truthfulness). Suppose
there are three outcomes, Q = {A, B, C}, and one agent, N = {1}. Let the
domain of types be D; = {VA, VB, VC}. Let the set of possible ex post
hidden actions be S; = {sy,s2}. Consider a social choice function such
that f(VA) = A, f(VB) = Band f(V®) = C. The agent’s preferences over
outcomes, as a function of private information, is given as

S1 ) S1 S92 S1 S2
A [0 -5 A [-10 0 A [o -5

vA= B |55 40 vB= B 25 60 ve€= B |40 35|.
Cc |60 70 c |70 85 c |75 20

As such, if VA reports truthfully then his/her optimal action is s; and
VA(A,s1) = 0. If VB reports truthfully then his/her optimal action is s»
and VB(B, s5) = 60. If V€ reports truthfully then his/her optimal action is s
and VE(C, s1) = 75.

In a single-agent environment, Nash-MON checks over the agent’s op-
timal action at each outcome, e.g. s1 = argmaxgc(, ) VA(A,s) and s, =
arg max ) VA(C,s). This means that Nash-MON imposes three condi-

tions:

se{s1,52

\%

VA(A,s1) - VA(B,s1) =0-55 > 0-60=VE(A,s:) - VE(B,s2)
VA(A,51) = VA(C,50) =0-70 > 0-75=V (4,s)) - VE(C,s))
VB(B,s5) —VB(C,s50) =60-85 > 40-75=VE(B,s1) - VE(C,s1).

As such, Nash-MON is satisfied in this setting.

> The following example builds on Example 1 from Bikhchandani et al. (2006) directly.
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14 Implementation with hidden actions

However, there is no payment function that can implement f. Suppose
that the agent pays p* for report VA, p® for report V2, and p€ for report VC.
Without loss of generality let p4 = 0. If it is optimal for type V4 to report
truthfully vs. report V5 then

VA(A,s1) = pt 2 VA(Bs1) - pP = pP25s. ©)
If it is optimal for type V5 to report truthfully vs. report V< then
VE(B.52) = pP 2 VP(C,50) - p© = p-pf225. (10

Taken together, (9) and (10) imply that p¢ > 80. But if type V¢ prefers
reporting truthfully vs. reporting V4, then

VE(C,s1)-p =2V (A,5)-p* = 75-p>0-0 = 75> p°¢

which contradicts p¢ > 80. Consequently, even though f satisfies Nash-MON,
there exists no payment function that can implement f. ]

Because Nash-MON alone is not sufficient, we pursue two strategies that
circumvent the kind of scenarios presented above. The first strategy focuses
on unit-demand auctions with identical goods. The second strategy uses
restrictions on the domain of types in a similar manner to Bikhchandani et al.
(2006).

4.2. Unit-Demand Auctions with Identical Goods

Our first result focuses on unit-demand auctions with identical goods, which
includes the oil drilling license auction in Example 1 (we show this in Remark 3
after we present the definition of a unit-demand auction).

In a unit-demand auction with identical goods, each agent only cares about
acquiring an item and does not necessarily care about which item is acquired.
This means that the space of mechanism outcomes can be represented as
Q < {0, 1}, where 1 represents an agent receiving an item and O represents an
agent not receiving an item. Consequently, if other agents report V_;, then i’s
report can only render two possible mechanism outcomes: report a ‘high type’
and win an item or report a ‘low type’ and not win an item.

Note that this does not mean that agents are symmetric, or that agents equally value winning an
auction. In contrast, it only means that all goods being auctioned can be treated as equivalent.
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To formalize these ideas in a definition, we endow the set of outcomes
Q C {0, 1} with an order >; that represents whether or not agent i wins an
item. That is, for any ¢’,¢"” € Q, weletq’ >; ¢" & ¢, > q! & q| =
1>0=gq/.

Definition 6 (Unit-Demand Auction with Identical Goods). An environment
with ex post hidden actions is a unit-demand auction with identical goods if:

(i) The mechanism outcome space is Q C {0, 1}",

(ii) Each agent i can either win or not win an item, i.e. |[{f(V;,V_;) : V; €
D =2forall V_; € D_;,

(iii) Each agent prefers winning an item to not winning an item, thatis, g >; ¢
implies that V;(g,5) > Vi(q, s) forevery 5 € NEY(q), s € NEY(q) and
VeD. B B

Remark 3. Under certain restrictions, it is straightforward to show that the oil
drilling license auction in Example 1 is a unit-demand auction with identical
goods. (i) By definition, the distribution of licenses can be represented as
Q < {0, 1}". (ii) By setting D; = D; for all i, j € N, it means that a player
i may not win a good because he/she may be outbid by player j—different
type spaces could otherwise make j win de facto. (iii) Finally, by choosing an
appropriate pricing function, it can be guaranteed that the Nash equilibrium
profits are always greater than zero for winners. This in turn satisfies condition
(iii) of Definition 6. It should also be noted that, by choosing the inverse
demand function appropriately, it can be guaranteed that there exists a Nash
equilibrium at every (V;, V_;) combination (e.g. see Examples 3 and 4 below).

Our first main result shows that Nash-MON is necessary and sufficient for
implementing a social choice function in a unit-demand auction with identical
goods (see Appendix A for the proof).

Theorem 1 In a unit-demand auction environment with identical goods and ex
post hidden actions, a social choice function is truthful if and only if it satisfies
Nash-MON.

There are perhaps two surprising features of Theorem 1 that are worth
noting. First, besides (iii) in Definition 6, no other assumptions are made
regarding the space of exogenous private information, 9, and ex post hidden
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16 Implementation with hidden actions

actions, S. This generality is in contrast to most implementation results that
impose specific assumptions on the type space (as in Roberts, 1979, and
Bikhchandani et al., 2006). Second, the theorem is a ‘positive’ result for a
problem that allows types to be (strategically) interdependent, which contrasts
with many negative results in implementation theory, especially when types
are interdependent (see, e.g., Jehiel et al., 2006).

Below, we apply Theorem 1 to the oil drilling license auction from above.
In Example 3, we show that there exists a truthful mechanism that can allocate
licenses to the most production-efficient firms. In Example 4, we show that the
welfare maximizing social choice function cannot be implemented, even by the
Vickery-Clarke-Groves mechanism.

Example 3 (continued from Example 1: A social choice function that
satisfies Nash-MON). This example builds on the oil drilling license auction
from Example 1. To make it more concrete, we assume that the inverse demand
function is linear, P(X) = a —bX. Then for appropriately selected (a, b), there
exists a unique Nash equilibrium.

In this example, we study the efficiency social choice function, fEFF :
D — Q, which gives licenses to the most production-efficient firms. This
means that, if firms report (Vi, V>, V3) = (4, 5, 6) then f£77(4,5,6) = (1,1,0)
(firm 3 does not receive a license because it reported the highest marginal
cost of production). Because this example is a unit-demand auction with
identical goods (see Remark 3), it follows from Theorem 1 that f£¥F can be
implemented if and only if it satisfies Nash-MON.

To see whether fEFF satisfies Nash-MON, fix V_; € D_;. Consider V;, V; €
D; such that FEFF(V;, V_;) gives i an oil drilling license and f2F (V;, V_;) does
not give i an oil drilling license (which means that V; < V). Then Nash-MON
is satisfied if and only if

Vi(fEFE (Vi Vo), ) = Vi(FERE (VL VL), 57)

- - - 11
> Vi(fE (Vi Vo), 57 = Vi(fFEE R (L V), 8 (I

where (s*, s™, §*, §*) are the unique Nash equilibria in the oil drilling market
in the respective setting (see Definition 5 for the precise definition). Because
firm i’s payoft is zero if it does not win a license, (11) reduces to

Vi(fEFE (Vi Vo), %) 2 Vi(FEFE (VL V), 57 (12)
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where s* € NEVeV-)(V;, V_;) and 5 € NETV-)(V;, V). If V; also wins a
license under fEFF(V;, V_;), then we can plug in i’s Nash equilibrium profits
to re-write (12) as

(FEFF (U Uy o) — (a-2Vi+V))?
_ V. )2
> & 29V§9+ Y R (Vo). )

(this is the standard Nash equilibrium result from a Cournot model competition
with a linear inverse demand). Because V; < V; it follows that (13) holds, which
means that Nash-MON also holds. It thus follows from Theorem 1 that fEFF
can be implemented. We refer the interested reader to the proof of Theorem 1
(Appendix A) where we propose a payment function that implements f£77.  m

Example 4 (continued from Example 1: Maximizing welfare is not imple-
mentable). This example builds on the previous one. But here, we present a
social choice function that cannot be implemented.

Consider the same Cournot entry environment as above, except now, we
study whether the welfare-maximizing social choice function f"¥ : D — Q
can be implemented: that is, f"¥ gives licenses to the two firms that, at the
unique Nash equilibrium, maximize total industry profits. Because this setting
is a unit-demand auction with identical goods, it follows from Theorem 1 that
fWM can be implemented if and only if f¥¥ satisfies Nash-MON.

To see if M satisfies Nash-MON, fix V_; € D_;. Consider V;,V; € D;
such that fYM(V;, V_;) gives i an oil drilling license and "™ (V;, V_;) does
not give i an oil drilling license. Following the same steps as in Example 3,
Nash-MON holds if and only if

Profit when V; reports truthfully and gets a license

Vi(f"M(Vi, V), 5%)
(14)
> V("MW Vo), 5

Profit when V; misreports to get a license

where (s*, §**,) are the unique Nash equilibria in the oil drilling market with
agents (V;,V;) and Vi, V;), respectively. As such, Nash-MON boils down
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to requiring that, at the unique Nash equilibrium, reporting truthfully always
yields a higher payoff than misreporting in order to get a license.

We claim that (14) does not hold in general. To see this, suppose that
(a,b) = (10, 1) and (V1, V2, V3) = (1,2,4). Let IT represent the unique Nash
equilibrium payoff of agent i if i and j enter the Cournot competition. Suppose
that all agents report truthfully. Because

M2 +I07 =166 < I+ =17.0 > I3 +I13 = 13.0

it follows that fWM(Vy, V5, V3) = (1,0, 1) (that is, firms 1 and 3 win licenses).
Is there any V3 € D3 C R, such that (14) does not hold? Consider V3 = 3.
Since the unique Nash equilibrium payoffs with types (Vi, V5, V3) are

MP+mP =166 > MP+MP=162 > M+02 =130

it follows that WM (Vy, V5, V3) = (1,1,0). However, it is easy to show that (14)
is not satisfied with V3 = 4 and V5 = 3:

V3(f"M V1, Vo, V3),5%) = 1.0 % 2.8 = V3(f(V1, V2, V3), 5)

(1.0 and 2.8 are calculated using (13)). Consequently, follows from Theorem 1
that there exists no payment function p : © — R? that can implement the
welfare-maximizing social choice function, f"M. [

Remark 4. Because there exists no payment function p : © — R3 that can
implement the welfare-maximizing social choice function, it immediately
follows that the Vickery-Clarke-Groves Mechanism cannot implement the
efficient allocation rule shown above.

4.3. Generalized Implementation with ex post Hidden Actions

Here, we explore one way that Theorem 1 can be generalized beyond unit-

demand auctions with identical goods. Our strategy for doing so is extending

the concept of a “rich” type space introduced by Bikhchandani et al. (2006).
4.3.1. Restricting the Type Domain, D

For each agent, we endow the set of mechanism outcomes Q with an order,
>;. We assume that (Q, >;) is a quasi-ordered space, which means that it is:
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(1) reflexive, i.e. q >; q for every q € Q, and (ii) transitive, i.e. g >; ¢’ and
q =i q" = q >; q" forevery q,q’,q” € Q. In practice, >; represents agent
i’s ranking of mechanism outcomes (this is made clear below).

Our notion of a rich environment builds on the idea that all agents prefer
‘better’ outcomes. To make this more concrete, we introduce an order by which
players rank the outcome space.

Definition 7 (Consistency). In an environment with ex post hidden actions,
we say that a type V; € 9; is consistent with (Q, >;) if, forall V_; € D_;:

gr =i ¢ = Vi(qk,s*) > Vi(qs,s') for all Nash equilibria
sk e NEVV-D(g;) and s' € NEVY-D(gq)) .

In other words, a consistent type will always prefer ‘better’ mechanism
outcomes (g >; q;) with respect to all relevant Nash equilibria. One can also
think about a consistent type as having preferences that follow his/her order
over types, >;.

A rich type space is simply the collection of all consistent types.

Definition 8 (Rich Type Space, D;). In an environment with ex post hidden
actions, D; is rich type space if there is a quasi-order >; on @ such that every
V; € 9 that is consistent with (Q, >;) is in D;.

A rich environment extends the definition of a rich type space to each agent.

Definition 9 (A Rich Environment). An environment with ex post hidden
actions is rich if there are quasi-orders (>;),;ex on Q such that each D; is a
rich type space.

Remark 5. It is worth noting the differences between a rich environment and a
unit-demand auction (Definition 6). Because of Definition 6(iii), a unit-demand
requires that every type V; € D; is consistent (this follows from defining a
quasi-order that orders an outcome based on whether i wins or does not win an
item). However, a unit-demand auction environment does not require the type
space to be rich.

While a unit-demand auction environment permits a more general type
space, the trade-off comes in the definition of the mechanism outcome space, Q.
Unit-demand auctions require that Q C {0, 1}". Rich environments, however,
impose no constraints on Q.
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It turns out that ‘richness’ provides the key to proving the main result of this
paper. In the following theorem, we show that Nash-MON is necessary and
sufficient for implementation when restricting attention to rich environments
(see Appendix B for the proof).

Theorem 2 In a rich environment with ex post hidden actions, a social choice
function is truthful if and only if it satisfies Nash-MON.

There are two points worth raising that help unpack Theorem 2. First,
Theorem 2 identifies the necessary and sufficient features a social choice
function must have if we hope to find a mechanism that implements it. These
features—summarized by Nash-MON—boil down to requiring that matching
‘higher types” with ‘better outcomes’ exhibits increasing returns. Without this
feature, it is generally impossible to implement a social choice function in a
way that is robust with respect to ex post hidden actions.

Second, it is worth asking what kind of payment function can implement
social choice functions that satisfy Nash-MON. We propose such a function
in the proof of Theorem 2 (see Appendix B). Broadly speaking, the payment
function builds on the ‘increasing returns’ property from Nash-MON and links
it to price reports in a way that renders truth-telling as optimal. Also, similar
to Bikhchandani et al. (2006), each agent i’s payment function only depends
on V_; and the mechanism outcome f(V;, V_;). This allows us to ensure that
truth-telling is not only optimal but is also a dominant-strategy.

5. CONCLUDING REMARKS

The key message of this paper is that strategic actions are important for
designing institutions that implement societal goals. With a few exceptions,
previous mechanism design models do not incorporate strategic actions that
influence personal and/or others’” preferences. The paper argues that strategic
actions matter, and that current mechanisms—such as the Vickery-Clarke-
Groves Mechanism—are not guaranteed to be truthful when strategic actions
are present.

This paper makes two contributions. The first is introducing ex post hidden
actions, which is one way of embedding mechanisms in a large space of
real-world environments that the mechanism cannot control. The example used
throughout the paper is an auction that is distributing oil drilling licenses, and
the ‘ex post hidden actions’ represent the strategic market decisions that firms
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take after winning oil drilling licenses. The second is characterizing social
choice functions that can be implemented in a way that is robust with respect
to ex post hidden actions. We complement this characterization by proposing a
mechanism that does so. By means of examples, we show that the tools in this
paper can be used in applied settings.

We present two characterizations in the main text. The first characterization
can be viewed as an ‘off-the-shelf” result that can be easily amended to applied
economic settings. It applies directly to unit-demand auctions with identical
goods and admits almost any combination of agent types and strategic actions.
The second can be viewed as one way to generalize the first. This result falls
somewhere between adding ex post hidden actions to the model in Bikhchandani
et al. (2006) and offering a strategic counterpart to the work by Bergemann &
Morris (2005) on robust mechanism design.

Looking forward, there are several avenues for future work. One possibility
is exploring other concepts of truthfulness. This paper focused on designing
mechanisms that are robust with respect to Nash equilibrium, but this requires
that agents have sufficient information in order to correctly deduce a Nash
equilibrium. Different assumptions with weaker information criteria are
possible, such as a maximin approach (Wolitzky, 2016). Another possibility
is studying the tension between implementation with ex post hidden actions
vs. individual rationality (Ma et al., 1988; Jackson & Palfrey, 2001), which was
not touched on in this paper. Finally, there is the possibility of developing more
applied-oriented results. This paper showed that, by focusing on unit-demand
auctions with identical goods, a sharp and useful characterization was possible.
Future work could explore other applied-oriented environments to uncover
more economic insights into implementation with ex post hidden actions.

A. PROOF OF THEOREM 1

The necessity of Nash-MON follows from Lemma 1. Therefore, all that
remains is to show that Nash-MON is also sufficient when we restrict attention
to unit-demand auction environments with identical goods and ex post hidden
actions.

The proof of sufficiency proceeds as follows. First, we define a pricing
function. Second, we identify a useful inequality relationship of the pricing
function (Lemma A.2). Third, we show that the pricing function is truthful at
‘end points’ (Lemma A.3). Finally, we build on these two results to show that
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the pricing function implements f (Lemma A.1).
Before we define the pricing function, some definitions are in order.
In what follows, V_; € D_; is fixed.

Inverse social choice function

Let Y;(- | V_;) : Q 3 D; be the inverse social choice function,
Yi(qr | V=) =Yi(qr) ={Vi € Di : f(Vi,V-i) = qx}.
In other words, Y;(qx | V—;) C D; is the set of all types from D; such that
F(Vi, Vo) = qx.
Differencing function

Consider the following differencing function between any two outcomes
gk, q; € Q that depends on V_;:

inf {Vi(qk, s*) = Vi(qi, s") : Vi € Yi(qr | V=),

Vo v if g #
sk e NEVIYD (i), s' e NEVIYD(q))} naeEa

Sqrai (Vo) =
0 otherwise.
(15)

We often let 64, 4,(V-;) = 0x;(V-;) unless otherwise ambiguous.

Identifying the ‘best’ and ‘worst’ outcome
By assumption, |[{f(V;,V_;) : V; € D;}| = 2 (see (ii) in Definition 6). Let
{q(V-),q(V_)} ={f(Vi, V=) : Vi € Di}
such that, for any V_; € D_;,
Vi(qg(V-i),s) 2 Vi(q(V-i), s)

for all s € NEViV-)(g(V_;)) and s € NEViY-)(q(V_;)) (g and g have this
property by (iv) of Definition 6). B B

In what follows below, we often let g(V_;) = ¢ and ¢g(V_;) = g unless
otherwise ambiguous. B B
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Pricing function

Consider the following payment function (where f(V;,V_;) = q):’

. (16)
0 otherwise.

pi(Vi,V_)) = pi(q) = { ba0eorivy SV Vo) = (Vo)
What is the intuition underlying p;(V;, V_;)? If V; does not win an item (i.e.
f(Vi, V) = q(V_;)) then V; is compensated according to —6(> 0). If V; wins
an item then V; is not compensated (p; = 0).
In the following lemma, we establish that the payment function given
by (16) implements f.

Lemma A.1 In a unit-demand auction environment with identical goods and ex
post hidden actions, (p1, p2,...,pn) : D — R" as defined in (16) implements
f if f satisfies Nash-MON.

It follows directly from Lemma A.1 that f is truthful. Before we prove this
lemma, we require two supporting lemmas.
First preliminary result: Inequality relationship for 6

In the following lemma, we show that Nash-MON gives ¢(+) an inequality
relationship that turns out to be useful for proving Lemma A.1.

Lemma A2 LetV_; € D_;and q € {f(V;,V_;) : V; € D;}. Then 65,(V_;) >
045 (V_y) if f satisfies Nash-MON.

Proof of Lemma A.2. 1f g = q(V_;) then 657(V_;) =0 > 0 = —=657(V_;).
Therefore, suppose that ¢ = g(V_;). By Nash-MON,

Vl(g7 S*) - Vl(a’ S**) = ‘71(2’ §**) - Vl(q’ §*)

It is straightforward to show that this payment function is finite for all possible values. Fix
V_; € D_;. First, le = 0. Second, for k # K, select V; € Y (qk | V-;) and V; € Y;(qr | V-),
whereby Nash-MON implies that

0 > Vi(gk,s*) = Vi(qr, s**) = Vi(qk,5) = Vi(qx,§*) > —o0

for all s* € NEWVLY-) (gk), s € NEVHV-)(qp), 5 € NS(V"’V*")(qK), and §* €
NEWV-1) (gy). Therefore, 5k« = pX is finite.
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for all types V; € y,-(g | V_;)) and V; € Yi(g | V-;), and Nash equilibria

s € NEVV-)(q), s € NEVV-)(q), 7 € NEVWV-) € (¢), and & €
NEWVV-)(g). Consequently,

S4g(V-i) = inf {Vi(q,s™) = Vi(q,s™) : Vi € Yi(q | V-0),
st e NV (g), 5™ € NEYY) ()}

> sup {Vi(g,5") = Vi(q,5") : V; € Yi(q | V=),
5 e NV (g),5" e NEV) ()}

= inf {Vi(@,5) - Vilg,5) : Vi € (G | Voo,
e N8(Vi’v_i)(q),§** c NS(Vi,V_i)(g)}

= _562(‘/—1')-

Second preliminary result: Implementing the ‘end points’ of Q

In the following lemma, we show that the pricing function implements g and ¢
(the proof of Lemma A.1 is a small step after this result).

Lemma A.3 If f satisfies Nash-MON then for any types (V;, V_;) € D, and cor-
responding Nash equilibria s € NEVi-V-) (g(V-))ands € NEWVV-D(q(V_)):

(i) if Vi(q,s) — pi(q) <Vi(q,5) — pi(q) then f(V;,V_i) # q(V-i);
(ii) if Vi(g.s) = pi(q) > Vi(q,5) = pi(q) then f(Vi, V=) # q(V-).

Proof of Lemma A.3. 'We prove each claim separately.

Proof of claim (i)

By way of contradiction, suppose that f(V;,V_;) = g. Because p;(q) = —dg,
and p;(gq) =0,

Vi(q.5) = Vi(q,5) < pi(q) = pi(q) = =634(V-i) < 645(V-i)

Lemma A.2
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where the last inequality follows from Lemma A.2. Consequently,
Vi(q.5) = Vi(q.5) < 64q(V-i)
=inf {V/(q.5) - V/(q.5) : V] € Y(q | V),
s e NEVIV-)(g),5 e NEVY-)(g)}
< Vi(g,s) - Vi(q,5)

where the last inequality follows because f(V;,V_;)) =q = V; € Y;(q | V-i).
However, Vi(q, s) = Vi(q,5) < Vi(g, s) = Vi(g,5) is an impossibility. Therefore,
fVi, Vo) #q.

Proof of claim (ii)

The proof proceeds in a similar manner. By way of contradiction, suppose that
f(Vi,V_;) = q. By assumption,

Vi(q,5) = Vi(q,5) < pi(q) = pi(q) = 654(V-i).

Consequently,

=inf {V/(q,5) = V/(q,8") : V] € ¥i(q | V=),
5 e NEVIYD(g), s e NEVTT (g)}
where the last inequality follows because f(V;,V_;)) =q¢ = V; € Y;(q | V-).

However, V;(q,s) — V,~(g, s) < Vi(q,s) - V,~(g, s) is an impossibility. Therefore,
fVi, Vo) #4q. 0

Finishing the proof of Theorem 1

We conclude the proof of Theorem 1 by proving Lemma A.1.
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Proof of Lemma A.1. We show that p implements f. By way of contradiction,
suppose that there exists V_; € D_;, outcomes ¢’, q” € {f(V/,V_;) : V; € D;}
such that ¢" # ¢”, a type V; € Y;(q¢’ | V-;) that implements ¢’, a type
Vi € Y(¢” | V_;) that implements ¢”, and Nash equilibria s’ € NEV-) (¢")
and s” € NEViV-)(¢") such that

Vi(q,’ S/) - Pi(Vz‘a V—i) < Vi(q”’ S”) - Pi(Vi’ V—i) (17)
= Vild.s)-pid) <Vi(q".5s") - pi(q")
In other words, (17) means that V; can strictly gain by reporting V;(# V;) in
order to induce outcome ¢”” and Nash equilibrium s”.
We must consider two possibilities:

(i) Suppose that ¢” = g(V_;). Then ¢’ = q(V_;). By Lemma A.3(i),
Vi(g. ") -pi(q) < Vi(q, s")~pi(q) implies that £ (V;, V_) # q(V_) = ¢’.
But then V; ¢ M;(¢’ | V-;), which is a contradiction.

(ii) Suppose that ¢" = g(V_;). Then ¢” = Q(V_i). By Lemma A.3(ii),
Vi(@. ) -pi(@) < Vi(g, s")~pi(q) implies that £ (V;, V_) # G(V_0) = ¢’.
But then V; ¢ Y; (¢’ | V_;), which is a contradiction.

Taken together, (i) and (ii) imply that ¢’, ¢” # ¢q(V_;). However, having assumed
that f(V;,V_;) # f(V;,V_;), it must be that ¢’ = g(V_;) or ¢” = g(V_;). This
impossibility means that p implements f. O

B. PROOF OF THEOREM 2

The necessity of Nash-MON follows from Lemma 1. Therefore, all that remains
is to prove that Nash-MON is also sufficient when each agent’s type space is
rich.

The proof of sufficiency proceeds in a similar manner to that shown above.
First, we propose a pricing function. Second, we identify two useful inequality
relationships of the pricing function (Lemma B.2). Third, we show that the
pricing function implements the ‘end points’ of Q (Lemma B.3). Finally,
we build on these results to show that the pricing function implements f
(Lemma B.1).

Before we define the pricing function, some definitions are in order.

In what follows, V_; € D_; is fixed.
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Inverse social choice function
Let Y;(- | V=) : Q = D; be the inverse social choice function:
Yi(ge | Vo) ={Vie D;: f(Vi, Vo) = qi}.
In other words, Y; (g | V-;) are all the types in D; such that f(V;,V_;) = g.

Differencing function between outcomes

Consider the following differencing function between any two outcomes
gk q1 € Q (which is similar to that defined in (15)):

inf {Vi(qx, s*) = Vi(qr,s") : Vi € Yilge | V=),

V. V. if gx # qi
Sgpqr(Vor) = st e NEMY D (gp). s e NEMY (g}

0 otherwise.

Payment function

Let (>;);en be the quasi-orders on @ such that D; is a rich type space (such
(>/)jen exist by assumption). For every V_; € D_;, and with relabeling if
necessary, let gx € Q denote an outcome in @ such that:

(i) qx € {f(Vi, V) : V; € D;} and

(i) q #i qk foreach g € {f(V;,V_;) : Vi € Di}\{q«k}.

The interpretation is that gk is the ‘best’ possible outcome that V; could obtain
given that others reported V_;.
Consider the following payment function (supposing that £ (V;, V_;) = gx):®

—Okr(V) ifk#K
pi(Vi, Vo) = piqe, Vo) = pf = l . (18)
0 otherwise.

In the following lemma, we claim that this payment function implements f.

Lemma B.1 In a rich environment with ex post hidden actions, (p1, p2, - .., Pn) -
D — R" as defined in (18) implements f if f satisfies Nash-MON.

It follows directly from Lemma B.1 that f is truthful. But to prove
Lemma B.1, two additional lemmas are needed.

8 pi(-) is finite for reasons similar to those given in fn. 7.
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First supporting lemma: Inequality relationships of ¢

It turns out that the following inequality relationships are essential for proving
that (p1,...,pn) : D — R” from (18) implements f.

Lemma B.2 For any social choice function f, V_; € D_;, and qi, q;, q, € Q:
(i) if qx =i q1 then 6., (V—;) < 6,1(V_;);
(ii) if f satisfies Nash-MON then 6;;(V_;) > =6, (V_;).

Proof of Lemma B.2. 'We prove each claim separately.

Proof of claim (i)

By the rich domain assumption, V;(gx, s¥) > V;(g;, s') for all types V; € D; and
Nash equilibria s* € NEViV-)(g;) and s' € NEViV-)(g,). Consequently,

Vi(ar,s") = Vilar,s') 2 Vi(gr,s") = Viga, s°)
for all V; € Yi(q, | Vi) and 5" € NEViV-)(q,). Therefore, 6,/(V_;) >
6rk(v—i)'

Proof of claim (ii)

If g and g; represent the same outcome then the result is trivial.
Therefore, suppose that g and ¢; are different outcomes. By Nash-MON,

Vi(qk’S*) - Vi(qu**) = Vl(qbg**) - ‘Z(QI’g*)

for all types V; € Yi(qx | V-;) and V; € Yi(q; | V-i), and all Nash equilibria
s* € NEVV-)(qp), s € NEVV-)(q)), 5 € NEVHV-)(gy) and § €
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NEWV-) (g:). Consequently,

Ski(Voy) = inf {Vi(qk, s*) = Vi(qu, s*) : Vi € Yilqi | Vo),
st e NEV D (gy), 57 € NEVV(g))}

> sup {Vi(qx,5) = Vi(q1,§°) : Vi € Yi(qu | Vo),
77 e NEV D (gr), 57 € NET (q)})

= —inf {Vi(qs, ) = Vi(qx, §) : Vi € Yi(q | V-0),
5 e NEVY-D(gp), 5 € NEV V=) (1)}

= =0 (V-p).

Second supporting lemma: Implementing gx

In the following lemma, we show that the pricing function implements gg.

Lemma B.3 Let f be a social choice function that satisfies Nash-MON. Then
for any outcome q; € Q such that q; # qg, types (V;,V_;) € D, and Nash
equilibria s* € NEViV-) (g;) and s e NEVV-) (gg):

(i) if Viqu, s') — p! < Vi(qk, s%) — p& then f(Vi,V_;) # qu;
(ii) ifVi(qi,s') — p' > Vi(qk., s%) = pK then f(V;,V_)) # q«.

Proof of Lemma B.3. We prove each claim separately.

Proof of claim (i)

By way of contradiction, suppose that f(V;, V_;) = q;. By definition, le =0
and pll. = —0k1(V_;). Therefore,

Vi(qr, s") = Vi(qk, s%) < pl = pX = =6k1(V2i) < 61k (V)

Lemma B.2(ii)
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where the last inequality follows from Lemma B.2(ii). Because f(V;,V_;) =
q = V; € Yi(q; | V-)), it follows that

Vi(qis') = Vilqk, s5) (19)
<ok (V) (20)
= inf{V/ (g1, 8') = V/(qk.3%) : V] € Yi(qi | V=), 1)

s e NEVIV-D(q)), 585 € NEVIV-) (qi)} (22)

< Vi(q1, s') = Vi(qx, s5), (23)

where (19) < (23) = (19) is a contradiction. Therefore, f(V;,V_;) # q;.
Proof of claim (ii)
By way of contradiction, suppose that f(V;, V_;) = gx. By assumption,

Vi(gk, s%) = Vilqr, s") < pK = pl =651 (V).

Because f(V;,V_;)) =qx = V; € Y;(gk | V-:), it follows that

‘/i(QK’SK) - ‘/i(QI’ Sl) (24)
< og1(V-0) (25)
=inf {V/(qk.5%) = V/(q1,8") : V/ € Yi(gx | V1), (26)

§K e NEVIY-)(gk), 5" e NEVIY-D(g))} (27)

< Vi(qx, %) = Vi(q1, s), (28)

where (24) < (28) = (24) is a contradiction. Therefore, f(V;,V_;) # gx. O

Finishing the proof of Theorem 2
We conclude the proof of Theorem 2 by proving Lemma B.1.

Proof of Lemma B.1. Fix V_; € D_;. By way of contradiction, suppose
there exist outcomes q;,qx € Q (q; # qi), atype V; € Y;(q; | V_;) that
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implements ¢;, a type Vi € Yi(qx | V-;) that implements g, and Nash
equilibria s/ € NEYiY-)(g;) and s* € NEViY-)(g;) such that

Vi(gj, ') = pi(Vi, Vi) < Vi(qrs s*) = pi(Vi, Vo) 29)
= Vig,s)) - pl <Vi(qr.s*) - p}.

In other words, (29) says that V; can strictly gain by reporting V; (# V;) in order
to induce outcome ¢4 and Nash equilibrium s*. .

It follows that k # K; otherwise by Lemma B.3(i), Vi(g;,s/) — p{ <
Vi(gk, sX) - p{( implies f(V;,V_;) # g, which contradicts the initial assump-
tion. Similarly, it also follows that j # K; otherwise by Lemma B.3(ii),
Vi(qk, %) — pX < Vi(qr, s*) — p¥ implies £(V;, V_;) # gk, which contradicts
the initial assumption.

Since f(V;,V_;) = g, it follows from the contrapositive of Lemma B.3(i)
that Vi(q;, ') — p! > Vi(qk, s) — pX for any s* € NEViV-) (gg). Consider
v > & > 0 such that

Vi(gj,s) +& - p! < Vilqr,s5) +y - pKX < Vi(qr, s*) - pk.  (30)
Define

0={qj}U{q1€Q:q = gjand  max  Vi(qss") =Vi(g;,s)}.
sleNEWVV-i) (q))

Define the type V; in the following way:

Vilgj.s)) +e if g € O\{qx}
Vi(gr.s) = MaXgreng ViV (q,) Vilgr, s +y  ifqr = qk (31)
Max e ngiv-i (q,) Vi(qr, s") otherwise.

Note that, for any ¢; € Q, any NS(V"’V—")’{ql) = N8(‘7"’V—")(ql).
We make the following claim about V;.

Claim 1V, as defined in (31) is consistent with (Q, >;).

Supposing Claim 1 is true (we prove this below), it follows from the rich
environment assumption that V; € 9;. Since q; >; q; for all g; € Q, it
follows from Lemma B.2(i) that 6x;(V_;) < 0k;(V-;) and pll. > p{ for all
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q| € Q Because MaX e /s (ViaVoi) (g) Vi(qy, s = Vi(q,,E’) = Vi(qj, s7) for all
q1 € O\{qk},

Vi(qi,5") = pl < Viq;,87) - p!

. (32)
< Vi(qk,s*) = pX < Vi(qx, s*) - pf

where the strict inequalities follow from (30).
We make three observations.
(i) If g € Q (or = gg), then the first and last terms from (32) would yield

max  Vi(qr,s) +e(or +y) — pF < Vi(q, s*) - pF
seNEWViV-i) (qy)
= Vi(qx,s*) +e(or +v) - pF < Vi(qx, s*) - p¥,

which is a contradiction. Thus, gx € Q U {gxk}.

(ii) Because qr & Q U{gxk}, 1t follows from Lemma B.3(ii) and (32) that
Vilgx.s%) = pf < Vilqu, s*) - pf lmphes that £ (V;, V_l) * qK-

(iii) Finally, since V(ql,s) - p < V(qK,s ) — l. , it follows from
Lemma B.3(i) that f(V,,V ;) # q; for any ¢q; € Q\{qK}

Based on these three observations, it follows that f (Vl, Voi)=q; ¢ QU{q K}
However,

0= "}l(qza Sk*) - Vl(qig’ Sk*) < ‘/;l(qjasj) - Vl(qja S]) =&,

which violates Nash-MON. This contradiction means that Nash-MON is
sufficient for f to be truthful in a rich environment with ex post hidden
actions. O

ProofofClazm I. Supposethatg, >; q;. Theng; # qk. Lets" € NEVV-D(q,)
and s € NEViV-0(g,). If ¢, ¢ Q then

Vi(qi,s") = Vi(qs, s") < Viqr, s™) < Vi(gr,s") +0( or +7yor +&)

Consistency of V;

where the first inequality follows from the consistency of V;, and (+y) if
gr = qk or (+¢) if g, € Q\{gk}. Consistency of V; thus follows.
Therefore, suppose that g, € Q. Three cases must be considered.
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Case 1

If ¢, € O\{gx} then
Vi(qs,s") = Vi(qr, s') + € < Vi(gr, s") + & = Vi(qy, s7)

Consistency of V;

where the inequality follows from the consistency of V;. Consistency of V; thus
follows.

Case 2

If g, = gk =i q; then, by the consistency of V; and y > &,

Vilgros) = max  Vilgx.s¥)+y
sKeNEWV-i) (gk)

> max Vi(gk.s®) + &
sKeNEWiV-D) (qx)

> max  Vi(qn,s') +e=V(q,s').
sTeNEWViV-i) (¢,)

where the weak inequality follows from the consistency of V;. Consistency of
V; thus follows in this case.

Case 3
If g, ¢ O U {gk} then
max Vi(gr,s") # Vi(g;,s)) = max Vi(q,, s").
enenx i(qr,s") i(qj,s7) yenena i(qr,s")

This means that

Vi(gj,s') = max Vi(qs, s') < max Vi(q,.s") £ Vi(qi.s)),
l(qj s') steNEWVIV-1) (¢y) (41-5) sTeNEWViV-i) (¢,) H(4r.5") l(qJ *)

Consistency of V;

where strictness is necessary for (#) to be true. As such, a small enough & > 0
can be selected to ensure that

Vilgr,s) = max  Vi(grs)+e<  max  Vi(grs) = Vi(qrs).
steNEWViV-) (q)) sTeNEWVHV-1 (q,)

Consistency of V; thus follows.
O
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ABSTRACT

When a government intervenes in markets by setting a target amount of
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participants to obey the policy target while achieving the highest possible
social welfare. For the model of job market interventions by Kojima et al.
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1. INTRODUCTION

overnments often intervene in markets in order to address socio-economic
G problems such as environmental pollution or inequality. A representative
form of government interventions is that the government (or international
organizations) first determines a target amount of goods/services traded and
then introduces taxes/subsidies accordingly. Three examples are as follows:

* Some countries/cities set a policy goal regarding the usage of fossil
fuel-powered cars and electric cars in an attempt to decrease the number
of the former and increase the number of the latter (see Burch and
Gilchrist 2018 for a survey). Taxes/subsidies are introduced to achieve
the goal.

* In 2019, the G20 countries reached an agreement to reduce additional
marine plastic waste to zero by 2050.” Imposing consumption taxes on
plastic products is a hot environmental issue lately.’

* In the job market, the government often introduces taxes/subsidies to
firms in an attempt to achieve a policy goal concerning diversity and/or
equality.*

In these situations, an ideal tax/subsidy policy would entice the market
participants to obey the policy target while achieving the highest possible social
welfare; such a policy is called optimal hereafter. The purpose of this paper is
to take a discrete mathematics approach to optimal taxes/subsidies and address
theoretical issues of existence, characterization, and efficient computation. We
consider the model of job market interventions by Kojima et al. (2019), which
is suitable for analyzing the third example mentioned above.

The basic idea of this tax scheme can be traced back to Baumol and Oates (1971). Note the
difference from the well-known Pigovian taxes determined by the level of externalities. For an
application of the latter tax scheme, see Parry et al. (2007).

The Japan Times, 2020-7-16 (accessed on 2020-9-7).

In Chicago, a 7-cent tax on all grocery bags led to a 42 percent drop in usage; see Newsday,
2019-8-11 (accessed on 2020-9-7).

The Japanese government provides a subsidy to a firm if 2.2% of its workforce consists of
people with disabilities; see Japanese Ministry of Health, Labour and Welfare (in Japanese,

accessed on 2020-9-7). Other related examples in job markets can be found in Kojima et al.
(2019).
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Our analysis depends on admittedly restrictive assumptions; we assume that
(1) all the participants have a quasi-linear utility function (i.e., no income effect is
allowed),’ (ii) all the firms view workers as substitutes (i.e., no complementarity
is allowed), and (iii) the participants’ valuations/revenues are known to the
social planner. However, we believe that our analysis serves as a preliminary
step for solving more complicated problems. To facilitate applications in future
research, we provide a detailed discussion of the underlying mathematical tool.

In the first part of the paper, we introduce a preliminary mathematical
tool. We borrow techniques from discrete convex analysis (Murota 2003a)
and introduce a discrete version of Karush-Kuhn-Tucker’s theorem, termed
the discrete saddle-point theorem.® This theorem concerns a constrained
maximization problem of a function defined over a discrete domain. Its major
advantage is that it enables a unified treatment of constraints and discrete
variables: the former is used to capture the government’s policy goal and the
latter is used to deal with indivisible commodities and discuss computational
problems.

In the second part, we apply the discrete saddle-point theorem to the model
of job market interventions developed by Kojima et al. (2019).” In this model,
workers and firms participate in bilateral contracts associated with wages and
the government sets the maximum/minimum number of workers allowed to be
hired by each firm.® Applying the discrete saddle-point theorem to a suitably
defined maximization problem, we (i) characterize the optimal taxes/subsidies
and the corresponding equilibrium salaries as the minimizers of a Lagrange
function, and (ii) prove that the function satisfies a notion of discrete convexity
(called Lh—convexity). These results together with Kojima et al.’s (2019) result
imply that an optimal tax/subsidy level exists and can be calculated via a
computationally efficient algorithm.

This paper is part of the literature on the application of discrete convex

Quasi-linearity means that utilities are linear with respect to money. We note that Kojima et al.
(2019) do not assume quasi-linearity for doctors.

Mathematically, this theorem is an immediate corollary of the well-known intersection theorem
in discrete convex analysis but is tailored to the use of economists by emphasizing its parallelism
with the original theorem.

This model is a generalization of that of Kelso and Crawford (1982).

These constraints are called “interval constraints.” Precisely, Kojima et al. (2019) (see also
Kojima et al. (2020a)) consider a general form of constraints and prove that the substitutes
condition is preserved if and only if the constraints are “generalized interval constraints,” a
slight generalization of interval constraints.
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analysis in economics; see Murota (2016) for a survey. Examples or prior
applications include matching models (Kojima et al. 2018) and trading networks
(Candogan et al. 2016). To the best of our knowledge, this paper is the first to
apply discrete convex analysis to the analysis of taxes/subsidies.

This paper also contributes to the literature on matching with constraints.
One can find different theoretical approaches from ours, as well as various
forms of constraints in real-world problems, in Kamada and Kojima (2017) or
Kamada and Kojima (2020).

Dupuy et al. (2020) develop a model of matching with taxation that
accommodates a general form of taxes beyond linear ones and conduct a
welfare analysis from both theoretical and econometric perspectives. Our
approach is distinguished from theirs in that constraints on hiring and the
computation of taxes are discussed. The extensive literature on taxation can be
found in the reference therein.

The remainder of this paper is organized as follows. Section 2 introduces
basic concepts in discrete convex analysis and presents the discrete saddle-point
theorem. Section 3 analyzes optimal taxes/subsidies in a job-matching model.
Section 4 presents concluding remarks. All proofs are provided in Section 5.

2. MATHEMATICAL PRELIMINARY: A DISCRETE
SADDLE-POINT THEOREM

In the handling of mathematical problems with constraints, Karush-Kuhn-
Tucker’s saddle-point theorem plays a central role. In this section, we introduce
a discrete version of the theorem by utilizing the concepts in discrete convex
analysis (Murota 2003a).

Let K be a finite set. Let RX denote the real vector space indexed by the
elements in K. Let ZX C RK be the set of vectors with integer coordinates. For
a function f : ZK — Z U {0}, we define the effective domain of f(-) by

domf = {x € ZK : f(x) > —o0}.

ForA C K,let 14 € {0, 1}X denote the characteristic vector of A, i.c.,

A= 1 ifkeA,
K710 otherwise.

For a singleton set {k} C K, we write I¥ for 1tk
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For x € ZX, we define
supp*x = {k € K : x; > 0}, supp x = {k € K : x < 0}.

A function f : ZK — Z U {—co} with domf # 0 is said to be Mb-concave
(Murota 2003a) if for any x, y € ZX and k € supp*(x — y), we have

@) f)+F() < flx =19+ f(y+ 15, or

(ii) there exists £ € supp~(x — y) such that f(x) + f(y) < f(x — ¥ + 19 +
fly+ 15 =19,

Intuitively, this condition states that if two points x and y approach each other,
then the sum of the function values weakly increases. For a discussion of this
property, see Chapter 6 of Murota (2003a) or Section 3 of Kojima et al. (2018).
The class of Mf-concave functions includes various standard functions such as
linear functions and quadratic functions; see Section 6.3 of Murota (2003a) for
other examples.

Forx,y € 7K we define x A y € 7K and x Vye YA by

(x A y)g = min{xy, yi} forall k € K, (x V y)r = max{xg, yi} forall k € K.

A function f : ZX — Z U {—co} with domf # 0 is said to be Li-concave
(Murota 2003a) if for any x, y € domf and’ A € Z,, we have

FO+f) < fl(x+2-T) Ay + fx v (y—a-15)).

M?-concavity and LA-concavity are connected via the conjugacy relationship;
see Theorem 8.12 of Murota (2003a). A function f(-) is said to be Li-convex
if — f(-) is Lf-concave. Mf-convexity is defined analogously.

We now turn our attention to constrained maximization problems with
discrete variables. Recall that Karush-Kuhn-Tucker’s saddle-point theorem
holds if the objective and constraint functions are concave. With this in mind,
we can consider replacing “concavity” with “M?-concavity.” This idea is stated
below, where all the functions are assumed to be defined on ZX.

Naive idea. Consider the problem of maximizing an objective function subject
to constraint functions. If the objective and constraint functions satisfy M°-
concavity, then the solutions to the problem are translated into the saddle
points of a Lagrange function.

9 Z, denotes the set of non-negative integers.
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Unfortunately, this idea does not work, even if the constraint functions
are linear; we provide a counterexample in Section S.1 of the Supplemental
Material (Yokote 2020). To circumvent this difficulty, we restrict the class of
constraint functions to linear functions with a certain discrete structure. We
say that K C 25\ {0} is a hierarchy'’ if, for every pair of elements A and A’
in K, wehave A C A’or A” C Aor AN A’ = (0. We say that a set of functions
8lr---58q " 7K — 7 is a hierarchical set of affine functions if

(i) foreach j =1,...,q, thereexista; € Zand A; C K with A; # () such
that g;(x) =a; —x - 14/ for all x € ZK, and

(ii) theset{A;: j=1,...,q} is a hierarchy.
We are in a position to state our first theorem.

Theorem 1 (Discrete Saddle-Point Theorem). Let f : ZX — Z U {—c0} be an
Mb-concave function and g, . . ., 8q: ZX — Z be a hierarchical set of affine
functions. Then, for x* € ZK, the following are equivalent:

(i) x* is a solution to max f(x) subject to g;(x) > 0 forall j=1,...,q.
(i) There exists (A%,...,A%) € Z2 such that
L(x, ") < L(x*,2") < L(x" D) forallx eZ¥ 12!, (1)

where L(-,-) : ZK x Z1 — Z U {~o0} is given by

q
L(x,/l):f(x)+Z/ljgj(x)forallxEZK,/leZi. (2)
j=1
Moreover, (17, ..., ;) satisfies
A -gi(x")=0forallj=1,...,q. 3)
Proof. See Section 5.1.!" O

10 Hierarchies are also called laminar families in the literature.
"'We remark that (3) is not employed in showing (ii) = (i).
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In the literature, (3) is called the complementary slackness.

As shown in the proof, this theorem is an immediate corollary of the
well-known intersection theorem in discrete convex analysis (Theorem 8.17 of
Murota (2003a)). However, it presents a familiar form for economists, as it is
similar to Karush-Kuhn-Tucker’s theorem.

Remark 1. Section 8.4 of Murota (2003a) and Section 6 of Murota (1998)
develop a general Lagrange duality theory for an integer problem. As demon-
strated there, under the M-convexity assumption, strong duality holds, and the
solutions to the primal/dual problems can be translated into the saddle point of
a Lagrange function. The present approach is distinguished from this result
in that we explicitly refer to constraint functions and formulate the Lagrange
function incorporating them. i

3. OPTIMAL TAXES/SUBSIDIES IN A JOB-MATCHING MODEL

This section applies the mathematical tool in Section 2 to a market model. We
consider the model of job-market interventions due to Kojima et al. (2019),
which accommodates hospital-intern markets as a representative example.
While the authors do not assume quasi-linearity for doctors, we assume it for
analytical purposes.

3.1. Underlying Framework

Let D denote the set of doctors and H the set of hospitals. A matching is
represented by a function u : D — H, where H = H U {hg}, and h stands for
an outside option; with a slight abuse of notation, we write u(h) = {d € D :
u(d) =h}forh e H Let Q = D x H. A salary system is a vector s € R®.

Each doctor d has a valuation function v, : H — Z. For s € R®, d’s
utility function is given by

vals](h) = va(h) + s forall h € H,

where 54, 1s defined to be 0. We define d’s indirect utility function
Vs :R® — Rby

Va(s) = h agvd[s](h) for all s € R®.
c
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Each hospital / has a revenue function v, : 2° — Z. We define i’s
demand correspondence X;, : R®® — 27 by

Xn(s) = {A CD:vy(A) - Z S(d.n) = vi(A') = Z S(a,n) for all A’ C D}
deA deA’

for all s € R,

We make the following assumptions on v (-), where the latter one is due to
Kelso and Crawford (1982):

* Monotonicity: for any A,A” € D with A € A’, we have v;(A) <
vi(AY).

* Gross substitutes condition: for any s, s” € R with s < s’ and A €

Xp(s), there exists A" € X;(s) such that {d € A : s(qp) = s’(d’h)} CA.

Proposition 1 (Fujishige and Yang 2003). v, (+) satisfies the gross substitutes
condition if and only if v;,(+) is M®-concave.'”

In real job-matching markets, the government often imposes constraints on
hospitals’ hiring. Kojima et al. (2019) note that “[r]estrictions on the number
of hires are commonplace, and these naturally exist in the form of interval
constraints.” An interval constraint consists of a floor constraint (minimum
number of workers hired) and a ceiling constraint (maximum number of workers
hired). Formally, for each & € H, let Qh,gh € {0,1,...,[D[} with o, < Sh
denote the floor constraint and the ceiling constraint, respectively. We define
h’s feasibility collection 7, by

A transfer policy 1 = (t;)nen € Z specifies the government transfer to
each hospital & as ¢, times the number of its hires; #;, > 0 indicates a subsidy,
and t;, < O represents a tax. For s € R® and t € R¥, i’s post-transfer profit

12 We identify vy, (-) with 7, : ZP — Z U {—oco} defined by 7,,(x) = v,({d € D : x4 = 1}) if
x € {0,1}” and ¥, (x) = —co otherwise.
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function is given by’

vals, 1](A) = vi(A) + |Alty — Z S forall A € D, (4)
deA

where the summation over the empty set is defined to be 0. We define /’s
profit function v, : R® x R — R by

Vi(s,t) = Acal)); vils, 1](A) for all (s,7) € R®* x R,

3.2. Equilibrium, Desirable Matching, and Optimal Transfer Policy

The government aims to realize a desirable matching in a market equilibrium,
with desirability being tested in terms of feasibility and efficiency. We introduce
additional concepts to discuss this goal formally.

A triple (u, s, t) forms an uncompelled competitive equilibrium if

(i) forany d € D, vy[s](u(d)) > vq[s](h) forall h € H, and
(ii) forany h € H, vj[s,t](u(h)) = vu[s,t](A) forall A C D.

Kojima et al. (2019) introduce this equilibrium concept and prove its existence.
Importantly, the hospitals are not compelled to obey the interval constraints in
this definition. We call s an equilibrium salary.

We say that a matching u is feasible if u(h) € ¥, for all h € H. For a
matching u, we define the sum of valuations/revenues by

V() = ) valu(d) + D va(u(h)).

deD heH

We say that u is constrained efficient if yu is feasible and, for any feasible
matching y’, it holds that V(u) > V(u’). The following lemma provides a
sufficient condition for a matching in an equilibrium to be constrained efficient:

B3If v, (+) satisfies the gross substitutes condition, then vy, [s,¢](-) also satisfies the condition.
This claim can be verified by appeal to basic operations of M#-concave functions; see Theorem
6.15 of Murota (2003a). Kojima et al. (2020b) consider a general form of transfer policies and
provide a necessary and sufficient condition under which a policy preserves the substitutes
condition of the revenue function.
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Lemma 1. Let (u, s,t) be an uncompelled competitive equilibrium such that
u is feasible. If the pair (u, t) satisfies

> 0= ()| =8, | and |1, < 0= |u(h)] =54, (5)
then u is constrained efficient.

Proof. See Section 5.2. O

Remark 2. The converse of Lemma 1 is not true. We provide a counterexample
in Section S.2 of the Supplemental Material (Yokote 2020).

Intuitively, (5) states that the government intervention is minimal; it is
allowed only if the resulting hires satisfy the constraints with equality. As
suggested in standard market theory, the less government intervention there is,
the more social welfare the market generates. This intuition is substantiated
in Lemma 1. We say that ¢ induces u to be constrained efficient if (u,1)
satisfies (5).

A transfer policy ¢ is optimal if there exists a salary system s and a matching
w such that the triple (u, s,¢) forms an uncompelled competitive equilibrium,
u is feasible, and ¢ induces u to be constrained efficient.

3.3. Main Theorems on Optimal Transfer Policies

We characterize the optimal transfer policies and the corresponding equilibrium
salaries as the minimizers of a Lagrange function. Together with Kojima et al.’s
(2019) result, this characterization establishes the existence of optimal transfer
policies. For each h € H, we define G, : Z — Z by

Gulty) = —éh-th ift, =0, ©)
e —Sh-th ift, <O.

Fig. 1 shows a graphical description of'* G,(-).

4G}, (+) is defined on Z, but we draw a continuous function for presentational simplicity. Note
that this function has a “convex” shape, which is utilized in the proof of Theorem 3.
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Fig. 1 Graphical description of G, ().

Set G(t) = Y ey Gi(ty) forall t € ZH. We define F : Z% x ZH — Z by

F(s,1) = Z Va(s) + Z Va(s,t) + G(t) forall (s,1) € Z2 xZH. ()
deD heH

Theorem 2 (Characterization of Optimal Transfer Policies and Equilibrium
Salaries). Let (s*,1*) € Z? x ZH. The following statements are equivalent:

(1) (s%,t%) is a solution to

min min F(s,1). 3)
SEZ_% tezH

(i) There exists a matching u such that the triple (u,s*,t*) forms an
uncompelled competitive equilibrium, u is feasible, and t* induces u to
be constrained efficient (i.e., (5) holds).

Proof. See Section 5.3. O

Remark 3. Theorem 2 is silent about the existence of (s*,t*) € Z$ x Z#
satisfying (i1) (equivalently (1)), but this can be proven by combining existing
results. First, as in the proof of Theorem 7 of Kojima et al. (2019), we consider
a competitive equilibrium (a pair of a matching and a salary system) in the
market where government-imposed feasibility collections are enforced (i.e.,
each hospital 4 has a revenue function ¥, (-) such that ¥, (A) = v,(A) if A € 7,
and 7;,(A) = —co otherwise). Then, we can find an integer-valued competitive
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salary system s* and a corresponding matching'> u. Following the proof of
Lemma 7 of Kojima et al. (2019), we can construct an integer-valued transfer
policy t* for which (5) holds. i

In the proof, we apply Theorem 1 to the problem of maximizing the sum of
the agents’ utilities/profits under the following constraints:

* each doctor is matched to at most one hospital, and

* each hospital’s hires satisfy the floor/ceiling constraints.

As will be detailed in Section 5.3.2 (sketch of the proof), we construct three
independent maximization problems, where the assumptions in Theorem 1
hold, and aggregate the Lagrange functions in each problem into a single
function. The resulting function corresponds to (7).

In (7), the first and second summations represent the doctors’ total utility
and the hospitals’ total profit, respectively, while G () coincides with the
government surplus at optimal solutions.'® To see this point, let 4 € H and
suppose that ¢, > 0, i.e., the government subsidizes h. If h hires exactly
0, workers, then the government expenditure is equal to -6, - 15, = G, (t3).
If h hires more than ¢,, then (5) implies that 7, is equal to 0. Namely, the
government expenditure is 0 = G (#;). A parallel argument holds for ¢, < 0
(i.e., in the case of taxation).

Finally, we discuss the algorithmic aspect of minimizing F'(-, -).

Theorem 3 (LA-Convexity of the Lagrange Function). F (-, -) is an Li-convex
function.

L5-convex function minimization algorithms have been studied extensively
in the literature, and their upper bounds on the number of iterations have been
revealed; see Murota (2003b), Kolmogorov and Shioura (2009) or Murota
and Shioura (2014)."7 As noted by Murota (2003b), complexity bounds are

15 This statement can be proven in several ways. For example, following Candogan et al. (2016),
we can translate the market into the M-convex submodular flow problem and utilize the
existence of integer-valued potential (see Theorem 9.16 of Murota 2003a). Alternatively, we
can adopt the techniques in Fujishige and Tamura (2007).

16 This statement is formally proved in Claim 6 (see Section 5.3.1).

7 Murota and Shioura (2014) demonstrate that the exact number of iterations can be obtained if
the initial vector and the set of minimizers are known. Using this result, Murota et al. (2016)
offer computational complexity results in an auction model. For a survey of algorithms, see
Sections 7.3 and 8 of Murota (2016).
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polynomial in the dimension of the variable (which is equal to (|D| X |H|) + |H|
in our model) and the size of the effective domain. In practice, we can
restrict the size of the effective domain by setting sufficiently high salaries and
sufficiently low/high transfers. Together with Theorems 2 and 3, we conclude
that an optimal transfer policy can be calculated via an efficient algorithm.
Section S.3 of the Supplemental Material (Yokote 2020) provides an example
of how this algorithm proceeds.

4. CONCLUDING REMARKS

As pointed out by Gul and Stacchetti (1999), the job-matching model subsumes
the auction model as a special case. Applying our approach to the auction
model, the resulting Lagrange function corresponds to the Lyapunov function
of Ausubel (2006) and Sun and Yang (2009). Since existing auction algorithms
for heterogeneous commodities can be recast into minimization of the Lyapunov
function (see Murota et al. 2016), we can view existing auctions as a process
for finding a saddle point of the Lagrange function. For a formal analysis, see
Section S.4 of the Supplemental Material (Yokote 2020).

It would be possible to extend our approach to the trading network model
under quasi-linearity due to Hatfield et al. (2013). Hatfield et al. (2019) prove
that the full substitutes condition imposed on preferences is equivalent to
M?&-concavity of the utility function,'® which enables the application of discrete
convex analysis.

5. THE APPENDICES

This section contains all the proofs.

'8 To be precise, the agents have gross substitutes and complements (see Sun and Yang 2009) or
a twisted MP-concave function (see Ikebe and Tamura 2015 and Section 3.5 of Murota 2016),
which is essentially equivalent to an M#-concave function.
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5.1. Proof of Theorem 1
5.1.1. Preliminaries

For x € ZX and A C K, we define x(A) = Y, c4 xx. For X € RX, we define
the indicator function of X, 6y : RK — Z U {~c0}, by

P 0 ifx e X,
xX) =
X —oo  otherwise.

We say that X C ZX with X # 0 is an MY-convex set if 9 x(+) is an Mf-concave
function. We say that X € ZX with X # 0 is an Li-convex set if 5x(-) is an
L%-concave function.

For f : ZK — Z U {~co} and x* € domf, we define the supergradient of
f atx* (in Z) by

O f(x)={£e€ZX: F(x)+%- (x—x*) > f(x) for all x € ZK}.

For f : RK — R U {—c0} and x* € domf, we define the supergradient of f
atx* (in R) by

Of(x) ={f eRE: F(X)+%- (x —x) > f(x) for all x € RX}.
Let K € 25\{0}. We define the cone generated by (1) 4.5 (in Z) by

conez(K) = {x eZk . x= Z Aa - 17 for some (A4) acc € ZZ(}
AeK

We define the cone generated by (1) sc (in R) by

coner(K) = {x eRK:x= Z A4 - 14 for some (A4) acxc € RZ(}
AeK

For X € ZX, let X C RX denote the convex hull of X and X° denote the polar
of X,ie, X°={yeZK:y.x <0Oforall x € X}. For X,Y C RK, we define

—X={xeRf:xeX}, X-Y={x-yeRKk:xeX,yer}
The following theorem is essential to the proof.

Journal of Mechanism and Institution Design 5(1), 2020



Koji Yokote 51

Theorem 4 (Murota 2003a, Theorem 8.17 (M?-concave intersection theorem)).
For M¥-concave functions fi, f> : ZK — Z U {—co} and a point x* € domf; N
domf;,, we have

Fi(X) + fHr(x*) < fi(x) + fo(x) forall x € ZK
if and only if there exists £ € ZX such that
X € ozfi (x*) and — X € azfz(x*).

Theorem S (Murota 2003a, (5.8) (Convexity in intersection for LA-convex
sets)). For LA-convex sets X1, X, € ZK, we have

XINX 20 = X;NX, #0.

Claim 1. Let K C 2K\{0} with K # 0 be a hierarchy and (14)scxc € ZX.
Then, the set

X ={xeZK :x(A) <A, forall A € K} 9)
is an Mf-convex set.
Proof. Foreach A € K, we define g4 : Z — Z U {—o0} by

0 if x < Ay,
palx) = )
—oo  otherwise.

We define ® : ZK — Z U {~o0} by

®(x) = Z @a(x(A)) forall x € ZX.
AeK

Then, by Note 6.11 of Murota (2003a), ®(-) is an M®-concave function. By
Proposition 6.29 of Murota (2003a), the set of maximizers of ®(-) is an
ME-convex set. As X is the set of maximizers of ®(-), we obtain the desired
condition. O

Remark 4. To develop some intuition for Claim 1, we provide a 2-dimentional
case example. Let K = {ky, k,} and K = {{kl}, {k2},{k1, kz}}. Set gy =
5, Aky) = 6, Ak, ko) = 8. Then, the set X defined by (9) is described by the
shaded area in Fig. 2.
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>

0 5 i

Fig. 2 Graphical descrption of X.

One easily verifies that this set is Mf-convex.

Claim 1 can also be proven by using the transformation of Mf-convexity by
a network. A tree structure associated with a laminar family forms a network
flow and the upper bounds (14)sc can be incorporated into the costs of flow.
Then, Theorem 9.26 of Murota (2003a) establishes that X is an M#-convex
set.!” |

Claim 2. Let K € 25\ {0} with K # 0 be a hierarchy. Then, the set

coner (K) N ZX
is an LA-convex set.

Proof. This theorem follows from Claim 1 and the discrete conjugacy theorem
(see Murota 2003a, Theorem 8.12). |

Claim 3. Let K € 2K\{0}. Then,
conez(K) = coner(K).

Proof. 1f K = 0, then the claim trivially holds. Suppose that K # (). For each
A1 € Z with 1 > 0, let A* denote the A-dimensional unit simplex.

Proof of C: Let x € conez(K). By Carathéodory’s theorem, there exist
xj € conez(K),j=1,...,|K|+1,and @ € AKXl such that x = 2 ja;x;. For

19 The author thanks a referee for pointing out this proof.
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eachx; € conez(K), there exists (14, ;) acx € ZX such thatx; = X scqc da,j 4.
Then,

|K]+1 |K|+1
X = a; A4 = (- A4 )14
- ] A,j - J A,j :
j=1  Aek AeK j=1

Hence, x € coner (K).
Proof of 2: Let x € coner(%). Then, there exists (A4)4ex € RX such

that x = 3 4cqc Aaxa. By RX = ZX and Carathéodory’s theorem, there exist
(za,j)aex € ZZ(, j=1,...,|K|+1,and a € A%l such that A4 = Z_/ jzA,j
for all A € K. Then,

|K|+1 |K|+1

= (2 V= e Yzt
AeK  j=1 j=1 AeK
Hence, x € conez(K). O

Claim 4. For any hierarchy K c 2K\ {0},
coner (K) NZX = conez(K).

Proof. One easily verifies that 2 holds. We prove C by induction on |%]|.
Induction base: Suppose |X| = 1. Let x € coner(K) N ZX. Assuming
K={A},x =14 - 14 for some 14 € R,. Since x € ZX, we have 14 € Z,.
Hence, x € conez(K).
Induction step: Suppose the claim holds for |K| =  and we prove the claim
for |[K|=t+1, where r > 1.

Let x € coner(K) NZX and A’ € K. Then, there exists (14)acx € RX
such that

X = Z /1A']lA+/lAr']1A/.

AeK\{A"}
This implies that
conex (K\{A'"}) N ({x} - coner ({A’})) # 0. (10)
By Claim 3,
coner (K\{A'}) = conez(K\{A'}). (11)
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We also have
{x} — coner({A’}) = {x} — conez({A’})
= {x} — conez({A’}), (12)

where the first equality follows from Claim 3 and the second equality follows
from Proposition 3.17(4) of Murota (2003a).
By (10)-(12),

conez(K\{A’}) N {x} — conez({A’}) # 0.

As K\{A’} is a hierarchy, by the induction hypothesis and Claim 2, it holds
that conez (%\{A’}) is Li-convex. One easily verifies that {x} — conez({A’})
is also Li-convex. By Theorem 5,

conez(K\{A'}) N ({x} - conez({A’})) # 0.

This implies that x € conez(K). O

5.1.2. Proof of (ii) = (i)

We mimic the proof of Karush-Kuhn-Tucker’s theorem (for continuous settings)
by Tiel (1984, p.103).

By the latter inequality in (1), L(x*, 1*) < L(x*, ) forall 1 € ZZ. Together
with (2),

q q
Z/lj-gj(x*) < Z/ljgj(x*) forall 1 € ZZ,

= =1

q
0< ) (4; - A))g;(x*) forall 1 € Z{. (13)

=

Since (13) holds for all 2 € Z7,
gj(x*) >0forallj=1,...,q. (14)

Letting A = 0 in (13),

q

Z 38 (x") <0.

Jj=1
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Combining this inequality with (14) yields

q
Z/l;gj(x*) =0.
j=1

This equation and the former inequality in (1) imply

q
f(x)+ Z/l;gj(x) < f(x*) forall x € ZK.
j=1
This means that f(x) < f(x*) whenever g;(x) > O forall j = 1,...,q.
Together with (14), we obtain the desired condition.

5.1.3. Proof of (i) = (ii)

By assumption, for all j = 1,...,q, there exist a; € Z and A; C K with
A; # 0 such that

gj(x)=a;—x(A;) forallx € zK.
Our purpose is to find 1* € ZZ such that (x*, A*) satisfies (1). Suppose
A;=Aj forsome j,j’ € {1,...,q} witha; < a;.. Then, g;/(-) is aredundant
constraint function. In the proof below, we can ignore such j’ by letting /lj., =0.
Hence, w.l.0.g., we assume

Aj# Ajforall j,j e {l,...,q}.
SetC ={xeZX:g;(x) >0forall j =1,...,q}. By Claim 1, 5¢c() is an
M¢-concave function. Since x* is a solution to the maximization problem under
constraints,

F(xX*) +6c(x) > f(x)+6¢(x) forall x € ZK,

By Theorem 4, there exists £ € ZK such that

£ e dzf(x7),
% € 0p00(xY). (15)
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By (15) and the definition of a supergradient, —X € droF(x"). As recognized in
the literature on convex analysis (see, for example, Rockafellar (1970), Section
23), —GRég(x*) is the normal cone to C at x*. i.e.,

—0pd=(x") ={y € RK:y.(x—x*) <Oforallx € C}.

By Proposition 5.2.4 of Hiriart-Urruty and Lemaréchal (2001), the normal
cone is the polar of the tangent cone. This fact and (15) imply x € coner(K),
where

(K:{AQK:A:Ajforsomeje {1,...,q}withgj(x*):0}.

Since K is a hierarchy, by Claim 4, £ € conez(K). Hence, there exists
(%) aex € Z such that

EPDN S

For each j € {1,...,q} with g;(x*) =0, set /l;f = /12[ for A; € K. For each
J€{l,...,q} with g;(x*) > 0, set /lj. =0.

We prove that (x*, 1*) is a saddle point of L(-, -) defined by (2). We first
fix A* and regard L(-, 1*) as a function on RX. Then,

q
G2L(x", A7) = 32 ( () + ) g ()
=1
j‘[
=0zf(x") - {Z A ]lAf}
j=1

A

- X

w
O =

where the second equality, decomposition of superdiftferential, follows from the
fact that g;(-), j = 1,...,q, are affine functions.”’ This means that L(-, 1*) is
maximized at x*.

20 More generally, decomposition of superdifferential holds for two Mf-concave functions; see
Theorem 8.35 of Murota (2003a).
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Next fix x* and regard L(x*,-) as a function on Z!. As x* satisfies the

constraints, g;(x*) > Oforall j =1,...,q. Hence, forany A € Zﬁ{,
q
Zajgj(x*) > 0. (16)
j=1

Moreover, by the construction of A%,
q
Za;gj(x*) - 0. (17)
j=1
We conclude

q q
L) = F() + ) 4585 (x7) 2 f(7) + ) Aigy(x7) = L(x", 2°)
j=1 j=1

forall 1 € ZZ,

where the inequality follows from (16) and (17). Finally, the complementary
slackness follows from the construction of A*. m]

5.2. Proof of Lemma 1

We prove a claim.

Claim 5. Let u be a matching and s € Z%. Then,

D valsl(u(d) + " vils, 11 (u(h)

deD heH
= S valu(d) + D vn(u(r) + Y ()] - 1.
deD heH heH

Proof. Since u is a matching,

Z S(d.h) = Z Z S(d,h)- (18)

deD heH deu(h)
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Then,

D valsl(u(d) + ) vils, 11 (u(h)

deD heH
= 2 {vatu@) +sam}+ Do) = 3 sm + )] o)
deD heH deu(h)
= > valu(d) + > vi(u(n) + " |u(h)] - 1,
deD heH heH
where the second equality follows from (18). O

We start the proof of Lemma 1. Let (u, s, ) be an uncompelled competitive
equilibrium such that y is feasible and the pair (u, ¢) satisfies (5). Let u’ be an
arbitrary feasible matching. Then,

D valu(@) + > vau(h)
deD heH
= > valsl(u(@) + > vals, (1 (u(h)) = > |u(h)] -
deD heH heH
> > valsl (' (d) + > vals, (1 () = Y lu(h)] -
deD heH heH
= > va (@) + Y v () + ) 1 (W] -5 = D lu(h)] -
deD heH heH heH
= > vl (@) + > i (h)
deD heH
£ 3 (wm =) o+ Y (W= 1) 5, (19)
heH:t,>0 heH:t;, <0

where the first equality follows from Claim 5, the first inequality follows from
the fact that (u, s, ¢) is an uncompelled competitive equilibrium, and the second

equality follows from Claim 5. By (5) for (u, ¢) and feasibility of y’, for any
heH,

1> 0= |u(h)| =8, < W/ (W] = (I (W] = lu(h)]) - 14 > 0,

th < 0= |u(h)] =8 2 |/ (W) = (1 (W] = u(h)]) -1y > 0.
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It follows that

> (W =1umi) o+ Y (W= luh)l) -1 > 0.

heH:t,>0 heH:t,<0

Together with (19), we conclude

V() = ) valu(d) + ) valu(h)

deD heH

> Z va(u'(d)) + Z vi (i’ (h))
deD heH

= V().

5.3. Proof of Theorem 2
5.3.1. Proof of (ii) = (i)
We prove a claim.

Claim 6. Suppose that for a matching u and t € Z, (5) holds. Then, for any
heH,

—|u(h)| - th = Gu(ty).

Proof. Let h € H be arbitrarily chosen. We consider three cases.

Case 1: If 1, = 0, then —|u(h)| - t;, = 0 = G (tp).

Case 2: If t;, > 0, (5) implies |u(h)| = 6,. Then, —|u(h)| -t = =6, -ty
Gh(th)- _ _
Case 3: If 1, < 0, (5) implies |u(h)| = 6p. Then, —|u(h)| -ty = =65 -ty =
Gu(tn). O

We start the proof of (ii)) = (i). Let (s*,t%) € Zf} x ZH. Suppose that
there exists a matching u that satisfies the conditions in the statement of (ii).
By Theorem 3, which we establish later, L(-, -) is an LA-convex function. By
Theorem 7.14 of Murota (2003a) (known as the L-optimality criterion), it
suffices to prove that, forany ¥ € Qand A C H,

F(s*,t") < F(s* + 1%, 1" + 14), (20)
F(s*,1*) < F(s* = 1Y, — 1%). (21)
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Let¥Y € Qand A C H be arbitrarily chosen. We prove (20) and skip the proof
of (21) which can be obtained analogously.
The left-hand side of (20) is rewritten as follows:

F(s',0") = 3" Va(s") + D Vi(s™ 1) + G(1°)

deD heH

= > vals"I(u(@) + D vals™, 11 (u(h)) + G (&)
deD heH

= > valp(@) + ) valu(h) + Y a1+ > Ga(ty),
deD heH heH heH

(22)

where the second equality follows from the fact that (y, s*, #*) is an uncompelled
competitive equilibrium and the third equality follows from Claim 5. By Claim
0,

D luh)] -1+ Y Galty) =0. (23)
heH heH
Substituting (23) into (22) we obtain
F(s 1) = ) va(u(d) + ) vau(h)). (24)
deD heH
The right-hand side of (20) is rewritten as follows:
F(s* + 1%, + 14)

= S Va1 4 SV 1 4 1) £ G 4 1)

deD heH

> Z vals® + 1¥](u(d)) + Z vals* + 1Y, 7 + 141 (u(h) + G(¢* + 1%)
deD heH

= > valu(d) + Y va(u(h) + D lu(W)] - (@, + 1) + Y Galty + 17),
deD heH heH heH

where the inequality follows from the definition of indirect utility functions
and the second equality follows from Claim 5. Together with (24), in order to
prove (20), it suffices to prove that

Do)l (6 + 1) + > Galty +17) > 0.

heH heH
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Let h € H be arbitrarily chosen. To prove the above inequality, it suffices to
prove that

lu(h)| - (£ + 1) + G + 12) > 0. (25)

Proof of (25): If h ¢ A, then 12 = 0. By Claim 6, the inequality holds with
equality. Suppose that 7 € A. We consider two cases.
Case 1: Suppose 7, < 0. By (5),

lu(h)| = 65 (26)
By the definition of G (),
Gu(t]) = Gu(t; + 1) = 5. (27)
Then,

()| - (1, + 1) + Gu(t), + 1) = =Gu(}) + |p(h)| - Ty + Ga(z, + 1)
= =65+ |u(h)| - 1y
= —gh + gh
=0,
where the first equality follows from Claim 6, the second equality follows from

(27), and the third equality follows from (26).
Case 2: Suppose t; > 0. By the definition of G (-),

Gu(t]) = Gu(t; + 1) =4, (28)
Then,

lu(h)] - (1 + 1) + Gu(ty + 1) = =Gu(t)) + |u(h)| - 1) + Gp(ty + 1y
= =5, +|u(h)| - 1)
= _éh +éh
= (),

where the first equality follows from Claim 6, the second equality follows from
(28), and the inequality follows from feasibility of u. O
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5.3.2. Sketch of the proof of (i) = (ii)

We consider three maximization problems. In each problem, the objective
functions are essentially the same; we maximize the sum of the agents’
utilities/profits over possible matchings. The constraint functions vary across
problems and are dealt with separately in order to guarantee the hierarchical
structure.

Let N = DUH. Consider the domain {—1,0, 1}’*?. Forx € {-1,0, 1}V*¢,
X(d,(d,h)) = 1 (or —1)is intended to mean that d is matched to 4. Fig. 3 visualizes
the constraints in each problem.

In the first maximization problem, we set the constraint functions to
represent the doctors’ capacity constraints, i.e., each doctor is matched to at
most one hospital (see Fig. 3 (a)). We require that the sum of the values in each
shaded area be no greater than 0. If the sum is equal to 0, then we can realize a
matching; d is matched to 4 if the value of (d, (d, h)) is —1, which entails that
the value of (&, (d, h)) is 1 and & is matched to d. It is possible that the sum is
equal to —1, but this case can be circumvented at optimal solutions by utilizing
the complementary slackness and monotonicity of revenue functions (see the
argument after (48) in the formal proof).

The second problem deals with the floor constraints (see Fig. 3 (b)), and
the third deals with the ceiling constraints (see Fig. 3 (c)). These two can be
handled analogously by exchanging —1 and +1 denoting the matching structure.

It is clear from Fig. 3 that, in each independent problem, the constraint
structures form a hierarchy (they are mutually disjoint), and hence, Theorem
1 can be applied. We translate a saddle point into the min-max form of the
Lagrange function. This transformation enables us to aggregate the results in
each maximization problem into a single function.

5.3.3. Preliminaries for the proof of (i) = (ii)
Let s € Z2. For each d € D, we define #4[s] : Z% — Z U {~co} by

va[s](h)  if x € {0, 1} and there exists & € H such that
Xan) =1, X(any=0forall A’ # h, and

Vals](x) =3 Xy =0foralld” # dand h” € H,
vals](hy) ifx=0,
—00 otherwise.
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Q=DXxXH
03, ........................ ,,l \
L | (d, hy-| (d, A’y |(d’, h)
(| d 1. [-1 0 0
p 4|4 |]0 0 =
h 1 0 1
H- |/ 0 0 0
(a)
Q=DxH
Q=DXH
1 , I ‘
J 1
(d,h) |(d,h)|(d' k) (d,h) |(d,h)|(d, h)
[l d | -1 ] 0 0 (| d 1 0 0
’ d, 0 0 1
p 4|4 | 0o | 0 | -1 p
i 1] o 1 Rl -1] o | -1
H |} 0 0 o [ ] H N 0 0 o |y ]
........... “
o) d; I \d\é
(b) ©

Fig. 3 Constraints in each of the three maximization problems.
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Since the effective domain of ¥;[s](:) consists of unit vectors, V4[s](-) is
ME-concave.

Lets € Z? and r € Z. For each h € H, we define v,[s, 1] : Z% —
Z U {—o0} by

vils,t]1({d € D : x(apy = 1}) ifx € {0,1}** and
Vnls, t](x) = Xy =0foralld € D and h" # h,

—o0 otherwise.

By Proposition 1, v(-) is M#-concave. By Theorem 6.15 of Murota (2003a),
vils, t](-) is MB-concave. Hence, 7 [s, 7] (+) is also M-concave.

For x € {-1,0, 1}N><Q and i € N, let x|; denote the projection of x
on {—1,0, 1} we often identify {—1,0, 1} with {~1,0, 1}%. For
x € {~1,0, 1}¥*€ let xp and xp denote the projections of x on {—1, 0, 1}P*<
and {—1,0, 1} respectively.

We formally describe the three maximization problems discussed in Section
5.3.2.

Maximization problem 1: We fix ¢ € Z and 7 € Z! throughout this problem.
We define f! : ZV*? — Z U {-c0} by

£ =D 5al01(=xla) + >~ 5410, =71 (xl4) + G(=F) + G (1) for all x € ZV*.
deD heH

One can verify that, if #4[0](-) and #,[0, f — 7] (-) are M®-concave, then f!(-)

is also M#-concave.?! Note that domf! C {-1,0, 1}V*€.
For each w € Q, we define

g0 (x) = =x - 1V} for all x € ZV*9,
We consider the following problem:

max  f!'(x) subject to g, (x) > 0 forall w € Q. (M1)
xe{~1,0,1}NxQ

2! Fujishige and Tamura (2007) utilize this preservation of Mf-concavity in the analysis of
two-sided markets (see equation (15) therein).
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Let x* be a solution to (M 1). Then, by Theorem 1, there exists s* € Z? such
that*?
L(x*,s™)

=min max L(x,s)
S€Z2 xe{—1,0,1}N*€

=min  max {Z Va[0](=x|qa) + Z [0, —1](x]5)

Q _ N xQ
s€Z2 xe{-1,0,1} -~ —

+G(-D+GO+ ) sugu)

wed

=min  max {Z Va[0](=x|q) + Z V0,1 —1](x]p)

Q _ NxQ
seZ$ xe{-1,0,1} JeD hell

+G(D+GWO = Y s0 . (3]

weQ ieN

=min  max AN (5a[0](=xl0) = 5 xla) + 3, (740, =TI (xly) = 5 - x]n)

Q _ N xQ
sezZy xe{-1,0,1} 7D hell

+G (=) +G(g)}

=min max {3 5ls](xlo)+ Y Buls. L= 71(xl) + G(-D) + G(0)}.

Q NxQ
sez$ xe{0,1} 1D el

Note that, to derive the last equality, we change the domain for choosing x|,
from {0, —1}{4>2 to {0, 11X Together with the complementary slackness,
we obtain the following claim:

Claim 7. Let t € Z and t € Z!. Then, for x* € {0, 1}V*?, the following
statements are equivalent:

* (=x},x},) is a solution to (M1).

s There exists s* € Z< such that (x*, s*) is a solution to

min _max {5 54[s1(xla) + Y, Pals, = F1(xl) + G(-D) + G ().

Q N xQ
seZ? x€{0,1} ) hell
Moreover, s* satisfies

s, - 8w(x*) =0forall w € Q. (29)

22Below the first equality follows because L(x*,s*) = ming L(x*,s) < max, ming L(x,s) <
ming maxy L(x,s) < max, L(x,s*) = L(x*, s%).
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Maximization problem 2: We fix s € Z% and ¢ € Z throughout this problem.
We define f2 : ZV*? — Z U {-c0} by

£ =) walsl(xla) + ) Fals, 11 (xln) + G (1) for all x € ZV2,

deD heH
For each h € H, we define

g, (x) =65 —x - 1P for all x € ZV€,
We consider the following problem:

max f2(x) subject to gy(x) >0forall h € H. (M2)
xe{0,1}¢

Let x* be a solution to (M2). Then, by Theorem 1, there exists 7" such that
L(x*,1)

=min max L(x,71)
1€zl xe{0,1}VxQ

=min max {3 als)(clo) + Y Tals, 11Geln) + GO + Y 748y ()|

Z-7H NXQ
reZ; x€{0.1} deD heH heH

=min max {3 5als](clo) + Y (Fals, 1 (xly) = Ty x - 10049)

tez xe{0,1}V>€ D

heH
+G(g)+25h-fh}
heH
= mi % + > Puls,t—1 +G(t) +G(-1)§.
gz;gxe{%%{;v[z[s]<x|d> ;{u 1) + G () + G (D)

Together with the complementary slackness, we obtain the following claim:

Claim 8. Let s € Z and t € ZH. Then, for x* € {0,1}N*?, the following
statements are equivalent:

e x* is a solution to (M2).

o There exists T such that (x*,t) is a solution to

min max {3 5alsl(xlo)+ Y. uls=T1(xl) + G(0) + G(-D.

Te7H NXQ

tez! xe{0,1} JeD hel
—%k .

Moreover, t satisfies

,-g,(x*)=0forall h € H. (30)
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Maximization problem 3: We fix s € Z% and ¢ € Z throughout this problem.
We define f3 : ZV*? — Z U {—c0} by??

) = Z 5451 (x]a) + Z uls, =] (=x|p) + G (=) for all x € ZV*€,
deD heH

For each h € H, we define
g,(x)=-0, —x- 1€ for all x € ZV*€,
We consider the following problem:

max  f>(x) subjectto g (x) > Oforall h € H. (M3)
xe{-1,0,1}Vx& —h

Let x* be a solution to (M3). Then, by Theorem 1, there exists t* such that

L(x*,1%)

=min max  L(x,1)
teZH xe{-1,0,1}N*L

=min max {Z Vals](x]q) + Z Vnls, =] (=xlp)

teZH xe{-1,0,1}N*L D Wl

+G(D)+ ) 18,0}

heH

= min max {Z f’d[s] (xld) + Z (ﬁh[s, —;](—xlh) — zh X - ]l{h}XQ)

teZt xe{-1,0,1}NxQ D Wl

+G(D) - )8, 1,

heH

=min max {3 5051(xla) + Y Fals.t =1 (xl) + G(-D) + G (D).
1eZ x&{0.1}VX® deD heH
Note that, to derive the last equality, we change the domain for choosing x|,

from {0, — 1} 10 {0, 112 Together with the complementary slackness,
we obtain the following claim:

Claim 9. Let s € Z¢ and t € ZH. Then, for x* € {0, 1}V, the following
statements are equivalent:

231t is known that if a function f (x) is Mf-concave in x, then f(—x) is also M#-concave in x; see
Theorem 6.15 of Murota (2003a). Hence, f3(x) is MP-concave in x.
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* (x}, —x},) is a solution to (M3).

s There exists t* € ZI such that (x*,t*) is a solution to

min max {Z Vals](x]a) + Z Vnls,t —t](x]p) + G(=1) + G(E)}-

H N xQ
1€z xe{0,1} deD heH
Moreover, t* satisfies

t;g,(x") =0forall h € H. (31)

5.3.4. Proof of (i) = (ii)
We define F : ZH x Z8@ x ZN*? — ZU{—co} and F : ZH xZH x 7@ x ZN*9? —

Z U {—o0} by

F(t,5,%) = Y Balsl(xla) + ) Fuls, 1(xla) + G(1)

deD heH
for all (¢, s,x) € ZH x Zf} x ZNXQ

F(i,t,5,%) = ) Fals](xla) + D als, £ =11 (xla) + G(-D + G (1)

deD heH
for all (7,1, s,x) € ZH x ZH x 79 x ZN*€,

We prove two claims.
Claim 10. Suppose that there exists a solution to

min min  max F(,s,x). (32)
teZH se72 xe{0,1}V >

Then, there also exists a solution to

min min min max F(7,1,s,x), (33)
tezH tezH 572 xe{0,1}N*L

and (32)=(33). In particular, for a solution (t*,s*,x*) to (32), there exist
1 ezl and t* € ZH such that t* -1 = t* and (' ,t*, s*,x*) is a solution to

(33).
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Proof. Proof of (32) < (33). Let (7, ¢, 5) € Z¥ xZ! x Z% be arbitrarily chosen.
It suffices to prove that there exists t € ZH such that

max F(t,s,x) < max F(,1,s,x). 34
x€{0,1}NVxQ ( ) x€{0,1}VxQ ( B ) ( )

Suppose that there exists ' € H with 7y > 0 and t,, > 0. We define 7" € Z#
and t* € ZH as follows:

ty=tw=1,1,=t, -1, T = (@nen-Tp)s = () nen1},)-
Then,

G(-1)+G(t") ={G(-) - dp} +{G() +6,} <G(-1) +G(2),

=%k

where the inequality follows from ¢,, < 8,. Moreover, since t —f =t* — 1,
we obtain

v v

F@', 1", s,x) < F(I,t,5,x) forall x € {0, 1}V,

This inequality implies

max F(7,t%,5,x) < max F(7,t,5,x).
xe{0,1}N %2 xe{0,1}N%2

By repeating the above procedure for all # € H with #;, > 0 and ¢, > 0, we can
construct 7~ € ZH and 1** € ZH such that

max F( 7,1, s,x) < max F(i,t,s,x), and (35)
x€{0,1}V>Q - xe{0,1}N*Q -
forany h € H,7,” = 0ort;" = 0 holds. (36)

By (36), forany h € H,

_— " Gu(-1,)+0 iff, >0,
Gu(~1;,) +Gu(1;) = " )** s (37)
0+ Gu(ty") ifz, =0.
We define ¢ € Zas follows: for each h € H,
_;** if Z** > 0’
=10 (38)
[ ift, =0.
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Then, (37) and (38) imply that G;,(~7), ) + G(t;*) = Gj(tp). Taking the sum
over h € H, we obtain G(—7 ) + G(t**) = G(t). Moreover, by (38) and (36),
forany h € H,

0-1, ift, >0,
"0 iE =0
Ly, - 1 th =V,
-1, if7 >0,
Gr =1, iff, =0,
=k
=" =1, .
It follows that = t** — 7. Together with G(=7 ) + G (™) = G (1),

F(t,5,x) = F(r*, 77, s,x) for all x € {0, 1}V,

This equation implies

max F(t,s,x) = max F(™ 1

5,X).
xe{0,1}NxQ xe{0,1}NxQ o

Together with (35), we obtain (34).
Proof of (32) > (33): Let (¢*,s% x*) be a solution to (32). We define
1 = (f))nen and t* = (17 )nen as follows: for each i € H,

— -t; ift; <0, 0 ifr; <0,
p=d e D= e T (39)
0 1fth > 0, t, 1fth > 0.

Then, forany h € H,

G < (G itnso L [0 if £ <0,
"o ifrr>0, TG it >0,

These equations imply G, (1)) + Gn(t;) = Gy(t;). Taking the sum over
h € H, we obtain G(~1 ) + G(t*) = G(t*). Moreover, since t* — 1 = t* by
(39),

F(t*,s*,x) = F(I", 1", s*, x) for all x € {0, 1}V*¢, (40)
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This equation implies

(32) = F(¢,55,x") = max F(*,s",x)= max F(,t* s, x) > (33),

xe{0,1}VxQ xe{0,1}Nx

where the inequality holds because (33) takes the minimum value over (7,1, s) €
ZH x 71 x 7.

As proven in the first half of the proof, (33) > (32). Together with the
above inequality, (33) = (32). Moreover, by (40), (7, *, s*,x*) is a solution
to (33). Finally, as mentioned above, (39) implies ¢t* — 7" = t* and hence the
last part of the statement follows. O

Claim 11. Let (s,t) € Z¢ x ZH. Then,

max  F(t,s,x) = F(s,1) = Z Va(s) + Z Vi(s, 1) + G(1).

NxQ
xe{0.1} deD heH

Proof. This equation immediately follows from the definition of indirect utility
functions. O

We start the proof of (i) = (ii). Let (s*, ") be a solution to (8). Let x* be
a solution to

max F(t*,s*, x). 41)

xe{0,1}NxQ

Then,
F(r,s*,x") = max F(t,s",x)
xe{0,1}NxQ
=F(s",t")

= min min F (s, t)
1€z 5e78

= min min max F(z,s,x),
1€ZH €78 xe{0,1}V*Q

where the scond and fourth equalities follow from Claim 11. It follows that
(t*,s*,x*) is a solution to (32). By Claim 10, setting 7 and ¢* as in (39),
(f*, t*, s*,x¥) is a solution to (33) and satisfies

o7 =1 42)
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Then,**

F(t 1, s, x) (43)

=min min min max F(F, 1,5,x) (44)
tez teZH 5e79 xe{0,1}N*0

=min max F(7,t",s,x) (45)
5€Z x€{0,1}N*L B

=min max F(7,t*, s, x) (46)
1€zl xe{0,1}VxQ -

=min max F(7',1,5%x) 47)
teZH xe{0,1}VxQ

= max F(i',t,s"x). (48)
xe€{0,1}NVxQ

By (43)=(45) and Claim 7, (—x},,x},) is a solution to (M1). Suppose that
gw(=x}),x}7) > 0 for some w € Q and let (d’, h’) = w. Then, x?d, (@) = 1
and x?h,’(d,’h,» = 0. By (29), S?d',h') = 0. Together with monotonicity of vj(-),
replacing the (#’, (d’, h’))-th coordinate of x* with 1 yields a solution to (41).
Hence, w.l.o.g., we assume that (—x7,,x7,) is a solution to (M1) satisfying all

the constraints with equality. Namely, for each w € Q,

0= gu(=xp,xy) = (=xpsxj) - IV = = X () + D (o
deD heH

Then, defining u : D — H by
uld)=h x?d,(d,h)) =1foralld e Dand h € H,

u forms a matching.

By (43)=(46) and Claim 8, x* is a solution to (M2). Hence, x* satisfies the
ceiling constraints. By (43)=(47) and Claim 9, (x},, —x7,) is a solution to (M3).
Hence, x* satisfies the floor constraints. It follows that u is feasible. Moreover,
by (42) and (43)=(48), x* maximizes every agent’s utilities/profits under the
salary system s* and the transfer system ¢*. We conclude that (u, s*, ") forms
an uncompelled competitive equilibrium.

24In the transformation below, one can verify the following equations: (44)=(45), (44)=(46),
(44)=(47), and (44)=(48).
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It remains to prove that (5) holds. If 7, < 0, since f; is constructed by (39),
we obtain 7, > 0. By (30), for any h € H,

gh(x") =5, —x* - 12 =,
[{d € D :x?h’(d’h)) =1} = 6,
|u(h)| = 6.

We can deal with the case of 7; > 0 in a paralell manner by using (31). O

5.3.5. Remark on the proof of Theorem 2

Referees of the journal raised a concern about the length of the proof of
Theorem 2, especially that of the implication (i) = (ii), and proposed an
alternative short proof.”> Here we explain their ideas, as well as the advantage
of our proof.

A referee pointed out that the proof can be shortened by using the “L-convex
intersection theorem,” which states the optimality condition of the sum of two
Lb-convex functions.’® Consider two functions g; and g, defined over salaries
s and transfers ¢ such that

gi(s,0) = )" Va($) + G(1), g2(s,1) = Y Vi(s,1).

deD heH

Then, F(s,t) = g1(s,t)+ga(s, ). Applying the L-convex intersection theorem
to the two functions, we can prove the existence of a pair of salary/transfer
systems satisfying the conditions stated in (ii).”’

We fully admit that the referee’s proof is shorter and easier to understand.
Meanwhile, our proof appears to be more informative about how to construct

23 The author deeply appreciates the two referees for sending an alternative proof.

26 The L-convex intersection theorem is a cousin of the M-convex intersection theorem (see
Theorem 8.17 of Murota 2003a), replacing Mf-convex functions in the latter theorem with
Lb-convex functions. This theorem is an immediate corollary of the L-separation theorem (see
Theorem 8.16 of Murota 2003a).

27 Another referee suggested adopting the techniques in Ausubel (2006) and Sun and Yang (2009).
In their proofs, given a minimizer p* of the Lyapunov function, any efficient allocation is
supported by p* as an equilibrium (a related claim is formerly established in Lemma 6 of Gul
and Stacchetti (1999)). A parallel claim holds in our model: given a minimizer (s*, "), any
constrained efficient matching is supported by (s*,¢*) as an equilibrium (this claim can be
verified from the choice of x* after Claim 11 in the proof). It might be possible to prove this
claim without relying on the saddle-point approach.
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the function L(-) (and the corresponding algorithm). As will be detailed
in the proof, L(-) is derived by setting constraints in a visually simple way
(see Fig. 3 in Section 5.3.2) and applying the discrete saddle-point theorem.
Providing a recipe seems to be important in extending our approach to other
socio-economic problems, such as those mentioned in Section 1.

5.4. Proof of Theorem 3

Letd € D and h € H be arbitrarily chosen. As the sum of Li-convex functions
is L-convex (see Theorem 7.11 of Murota 2003a), it suffices to prove the
following:*®

V1 78 — Zis Li-convex. (49)
Vi - Z? x ZH — 7 is Li-convex. (50)
Gy : 7" — Z is Li-convex. (51)

To prove (49) and (50), it suffices to prove that V; : 7% — Zand V) :
72 x 7ZH — 7 are Li-convex, because restricting the domain to non-negative
vectors preserves Li-convexity (see Theorem 7.11 of Murota (2003a)).
Proof of (49): We define ¥4 : Z® — Z U {—o0} by 94(x) = #4[0](x) for all
x € Z2 (recall the definition of #,4[0](-) in Section 5.3.3). As dom ¥4 C {x €
{0,132 : 3 coXw < 1}, —$4(+) is Mf-convex. As V() is a convex conjugate
function of —V,4(+), by the discrete conjugacy theorem (see Theorem 8.12 of
Murota (2003a)), V() is Li-convex.
Proof of (50): We define ¥, : Z% — Z U {—c0} by D,(x) = #,[0,0](x) for
all x € Z2 (recall the definition of 7,[0,0](-) in Section 5.3.3). We define
Vp 22 XZ — Z U {-o0} by

) ) {ﬁh(x) ifr = = Dyeq Yo

vi(x,r) = .

—00 otherwise.

Since ¥,,() is Mf-concave, v,(-,-) satisfies a discrete concavity called M-
concavity (see (6.4) of Murota (2003a)). Its concave conjugate function \72 (-,")

28 As the domains of Vy(+) and V},(-) are different, we cannot take their sum directly. However,
this problem can be circumvented by extending the domain of V;(-) to V,(-,-) defined by
Va(s,t) = Va(s) for all (s,7) € Z¢ x ZH . One easily verifies that Li-convexity of V,(-) is
preserved in V;(-, -). Similarly, we can extend the domain of G, (-).
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is given as follows: for any (s,1;,) € Z% x Z,

Mo == sup  {muen) = (50 (60}
(x,r)EZEXZ
=— sup{fzh(x) —S-x—1tp- (—wa)}
xe79 weD
=— sup{f/h(x) — S X+t wa}
xezZ% wel
=-Vi(s,1).

By the discrete conjugacy theorem (Theorem 8.12 of Murota (2003a)), Vj,(-, )
is L-convex. As L-convexity is stronger than Li-convexity, Vj (-, -) is Li-convex.
Proof of (51): As described in Fig. 1, G(-) satisfies

Gu(th=1)+ Gty +1) = 2Gy(ty) for all ¢y, € Z,

which is equivalent to Li-convexity (and also to Mf-convexity) in the 1-
dimensional case; see Section 1.2 of Murota (2003a) for a detailed discussion.
O
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ABSTRACT

We consider n-person pure bargaining games in which the space of feasible
payoffs is constructed via a normal form differential game. At the beginning of
the game the agents bargain over strategies to be played over an infinite time
horizon. An initial cooperative solution (a strategy tuple) is called subgame
individually rational (SIR) if it remains individually rational throughout the
entire game and time consistent (TC) if renegotiating it at a later time instant
yields the original solution. For a class of linear-state differential games we
show that any solution which is individually rational at the beginning of the
game satisfies SIR and TC if the space of admissible cooperative strategies
is restricted to constants. We discuss an application from environmental
economics.

Keywords: Differential games, bargaining solutions, time consistency.
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1. INTRODUCTION

S uppose there are two countries that pollute the environment by emitting
pollutants and further assume that there is a production technology that
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80 Differential games with bargaining solutions

maps pollutant emissions into output and output is increasing in emissions.
Hence, each country has an incentive to pollute the environment. The total
pollution stock, however, is assumed to be a common bad and payoffs are thus
decreasing in the total stock of pollution. Total pollution further comes with a
stock externality. If one neighboring country increases the rate of emissions,
then it harms the other one, because the pollution stock increases. Clearly, there
are some underlying dynamics in the sense that current emissions increase the
total stock of pollution over time. The problem at hand can be modeled as
a differential game in which the countries are agents, emission rates are the
respective action variable of each country and the pollution stock is the state
variable (E. J. Dockner & Van Long, 1993). Considering the noncooperative
equilibrium as a solution of the game, it turns out that it is not efficient, because
both countries are overemitting with respect to the social optimum and thus
both countries could gain by coordinating their actions. The two countries face
a bargaining situation in the sense of Nash (1950b, p. 155):

"A TWO-PERSON bargaining situation involves two individuals who
have the opportunity to collaborate for mutual benefit in more than
one way."

Liu (1973) linked cooperative bargaining games to differential games. He
studied a class of differential games in normal form in which strategies are
assumed to be determined by the Nash bargaining solution. Let us assume
that the countries determine their current emission rate via feedback strategies,
i.e., current emissions are a function of the current pollution stock. At the
beginning of the dynamic game the countries bargain over the strategies
to be played during the game, while the noncooperative equilibrium payoff
serves as the disagreement point. They would come to an agreement if it was
overall individually rational, i.e., the payofts under cooperation exceed the
noncooperative equilibrium payoffs at the beginning of the game. A bargaining
solution thus determines the cooperative strategies to be played during the
game. Haurie (1976) pointd out two potential reasons for the breakdown of an
initial agreement:

(i) If there is an agent whose current noncooperative outside option payoff
dominates the current cooperative payoff, then this agent should abandon
the agreement and play noncooperatively in the remaining game.

(i) If the agents are about to renegotiate the initial agreement at a later time
instant, it is not granted that they agree on the original solution.
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The first property is called subgame individually rationality (SIR) and the
second one time consistency (TC). In the literature on cooperation in differential
games it is usually assumed that the agents jointly maximize the weighted
sum of payoffs. The resulting strategies are the cooperative strategies to be
played during the entire game and they satisfy the TC property by construc-
tion. Cooperation is assumed to last if the gains of cooperation exceed the
noncooperative equilibrium payoff for each agent and at each time instant. One
further distinguishes between games with transferable (Petrosyan & Zaccour,
2018) and nontransferable utility (Yeung & Petrosyan, 2018). If payoffs are
transferable the designer tries to construct a SIR payoft distribution procedure.
If payoffs are nontransferable, then the designer tries to adjust the weights in
the joint maximization program such that the resulting payoffs are SIR.

The present approach deviates from the standard approach in the sense that
the cooperative strategies are not determined by a joint payoff maximization
program, but via a bargaining solution. The goal of the paper is to characterize
a variety of linear-state infinite horizon differential games' and show how
to construct bargaining solutions that satisfy (i) and (i7). The advantage of
linear-state games is their analytical tractability and the coincidence of open
loop and feedback equilibria (E. J. Dockner et al., 2000, Ch. 7.2).

Taking the noncooperative equilibrium payoffs as given (disagreement
point), we induce a cooperative n-person pure bargaining game by considering
all strategies that payoff dominate the disagreement point. It is shown that SIR
and TC bargaining solutions exist if we restrict the set of admissible cooperative
strategies to constants. At a first glance it seems that the restriction of the
strategy space to constants is rather limiting as we neglect the case in which
strategies are time and state dependent functions. We will show, however,
that the class of games under consideration exhibits a subgame perfect Nash
equilibrium in constant actions. That is, even though we allow for strategies
that depend on the current state and thus adjust for the evolution of the state
over time, it is an equilibrium strategy to fix a constant action during the entire
game.

The rest of this article is organized as follows. Section 2 discusses the
relation between bargaining and differential games. Section 3 examines
disagreement points. Section 4 focuses on linear-state games. Section 5

The same class of games is considered in Jgrgensen et al. (2003). They are also concerned
with subgame individually rational solutions, but the cooperative strategies are determined by
maximizing the joint sum of payoffs.
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presents some applications. Section 6 concludes.

2. LINKING BARGAINING AND DIFFERENTIAL GAMES

Let N ={1,2,...,n} denote the set of agents. A bargaining problem (S, d) is
described by a set § € R” of feasible payoffs and a given disagreement point
d € S. Let B denote the set of all bargaining problems. A bargaining solution
is a mapping ¢ : 8 — R” that assigns to each problem (S, d) € 8 a unique
point in the set of feasible payoffs ¢(S,d) € S. In the present paper the set
of feasible payoffs is constructed via a differential game. Therefore we first
introduce the differential game terminology and then show how a differential
game can be used to induce a bargaining game.

Let T C R denote the time space, X C R the set of feasible states and
A; C R the set of admissible actions for eachi € N. Here we consider stationary
(time invariant) infinite horizon games and thus fix 7 = [0, o). At each point
intime ¢ € T, each agenti € N executes an action a;(t) € A;. Let A = Xy Ai
denote the jointly admissible action space. A profile of action trajectories
a : T — A determines the state trajectory x : 7 — X via the law of motion
f : X X A — X. The transition function f is a stationary differential equation

dx(r)
— = /(). a) ()

which governs the evolution of the state over time and we assume that the
function f(x, @) is continuously differentiable in x and a.

Technically, we distinguish between actions and strategies. The former is
an element of a set, while the latter is a function. A stationary feedback strategy
is a function oy : X — A; that determines the current action. An agent thus
observes x(¢) and sets a;(t) according to o;(x(z)). Let us formally introduce
the set of admissible strategies by

Y, ={0; : X — A; | oi(x) is Lipschitz continuous on X }.

The conditions imposed on the state equation f and strategy spaces {Z;}ien
imply that the solution (x(7));>¢ of the differential equation (1) exists and is
unique as well as continuous (Basar & Olsder, 1999, Thm. 5.1).

We further need to introduce payoffs (utility). At any position (¢, x(t)) €
T x X the payoff functional u; : T X X X X;cy 2; — R of any agenti € N is
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given by the discounted stream of instantaneous payofts

ui(t,x(1), o) = / OOe—’f“—f)G,-(x(s),a(x(s)))ds. )

Here, r; > 0 1is the time preferences rate and G, : X X A — R the instantaneous
utility function. The functions {G;(x, @) },cn are assumed to be continuously
differentiable in x and a. Since the setup is stationary the payoft functional u;
does not depend on the current time ¢, but only on the current state x(t), i.e.,
ui(x(t),0) =u;(t',x(t),o) for all ' € T and we thus suppress ¢ as an explicit
argument (Caputo, 2005, Thm. 19.2). For notational convenience we denote
the current state with x = x(¢). We denote the class of all stationary infinite
horizon games by

G =1{T'(x) | T(x) =N, (Zp)ien- (ui(x,))ien) }-

We make two assumptions about jointly admissible strategy profiles o €
Xien Zi- A strategy profile o is admissible if the state stays in the state
space and the utility functional u; is finite for all ;. Therefore consider the
parametrized solution of (1) originating from any position (¢,x) € T X X

x(s) =y(s;t,x,0) =x+ /s f(x(k),o(x(k)))dk.

Now we define a set X C X, Z; of jointly admissible strategies by

2:{0'e><2,~

ieN

V(t,x) eTx X :y(s;t,x,0) € X Vs > 1,

Vx € X : max {|u;(x,0)|} < oo}.
ieN

Given a game ['(x) € G as a primitive we define the set of feasible payofts by
considering all payoft allocations u(x,0) = (u;(x, 0));eny under admissible
strategies such that S(x) C R” is given by

Sx)={u(x,0) eR" | o eX}.

To properly define a bargaining problem we need to fix a state dependent
disagreement point d(x) € S(x). For now we assume that o € X is a given
disagreement strategy that induces for all x € X the disagreement point
d(x) = u(x,0). In Section 3 we argue that the noncooperative equilibrium
payoff is a reasonable disagreement point.
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Definition 1 (Bargaining Problem). The pair (S(x),d(x)) is a bargaining
problem.

Usually, a bargaining solution is a point in the payoff space S(x). Here,
however, the agents bargain over strategies that determine the payoffs. Therefore
we consider bargaining solutions as functions in the strategy space X. Let
B ={(S(x),d(x)) | x € X} denote the set of all bargaining problems.

Definition 2 (Bargaining Solution). A bargaining solution is a correspon-
dence ¢ : B =3 X that assigns to each problem (S(x),d(x)) € B a set
#(S(x),d(x)) C Z of admissible strategy profiles.

We assume that the bargaining solution is the set of maximizers of a
continuous function H : R* — R. The arguments of H are the cooperation
dividends

Ei(x,0) = u;i(x,0) — d;(x).
With E (x,0) = (E;(x, 0));en the bargaining solution is then given by

d(S(x),d(x)) =argmax H(E(x,0)).
gex

An element of ¢(S(x), d(x)) is termed a cooperative strategy and is denoted
by o;. One should note that the set ¢(S(x), d(x)) may differ with respect to x
and a cooperative strategy thus generally depends on the current state x. Let us
briefly illustrate the idea. Assume that the agents rely on the Nash bargaining
solution to determine a cooperative strategy at (z,x) = (0, x) and let us further
assume that there exist two maximizers

)

{O'XO , 07§ = arg max H Ei(xg,0).
0'62 lEN

Now the agents reevaluate the problem at (¢, x) = (1,x1) # (0, x9) and end up
with a unique maximizer

{0';:1} = arg max rl Ei(x1,0).

OEL  jeN

Assume that a';’)l = oy, and 0';‘(;2 # o7, hold, then the first cooperative strategy

0';;1 is time consistent at x; and the second one 0';(’)2 is not. The goal of the
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article is to identify bargaining solutions on a restricted domain of games that
are time consistent over the entire state space X and which happen to be also
individually rational.

Axiomatic bargaining theory (see e.g. Peters, 1992) studies solutions that
can be uniquely identified by a number of axioms. Here we do not intend to
pin down a unique bargaining solution by some suitable axiomatization, but to
check whether there exists an initial cooperative strategy o7 € ¢(S(xo), d(xo))
that (i) remains individually rational throughout the game and (ii) is robust
with respect to renegotiations.

We distinguish between a weak and strong notion of (i) and (ii). A
cooperative strategy is weak if () and (ii) only hold along the cooperative
state trajectory x*(s) = y(s;0,x0, 07) and strong if (i) and (ii) hold along
any admissible state trajectory x(s) = y(s;0,x9,0), o € Z. We define the
differential game concepts rigorously.

Definition 3 (Overall Individual Rationality). A solution ¢ satisfies Overall In-
dividual Rationality if there exists a cooperative strategy a7, € ¢(S(xo), d(xo))
such that

min{E;(xo,07,)} 2 0. (OIR)
ieN

A bargaining solution satisfies OIR if each agent is not harmed by coop-
erating at the beginning of the game. This property is a global necessary
condition for cooperation, because otherwise there would be an agent who
does not want to cooperate at all. As time goes by it might be the case that
cooperation under the initial agreement lacks payoff dominance with respect to
the noncooperative outside option. We thus also introduce the subgame notion
of individual rationality.

Definition 4 (Subgame Individual Rationality). A solution ¢ satisfies Weak/Strong
Subgame Individual Rationality if there exists a cooperative strategy o, €

X0
& (S(xp), d(x0)) such that (
m%\IJI{Ei(X*(S),O';O)} >0 Vs>0, (WSIR)
1€
m}\l}l{Ei(x, o,)} >0 VxeX. (SSIR)
1€

The strong version is robust in the sense that even if the cooperative path
x*(s) is perturbed to x(s) = x*(s) + &, € # 0, it always pays off to stick to
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the initial agreement. In order to satisfy time consistency we require that
there exists an initial cooperative strategy that solves any bargaining problem
occurring at a later point in time.

Definition 5 (Time Consistency). A solution ¢ satisfies Weak/Strong Time
Consistency if

(oS (s)), d(x"(s)) # 0, (WTC)
5>0
(#(8(),d(x)) # 0. (STC)
xeX

Clearly, SSIR implies WSIR implies OIR and STC implies WTC. Appar-
ently, the reverse does not hold in general.

In the literature on cooperative differential games (see e.g. Jorgensen &
Zaccour, 2002; Zaccour, 2008) there are different terminologies for the previ-
ously introduced concepts. We follow Basar (1989) in calling the renegotiation
condition (if) time consistency. It is a property that generally applies to
optimal control problems as well as differential games. The strong version
corresponds to subgame perfectness in standard game theory lingo and is also
called Markov perfect equilibrium or feedback equilibrium. In cooperative
differential games it is usually assumed that the agents jointly maximize the
sum of individual payoffs in order to determine the cooperative strategies to
be played throughout the game. When solving this optimal control problem
via a dynamic programming approach strong time consistency is automatically
given. The weak version of subgame individual rationality (WSIR) is then
just called time consistency and following Kaitala & Pohjola (1990) the strong
version (SSIR) is called agreeability. Here, however, we do not assume that the
agents jointly maximize their payoffs, but that they bargain over strategies. We
therefore explicitly distinguish between the consistency (renegotiating) and the
individual rationality condition.

3. DISAGREEMENT POINT

Clearly, the bargaining solution ¢(S(x), d(x)) depends on the disagreement
point d(x) = u(x, o) and thus on the disagreement strategies o € X. Here the
disagreement point is not given, but constructed from the underlying game
I'(x). There is no objective rationale that yields the "correct” disagreement
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point, but we would like to argue that the Nash (1950a, 1951) equilibrium
payoft is the natural choice for pure bargaining games. A Nash equilibrium
is a strategy tuple such that no agent has an incentive to unilaterally change
her strategy. It is straightforward to define the solution concept for differential
games (Starr & Ho, 1969a,b). Given the feedback information structure we
must make sure, however, that no agent has an incentive to change her strategy
(a function) for different states x € X.

Definition 6 (Equilibrium). The n-tuple o € X is a subgame perfect Nash
equilibrium for I'(x) € G if for all agents i € N and positions x € X the
Jollowing inequalities hold:

ui(x,0) > ui(x,0;,0_;) Vo €%
where o_; = (T ) jen\{iy are the equilibrium strategies of the opponents.

For any x € X the disagreement point d(x) € R” is then given by the
current payoff-to-go under the noncooperative equilibrium strategies, i.e.,
di(x) =u;(x,o) foralli € N.

Let us elaborate why the Nash equilibrium payoft is the natural disagreement
point. Pure bargaining games are a special kind of cooperative game in the
sense that either the grand coalition forms and jointly realizes the payoffs
u(x,oy) € S(x) or there exists an agent who disagrees with oy and then
every agent i € N gets d;(x). We therefore do not allow for the formation
of any coalition C C N, but the singleton C = {i}. At the beginning of
the game (7,x) = (0, xg) the agents can thus either jointly agree on playing
07, € X or they cannot come to an agreement. Hence in case of disagreement
the agents face a fully noncooperative game (n singletons) as of which the
Nash equilibrium is the rationale solution concept with payoffs d(x(). That
is, they should bargain over gains compared to the outside option which is
playing a noncooperative game. Let us assume the agents settled on o7, at the
beginning of the game, but suppose they reopen negotiations at any position
(t,x) € (0,00) x X. They then face the same situation as in the beginning of
the game, but the outside option is rather the current Nash equilibrium payoft
at position x and thus d(x).

By invoking dynamic programming techniques, one can show that the
equilibrium strategies solve a system of coupled differential equations. The
following Lemma is fundamental when characterizing the equilibrium of a
differential game (see e.g. E. Dockner & Wagener, 2014, Thm. 1).
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Lemma 1. The n-tuple o € X is a subgame perfect Nash equilibrium for
['(x) € G if there exist n functions {d; : X — R};en that are continuously
differentiable in x and solve the following system of coupled Hamilton-Jacobi-
Bellman (HJB) equations:

ridi(x) = ma}{Gi(X, a;,0-i(x)) +d;(x)f(x,a;,0_;(x))}
@l (3)
=Gi(x,0(x)) +d;(x) f(x,0(x)).

Further, the transversality condition lim,_,o, e "'d;(x) = O must be satisfied
for all agents i € N and all feasible states x € X.

The function d;(-) is termed value function. We apply Lemma 1 in the next
section in order to establish the existence of an equilibrium in constant strategies.

4. LINEAR-STATE GAMES

In the present paper we restrict the domain of games under consideration to a
class Grin C G of linear-state games and therefore consider state equations and
instantaneous payoff functions that satisfy the following functional form:

f(x’a) = h(a) - 5X, (4)
Gi(x,a) = gi(a) +n;x, &)

where 6, 7; € R denote parameters. Finally, we assume that for all different
i, J € N the state equation as well as the payoffs are independent of the actions
of distinct players, i.e.,

2 2.
0°ha) v g 98@

6
aajaai 8a‘,48a,- ( )

There is thus no multiplicative interaction between the actions of the players.
Let us define the class Gy i, of linear-state games by

Guin = {T(x) € G | Egs. (4), (5) and (6) hold}.

Journal of Mechanism and Institution Design 5(1), 2020



Simon Hoof 89

Proposition 1. For I'(x) € GLin there exists an equilibrium in constant
strategies k € A C R" with associated linear value functions {d;(x) =
a@;x + Bi}ien. The constants a; and B; are given by

(7)
Ir — _
Bi= - gi(k) + Olih(k)] : (8)

The equilibrium strategies T;(x) = k; are given by the root of the first order
condition fori € N

Li(kj,a;) =0

where L;(-,-) denotes the derivative of the right hand side of the HIB equation
with respect to the action a;

0 [gi(ai,o-i(x)) +a;h(a;, o_i(x))]
aa,-

Li(ai, @;) = (ai, a;). 9
Proof. We guess a functional form for the value function d;(x) = a;x + B;
where «;, 8; € R are constants. We show that {d;(x)};cn satisfy the HIB
equations of Lemma 1. Consider the function L;(-, -) as defined by (9). Due to
(6) L;(-,-) does not depend on the equilibrium strategies o ;(x) of any other
agent j € N\ {i}. Foralli € N let k; denote the root of the first order condition
9),1.e., k solves L; (k,, a,) = 0. Since k only depends on q; it is a constant.
Collect the maximizers in k = (k;);cy. The maximized HIB equation (3) then
reads

ri (e + ) = g () + mx + ay () — o).

The maximized HJB equation is satisfied for all x € X if @; and g; satisfy (7)
and (8) respectively. O

We can now state the main result. We use the information about the
noncooperative equilibrium strategies and restrict the domain of admissible
cooperative strategies to constants. Then we are able to show that all OIR
solutions satisfy SSIR and STC.
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Proposition 2. If the space of admissible cooperative strategies is restricted to
constants X = {0(x) = k; | k; € A;} C Z;, then all OIR bargaining solutions
satisfy STC and SSIR.

Proof. Letk € A and for s > ¢ let y(s;1t, x, k) denote the feasible solutions of
(4) conditioned on the current position (¢, x)

y(s:t,x, k) = % [h(k) — e 96D (h(k) - 6x)| .

For any x € X the feasible current payoft-to-go is then given by
() = [ e g ) iy (six )] ds
t

; 1
LB
I’i+(5 ri

i
gilk) + 5h(k>] (10)

=q;x + rl [gi(k) + a;h(k)] .

When considering constant actions o;(x) = k; for all i € N, then the slope of
any feasible payoff functional du;(x, k)/0x = «; is equal to the slope of the
noncooperative equilibrium payoff d/(x). Since we fix d;(x) as the outside
option the potential gains of cooperating from (¢, x) € [0, o) X X onwards
become

Eik) = wx, k) = dix) = - [&00k) - i) + e (k) ~ n(B))] . 1)

At t = 0 an OIR solution solves

k* € argmax H(E (k))
keA

s.t. min{E;(k)} > 0.
ieN

As k™ does not depend on the state SSIR and STC are satisfied forallx € X. O

One should note that the result is not constructive. Restricting the set of
admissible cooperative strategies to constants is not sufficient, because the
bargaining solution could still vary with respect to the state. The result is
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entirely driven by the fact that the cooperation dividends E (k) do not depend
on x. If this was not the case, i.e., the cooperation dividends do depend on the
state E (x, k), then the bargaining solution k; € argmax; ., H(E (x, k)) still
varies over the state space.

State invariance of the cooperative dividends E (k) has an interesting
implication, because then the set of individually rational actions

AR — {k cA ‘ min{E;(k)} > o}

is also invariant with respect to x. The set of feasible payoffs S(x) still depends
on the state x, though. Note, however, that any bargaining problem (S (x), d(x))
is only a linearly shifted variant of the initial problem

(S(x),d(x)) = (S(xo) + @ - (x —x0), d(x0) + @ - (x = x0))

where we should recall that @ = (a;);eny are the coeflicients of the value
functions d;(x) = a;x + B;. Since we are only interested in OIR solutions —
rational agents bargain over additional surplus compared to the disagreement
point — we may define a normalized problem by

SR =8x)-d(x)={E(k) | k € AR} C R

As S™ does not depend on x, all normalized problems coincide. Figure 1 illus-
trates the relationship. In Figure 1a we consider two problems (S(xg), d(xo))
and (S(xy),d(xy)) for some different states xo,x; € X. Even though the
original problems do not coincide in the payoft space S(xg) # S(x;), they
are equivalent in terms of current surplus S(xg) — d(xo) = S(x1) — d(x;) (cf.
Figure 1b).

There is a straightforward policy implication: if a linear-state model
approximates a real world phenomenon sufficiently well and there are agents
who want to jointly benefit by cooperation, then the policymaker (designer)
should only allow constant strategies such that no agent has an incentive to
deviate from the initial cooperative agreement as times goes by.

S. APPLICATION

We discuss an application drawn from environmental economics (E. J. Dockner
& Van Long, 1993). There are two countries that pollute the air. Let
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us(x, k) uy(x, k) — da(x)

S(x0)

o | ‘
S(x1)

da(x1) T

0 d1<:x1) dl(:xo> 1 (x, k) =0 1 (%, k) — dy (x)
(a) original problem (S(x), d(x)) (b) normalized problem (SR, 0)
Figure 1: Normalization S® = S(x) — d(x)
k; € A; = R,, denote the constant emission rate and x € X = R, the

stock of pollution. A country gets some payoff from current pollution via
gi(k;) = In(k;), but has to take into account a stock externality described by
n;. As total payoffs are given by G;(x, k;) = In(k;) + n;x, we assume that the
externality parameter is negative i7; < 0 and payoffs thus decrease in the total
stock of pollution. Let us further assume that the pollution stock increases
linearly in emissions A(k) = k| + k; and that pollution is naturally absorbed
with § > 0 such that the state equation reads f(x, k) = kj + ky —dx. The utility
under constant strategies is given by (10)

1

wi(x, ki, k—;) = aix + P [In(k;) + a; (ki + k)] .
1

It is straightforward to verify that there exists a noncooperative equilibrium

characterized by the action

k; = arg max {ui(X, ki,z—i)} ==
kiGAi

1 i+ 0
— QT oy,

a; ni

One should verify that

o))
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in fact solves the general HIB equation

ridi(x) = mai({ln(ai) +1mix + dj(x)(a; +a—; — 6x)}.
a; €

The maximized HJB equation reads

1 , 1
ridi(x) =1In (_W) +nix — d;(x) (d’( ) d’_l.(x) + 6x) )

Substituting d;(x) = @; and dividing by r; yields the claimed result
i — @6 1

)l )
—|n[-=]-a|—+—|].
r r @; a; -

| S—

di(x) =

The cooperation dividend is then given by (11)

2
E,(k) = rl In (%) —%Z(kj—zj)
1 ij:]

where we use a; = —1/k;. We consider the bargaining problem
(8,0) = ({(E1(k), Ex(K)) | k € A},0).

First, we show that there are conceptional analogies to an Edgeworth box. To
be more precise: the set of individually rational cooperative actions AR c A
has the shape of a lens, the noncooperative equilibrium strategies k anchor the
zero indifference curves, and the set of Pareto efficient actions — denoted by
AP c A — corresponds to the contract curve.

We solve E;(k) = 0 for k_; and denote the solution by k_j:A; — A_; such
that E;(k;, k_;(k;)) = O for all k; € A;. We can explicitly solve for k_;(k;) with

,(k)_kl( ) Zi:%

Consider the graphs of the zero indifference curves through the point k

G (k) = {(k1, ka(k1)) | k1 € A1} € A,
G (k) = {(ki(ka), k2) | k2 € Ay} C A.
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Now we make the following observation: the functions k_i(k;) are strictly
concave k”.(k;) = —ki/kl.2 < 0. The curve € (k) is then strictly convex in the

A space. The curves are tangent € (k2) N € (k1) = {k} for the trivial problem
AR = {k}, but they must intersect twice |€ (k») N € (k)| = 2 for a nontrivial
problem |A™®| > 1 and thus describe a lens.

We can further construct a curve of Pareto efficient action pairs (contract
curve) and determine the resulting Pareto frontier S C S. Define the set of
efficient actions by

AP = {k c A ‘ OE (k)/dky _ aEZ(k)/akl}.

OE\(k)/0k, ~ OE»(k)/0k,

The contract curve k> : (0, k1) — (0, k») given by

- k —
kz(kl) = —_—2k1 + kz
ki

solves
OE1 (k1. ka(k1))/ 0k, _ OE(k1, ka(k1))/ 0k,
OE1(k1,ka(k1))/0ky  OEx(ki,ka(k1))/0ks

The efficient actions are then given by A¥ = {(k1, k2(k1)) | k1 € (0,k1)}.
There is a relationship between the contract curve and the Pareto frontier 0 in
the sense that each point on the contract curve defines a point on the Pareto
frontier such that

88 = {(E\(k), Ex(k)) | k € AP}

From an economic point of view there are two axioms that should be shared
by all bargaining solutions, namely: individual rationality as well as group
rationality (efficiency). We thus pick a solution from the set AP = AR 1 AP,

Let us illustrate the results with a numerical example. Consider the following
parametrization (ry,72,11,72,0) = (0.10,0.15,-1, -1, 1). The equilibrium
actions are directly given by k = (1.10,1.15). We are going to solve for the
Egalitarian k¥ and Utilitarian solution kY respectively defined by

kE = arg max {min{E(k), E»(k)}},
keAR

kY = argmax{E; (k) + E»(k)}.
keAR
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The two solutions are polar cases describing full egalitarianism
Ei(k) = Ex (k")
and maximal efficiency in the sense of surplus maximization
E1(kY) + Ex(kY) > E\ (k) + E»(k) Vk € AR

Since both solutions are located on the contract curve ko (k1), it is straight-
forward to calculate them. The action k¥ = 0.5047 solves E; (k¥ , k» (k%)) =

E>(k¥, ko (kE)) such that the Egalitarian solution s given by k¥ = (k¥, k»(kE))) =
(0.5047,0.6224). For the Utilitarian solution one simply solves

k? =0.6717 = ar%rrt)ax{El(kl, l€2(k1)) + Ez(kl, l%z(kl))}.
1>

The Utilitarian solution is then given by k¥ = (kY, k2 (kY))) = (0.6717,0.4478).

9 (k) Ex(k)
ka
K / AP @ (ky)
E
& Eo(KF)
kY gIR
Ex(KY)
0 KE kY n k 0 Ei1(KE) Ei(kY)  Ei(k)
(a) action space (b) payoff space

Figure 2: Egalitarian and Utilitarian bargaining solutions

Figure 2 illustrates the solutions in the action space A (cf. Figure 2a) and
IR payoff space S'™® (cf. Figure 2b). We find that the emission rate of country 1
is less under egalitarianism than under utilitarianism kf < k? and vice versa
for country 2. Apparently the results are driven by the heterogeneous discount
rates r; < rp, because country 1 can be considered more patient than country 2.
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Since country 2 discounts future payoffs more heavily than country 1, it would
be also able to emit more pollutants in order to equalize the surplus.

On the other hand, if we were only concerned about total surplus maximiza-
tion, then country 1 is favored, because it does not discount future payoffs that
heavily. In Figure 2b we find the geometric analogon of the analytic results.
The Egalitarian solution is given by the intersection of the diagonal and the
Pareto frontier, while the Utilitarian solution is given by the tangential point of
the line with slope —1 and the Pareto frontier.

6. CONCLUSION

We addressed the question of identifying subgame individually rational (SIR)
and time consistent (TC) bargaining solutions for a variety of linear-state
differential games. For these kind of games there exists a subgame perfect
equilibrium in constant strategies. We showed that all overall individually
rational bargaining solutions satisfy SIR and TC, if one restricts the space
of admissible cooperative strategies to constants. The approach of using
cooperative strategies that are functionally equivalent to given equilibrium
strategies should be applicable more broadly to design SIR and TC cooperative
solutions. In subsequent work we hope to generalize the results for the rich
class of linear-quadratic games. There seems to be an inverse relationship,
however, between the complexity of the model and the bargaining solutions
that satisfy SIR and TC. In an accompanying paper (Hoof, 2020) we showed
for a nonlinear model of dynamic cake eating that a bargaining solution must
maximize some linear-homogenous function in order to satisfy SIR and TC.
Generally, we plan to pin down classes of games such that bargaining solutions
can be uniquely identified by SIR and/or TC and that those two properties thus
serve as axioms in dynamic models.
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ABSTRACT

The Canadian medical residency match has received considerable attention
in the medical community as several students go unmatched every year.
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is incompatible with a subset of hospitals, and show how such constraints lead
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1. INTRODUCTION

He seminal paper by Gale & Shapley (1962) introduced the deferred accep-
tance (DA) algorithm as a mechanism for establishing stable matchings
in two-sided matching problems. Since then, applications of DA have flour-
ished such as the well-known medical residency match. This application was
motivated by Roth’s observation that the National Resident Matching Program
(NRMP) in the United States, which is responsible for allocating medical
school graduates to their post-graduate training (also called a residency), had
independently arrived at the Gale-Shapley DA algorithm (Roth, 1984, 2003). In
1999, the DA algorithm was modified to include the ability for student couples
to apply to match together. This modified algorithm is called the Roth-Peranson
algorithm (Roth & Peranson, 1999), and was adopted in many other countries,
including Canada (Canadian Residency Matching Service, 2019). Since then,
matching theory has remained a fertile field, both theoretically and practically,
with the question of real-world constraints inspiring much of the matching
work in the 21st century.

In Canada, medical students apply to be matched to postgraduate training
(also called a residency) at a Canadian hospital through the Canadian Residency
Matching Service (CaRMS) (Canadian Residency Matching Service, 2019),
which uses a version of the DA algorithm.! The unique constraint that exists
is that some positions are designated for French-speaking students in order to
provide French services to the public. This is due to the status of French as
the second official language of Canada (Esman, 1982). While this guarantees
equal status for French and English in federal jurisprudence, some provinces
also give French special status. The province of New Brunswick, for example,
is officially bilingual, while the province of Quebec, Canada’s largest province,
is officially unilingually French (Esman, 1982). As well, French is often taught
as a second language in English-speaking provinces like Ontario, while English
is also taught in Francophone provinces (Esman, 1982).

The CaRMS actually runs four different matches (2019): 1. R-1: This is what graduating
or graduated medical students apply to for their postgraduate training. 2. MSM: Medicine
Subspecialty Match. This is for residents currently in an internal medicine program seeking to
enter subspeciality training. 3. FM/EM: Family Medicine/Emergency Medicine. This is for
residents who are currently in or have completed family medicine training and wish to pursue
further training in emergency medicine. 4. PSM: Pediatric Subspecialty Match. This is for
residents currently in a pediatric residency program who wish to pursue subspecialty training.
In this paper, when we talk about the residency match, we are referring to the R-1 match.
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According to CaRMS data (2019), in the 2019 R-1 match, 103 out of 2984
Canadian medical graduates (CMG’s) went unmatched - meaning that 96.5%
did indeed obtain a residency position. While comparing favorably to other
residency matching clearinghouses - for example, in the US, 79.6% of applicants
to the NRMP were matched in 2019 (National Resident Matching Program,
2019) - much attention in Canada has been drawn to the issue of unmatched
medical residents. The Canadian Medical Association (2019) has increasingly
been sounding the alarm over the issue of unmatched medical students, as the
number of unmatched CMGs steadily increasing every year. Other professional
organizations, like the Association of Faculties of Medicine of Canada (2018),
abbreviated as the AFMC, have been lobbying the government to respond as
well (provincial governments are responsible for funding residency positions).
It is worth noting that unmatched medical students cannot practice medicine,
despite nearly a decade in school, and are often left with little in terms of job
prospects (Association of Faculties of Medicine of Canada, 2018).

In the Canadian medical literature, much discussion has been ongoing as
to what to do about the CaRMS. Wilson & Bordman (2017), in a commentary
in the Canadian Medical Association Journal, the preeminent general medical
journal in Canada, declared that the CaRMS was “broken", citing the fact
that 68 graduates went unmatched, while 64 residency positions were unfilled
(including 56 in family medicine in the province of Quebec). This commentary
attracted attention and responses in the subsequent months, including those
from doctors, deans of medical schools, the CaRMS itself, and impassioned
personal anecdotes from unmatched graduates (Sorokopud-Jones, 2018; Yeung,
2018; Willett, 2017; Silverberg & Purdy, 2018; Persad, 2018a,b; Moineau,
2018). News media have picked up on the problem of unmatched residents in
recent years as well, with considerable coverage surrounding the tragic suicide
of Dr. Robert Chu who went unmatched despite attempting to do so twice
(Warsh, 2017). The frustration over the CaRMS has even spilled into some
professional associations which staged demonstrations outside the Ontario
provincial legislature (Association of Faculties of Medicine of Canada, 2018).

Wilson and Bordman’s commentary, as well as match data analysis by the
AFMC, demonstrated there was a seeming disconnect between the two sides of
the matching market. There are more positions than graduates (Association of
Faculties of Medicine of Canada, 2018), which at first glance is a favorable
situation. Again, comparing with the United States, there are indeed fewer
positions than students in the NRMP, so the sub-100% match rate is perhaps
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easily explained away by that disparity (National Resident Matching Program,
2019). However, in Canada, there are approximately 102 positions for every
100 medical graduates (Association of Faculties of Medicine of Canada, 2018).
In addition, it seems that unfilled residency positions tend to largely be in
Quebec (Wilson & Bordman, 2017), and Quebec graduates match to other
provinces more than other provinces’ students match to Quebec (Association of
Faculties of Medicine of Canada, 2018). All in all, the plight of the unmatched
is one of the most important issues facing the Canadian medical community
today.

We now review some related literature. Observations of “undesirable" (from
a policymaker’s perspective) matches yielded by current matching algorithms
led to work on possible modifications to the basic DA algorithm. This is not
a new problem. As far back as fifty years ago, McVitie & Wilson (1970)
studied the stable marriage problem with unequal sets of men and women.
Clearly, by the Pigeonhole Principle (Lakins, 2016), some elements will remain
unmatched. McVitie & Wilson (1970) proved the Rural Hospital Theorem,
which states that unmatched participants in one stable matching are unmatched
in all stable matchings. This result was later restated by Roth (1986) as, in
the resident-hospital matching market, “any hospital that fails to fill all of its
positions in some stable outcome will not only fill the same number of positions
at any other stable outcome, but will fill them with exactly the same residents.”
The theorem was termed the Rural Hospital Theorem on the basis that rural
hospitals tend to have greater difficulty filling their residency positions as they
are seen as less desirable than urban ones. From these early results, we can see
that the idea of imbalances and disparities arising in matching markets is not
new.

The aforementioned urban-rural disparity was observed in the data in
countries that used centralized clearinghouses for their medical residents, and
some countries became proactive in attempting to manipulate the matching
algorithm in order to correct the imbalance. Kamada & Kojima (2010,
2012) studied the Japanese medical residency match, which uses the student-
proposing DA. In response to public pressure about the lack of rural doctors,
the Japanese government instituted regional quotas based on prefectures
(government districts) (Kamada & Kojima, 2010), the idea being to set caps on
how many residents may work in urban prefectures. Kamada & Kojima (2010)
demonstrated that such tampering with the DA algorithm results in inefficiency
and possible instability, as well as a lower match rate (fewer doctors overall
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receive positions). They proposed a flexible deferred acceptance algorithm that
results in stability and respects regional quotas, and show, through simulations,
that while this still yields a lower match rate than normal DA, it does fill more
positions than the Japanese implementation of regional quota DA (Kamada &
Kojima, 2012).

The opposite problem of setting floor constraints instead of ceiling con-
straints is seemingly less tractable. Kamada & Kojima (2010, 2012) point out
that floor constraints are likely much harder to use. For example, if no student
wants to be matched to a specific region, then individual rationality would be
compromised, and even with an individually rational matching, stability is not
guaranteed (Kamada & Kojima, 2015). Recent work in the computer science
literature has found that checking the mere existence of a feasible matching
with floor constraints is NP-complete (Goto et al., 2016). It remains unclear
whether such constraints are tractable, and what the definitions of concepts
like individual rationality and stability would be in such situations (Goto et al.,
2016).

Our paper’s contribution is thus twofold. From an economic theory point of
view, we study a novel situation that has not been described in other well-studied
matching markets in the literature. While there is a growing literature on
introducing constraints into matching problems, these papers focus on other
constraints, such as quotas. The situation described above in Canada, where
due to language designations, a subset of students is incompatible with a subset
of residency positions, has not been treated by other papers, to the authors’
knowledge. Secondly, with regards to real world applications, given the intense
scrutiny around the Canadian residency match, this paper aims to build a
theoretical basis that can explain how and why the much-derided outcomes
described above have arisen. On this basis, possible solutions to the problems
affecting the CaRMS can be developed. This paper therefore serves as an
extension of the theory of matching as well as an analysis of the CaRMS match.

2. MODEL

2.1. Preliminaries

As per Roth & Sotomayor (1992), our hospital-residents model is a four-tuple
(H,1,q,P):
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* H is a finite set of hospitals.”
* [ is a finite set of students. The sets H and [ are disjoint.

* g is a vector of hospital capacities: g, for h € H gives the capacity of
hospital 4.

* P is a collection of preference relations, such that:

— Foreachi € I, P; denotes the preferences of student i over H U {0},
hence we derive the strict preference relation >;; so, hy >; h»
means that student 7 strictly prefers hospital 4 to h,.

— For each h € H, P;, denotes the preferences of hospital & over
I U {0}, hence, as with the students, we derive the strict preference
relation >, which is defined similarly.’

Student i is said to be acceptable to hospital & if i >} 0, and hospital £ is
acceptable to student i if & >; 0. Alternatively, we will use throughout this
paper the terminology that student i applies to, or is an applicant of, hospital
h,if h >; 0.4

Note that, since hospitals have a capacity of more than one, in reality they
would have preferences between sets of students, not necessarily individual
students. However, we will assume that hospitals have responsive preferences,
meaning that replacing a less-preferred student with a more-preferred one,
or filling a vacancy with an acceptable student makes it better off (Roth &
Sotomayor, 1992).

A matching is a function u : HU I — P(H U I) such that (Roth &
Sotomayor, 1992):

Note this is purely semantics. Medical professionals may protest that in Canada it is actually
universities that “host" residency positions, and have affiliations with hospitals which is where
the resident would actually practice. This is true, however we are using “hospitals” as this is
the standard terminology used in the matching literature.

If for some student i, @ >; &, then i prefers being unmatched to being matched to 4. If for some
hospital &, @ >}, i, then & prefers keeping some position unfilled rather than being matched to i.
This language of applying is from the real-world set-up of the residency match, where, when
medical students seek residencies, they go through an application process entailing sending a
CV, reference letters, and participating in an interview. At the end of the process, students
submit a ranking to the CaRMS (or whichever centralized matching system) of the hospitals
they applied to, and similarly hospitals rank the students that submitted applications to them
according to the strength of their applications.
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1. No hospital exceeds its quota, with some positions possibly left unfilled:
u(h) € ITU {0} such that |u(h)| < g, forall h € H,

2. each student is matched to at most one hospital or not at all: u(i) C
H U {0} such that |u(i)| < 1foralli € I,

3. student i is matched to hospital /4 if and only if hospital / is matched to a
set containing student i: i € u(h) <= wu(i) = {h} forall h € H and
i€l

We call a pair (h,i) € H X I a blocking pair if i and & are both acceptable
to each other, and both of the following two conditions hold (Roth & Sotomayor,
1992):

1. h>; u(i), and,
2. eitheri >, i’ for some i’ € u(h), or, |u(h)| < gpandi >, 0

From the concept of a blocking pair we can define one of the central
concepts in matching theory: stability. A matching yu is stable if and only if
there do not exist any blocking pairs under u (Gale & Shapley, 1962).

2.2. Deferred acceptance algorithm

The current CaRMS configuration uses the Roth-Peranson algorithm, which is
the student-proposing deferred acceptance algorithm (Roth & Peranson, 1999).
As well, this is the algorithm that we analyze in the context of matching resi-
dents to residencies throughout this paper. The student-proposing deferred
acceptance (DA) algorithm is defined as follows (Roth & Sotomayor, 1992):

Step 1. Each student i proposes to its most preferred hospital. A hospital
h receiving more than ¢; proposals shortlists its g, most preferred students
according to its preferences P}, and rejects the rest, while a hospital 4 receiving
less than g, proposals shortlists all of its proposals.

Step k. Any student i who was rejected at step k — 1 proposes to the hospital
it prefers the most among the hospitals it applied to (i.e. hospitals it finds
acceptable) that hasn’t rejected it yet. At each step, each hospital & takes the
qn, top students from its shortlist and its proposers, and rejects the others.

The algorithm terminates when there are no more rejections. At termination,
the matching is given by the shortlists of the hospitals in the most recent step.
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The algorithm also gives a stable matching if the hospitals propose (Roth &
Sotomayor, 1992), although this can be a different matching than the one given
by the student-proposing version. Note that it is possible for there to be stable
matchings other than the one yielded by the DA algorithm (Gale & Shapley,
1962).

2.3. Introducing compatibility constraints

We build upon the basic model in Section 2.1. Our motivation for this model
comes from the CaRMS language constraints. Namely, every student can be
designated as either Anglophone, Francophone, or both (ie. bilingual). On
the other hand, the set of hospitals can be partitioned into two disjoint sets
on the basis of language as well.” Student i and hospital / are compatible
only if they share the same language characteristic, and are incompatible
otherwise. Thus, in our formulation, an English-speaking student can apply
only to Anglophone hospitals, and French-speaking students can apply only to
Francophone hospitals, and bilingual students can apply to both Anglophone
and Francophone hospitals.® In addition, hospitals rank only the students that
apply to them.’

We can generalize the idea of such language incompatibilities to any sort of
incompatibility based on some arbitrary two-valued characteristic. In general,
we define a matching with compatibility constraints problem as a standard
hospital-residents model as per Section 2.1 with the following additional
constraints:

There is, of course, the situation where one hospital can have some Anglophone positions and
some Francophone positions. However, we can simply imagine this hospital as two different
hospitals, one containing all the Anglophone positions, and one containing all the Francophone
positions. Therefore, the set of hospitals can always be partitioned into two disjoint sets:
English and French.

This is the same as having French-speaking-only students prefer no match over a match with
Anglophone hospitals, and vice versa for English-speaking-only students.

Note that, in reality, it is the hospitals who impose such restrictions - for example, a hospital
restricts its positions to French speakers. It does not necessarily follow that English-speaking
students will not apply to Francophone hospitals. However, Irving et al. (2008) have shown
that one can assume without loss of generality that preferences are consistent in two-sided
matching problems, meaning that for hospital 4 and student i, & >; 0 if and only if i > 0.
Therefore, it follows that though these language restrictions are exogenously imposed by the
hospitals, we can safely say that the students also do not apply to hospitals which would find
them unacceptable due to language constraints.
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Students (1) Hospitals (H)

—

English (Hg)
English-only (Ig — Ig r)

Bilingual (IE,F =IgN IF)

French-only (Ir — Ig ) French (Hp)

shows compatibility

Figure 1: Schematic of matching with compatibility constraints applied to the
Anglophone(E)/Francophone(F) constraints in the CaRMS

 There is a two-valued characteristic C = {cy, c2}.

e Each student i € [ has the characteristic ¢y, ¢;, or both. Let the set of
students with characteristic ¢; be denoted as /1, and the set of students
¢ be denoted I, such that I = I; U I>. Let the intersection of these sets
Iy N I be denoted I;,. We restrict the sets I1 — 12 and I, — I 2 (the
sets of students who only have c¢; and who only have c», respectively) to
be non-empty.

* There is a partition of hospitals H into two disjoint sets H; and H,
which correspond to the characteristics ¢ and c».

* A student-hospital pair (4,i) is compatible if they share the same
characteristic, and incompatible otherwise. A student is unacceptable
to a hospital and a hospital is unacceptable to a student if they do
not share the same characteristic. Hence, a student can only apply to
compatible hospitals, however they may not apply to all. See Figure 1
for a representation.

We now apply this terminology in the context of our example. Our
characteristic setis C = {E, F'}, where E is the English-speaking characteristic,
and F denotes the French-speaking characteristic. English-speaking-only
students /g — Ig r are incompatible with the Francophone hospitals Hp,
while the French-speaking-only students /r — Ig r are incompatible with the
Anglophone hospitals Hg. This is shown in Figure 1.
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3. RESULTS

3.1. Stability

Stability is an important consideration in matching markets. As Roth &
Sotomayor (1992) have shown, instability often leads to a collapse of matching
markets. In order to demonstrate stability, we can show that the matching with
compatibility constraints is an instance of the stable marriage with incomplete
preferences problem (sMmi1 problem). First introduced by Gale & Sotomayor
(1985), an sM1 problem is a one-to-one matching problem where preferences
are not complete, meaning that some hospital-student pairs are not mutually
acceptable. The following lemma will help us to establish stability.

Lemma 1. The hospital-residents problem with compatibility constraints is an
instance of the smi problem.

Proof. Let S be a finite set of residency positions. For every hospital 4 € H
with quota gy, construct g;, copies of h, each copy with the same preference
relation as &, and each copy with capacity of 1. Place these copies in S. Rewrite
the preference relations of every studenti € I by replacing every hospital & € P;
with a list of the elements of S that were derived from £, arbitrarily breaking ties
to maintain strict preferences. Now, the many-to-one sided matching problem
between I and H has been translated into a one-to-one matching problem
between [ and S; i.e. it is a stable marriage problem. Due to compatibility
constraints, preferences are incomplete (i.e., some hospital-student pairs are
not mutually acceptable, per the definition of Irving et al. (2008)). Therefore,
it is a stable marriage problem with incomplete preferences. O

This result allows us to immediately establish stability, as follows.
Corollary 1. With compatibility constraints, DA yields a stable matching.

Proof. Gale & Sotomayor (1985) showed that the DA algorithm yields a stable
matching for the sm1 problem. Combining this result with Lemma 1 completes
the proof. O

Therefore, we have shown that even when compatibility constraints are
introduced as per Section 2.3, the DA algorithm still finds a stable matching.
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3.2. Existence of unmatched students in stable matchings

As touched upon in the introduction of the paper, a key issue in the CaRMS
is that some students go unmatched, despite more residency positions than
students. As well, many positions also go unfilled, largely in Quebec. With our
matching with compatibility constraints framework, we can demonstrate that
such a result is theoretically possible with the following motivating example.

Consider a case where there are one English-speaking-only student, one
bilingual student, and one French-speaking-only student. At first glance it
seems that one should only need three positions, since there are only three
students, say 2 Anglophone and 1 Francophone positions. But, the problem
with this is that if the bilingual student places the Francophone position as
first in his preferences, and likewise the Francophone position does so to the
bilingual student, they will be matched after running student-proposing DA.
This leaves the French-only student without a position. On the other hand,
if there are 1 Anglophone and 2 Francophone positions, then the bilingual
student could out-compete the English-speaking-only student analogous to the
above case, leaving the English-speaking-only student without a position.

This contrasts with the well-known result that when there are as many
students as residency positions, and preferences are complete, then there are
no unmatched students and no unfilled positions after running DA (Roth &
Sotomayor, 1992).

We can look further at the case where there are more residency positions
than students. For example, in the CaRMS, there are about 102 positions for
every 100 students (Association of Faculties of Medicine of Canada, 2018).
Observe that in the example where the bilingual student ranks the Anglophone
position first, and vice versa the Anglophone position ranks it first, then adding
further Francophone positions does nothing to help the overall match rate, as
the English-speaking-only student is still left without a position - and indeed
leaves those Francophone positions unfilled. This mirrors the current situation
in the CaRMS where English-speaking-only students seem to be bear the brunt
of the unmatched issue, while Francophone positions go unfilled.

However, now observe what would happen if there were 2 Anglophone and
2 Francophone positions. Then, even if the bilingual student gets matched to an
Anglophone position, there is still one left over for the English-speaking-only
student. Similarly, they cannot compete the French-speaking-only student out
of a position because there is still one position left over for the French-speaking
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only student. This example provides the motivation for the following section.

3.3. Establishing an /-saturating stable matching

An [-saturating matching is defined as a matching in which, for all i € I,
u(i) # {0} (Gibbons, 1985). Thus an [-saturating stable matching is a
matching that is also stable.

As the illustrative example above showed, it is insufficient to set the number
of positions equal to the number of students. Consideration must be given to
the number of Anglophone and Francophone positions individually. As well,
the role of preferences is important. For example, with 2 Francophone and 1
Anglophone position, if the bilingual student is matched to the Francophone
position then no student will go unmatched. However, the issue is that a social
planner choosing how many hospital positions to have (which mimics the
situation in Canada well, as funding for residency positions comes from the
government) does not know a priori how the students will rank the hospitals
nor how hospitals will rank students.®If only the very limited information of
how many there are in each class is known, how many residency positions
should be allocated, such that every student obtains a position no matter what
ends up transpiring during the residency application process? In the vein of the
illustrative example, we will establish a necessary and sufficient condition such
that no student is unmatched in all possibilities of (a form of) preferences.

First, we introduce a new definition for preference completeness. If every
student finds all their respective compatible hospitals acceptable, and vice
versa, i.e., every hospital finds all of their respective compatible students
acceptable, then we say that preferences are compatibility-wise complete, or
CW-complete. To use the language of Irving et al. (2008) and others who study
the sm1 problem, complete preferences would be satisfied if every hospital-
student pair is acceptable to both hospital and student; due to compatibility
constraints, this is generally not possible. However, CW-complete preferences
are, in that sense, as complete as preferences can be under these constraints.

Next, we introduce some additional notation to make the statement easier

There are a host of factors that contribute to how hospitals rank applicants, including marks,
reference letters, academic publications, and community service (Lakoff et al., 2020). Similarly,
there are a host of factors that contribute to how students rank hospitals, including prestige,
reputation in a particular medical field (for example, students interested in trauma medicine
would like to go to premier trauma centers), family, and cost of living (Dow et al., 2020).
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to read. Let the set of English-speaking-only students be E, the set of French-
speaking-only students be F, and the set of bilingual students be B, with sizes
e, f,and b, respectively. These are all subsets of /, and we label their elements
as: E = {if,if...if}, F = {if,ig...ijf}, and B = {if,ig...if}. Let the set of
Anglophone hospitals be X and the set of Francophone hospitals be Y, with
total quotas x and y, respectively. We restrict e, f, b, x,y > 0. Let the set of
all possible CW-complete preferences be P. Then, we can show the following

result.

Theorem 1. Every stable matching is I-saturating in all instances of CW-
complete preferences if and only if x > e+ b and y > f + b. Formally:
(VP € P)(every student has a position in all stable matchings)e (x >
e+b)N(y = f+Db).

Proof. We first prove the ‘if” part of the statement: every stable matching
is I-saturating in all instances of CW-complete preferences if x > e + b and
y>f+b.

Suppose to the contrary that student i does not have a position in some
stable matching. Let the number of students with the same characteristic as
i (note this includes bilingual students), including i, be k. Note that if i is
bilingual, then k is the number of students that share at least one characteristic
with 7, and so k is the number of English-speaking-only, French-speaking-only,
and bilingual students - i.e. all students.

As preferences are CW-complete and the matching is stable, student i does
not form a blocking pair with any of its compatible hospitals. By assumption,
the number of positions with i’s characteristic is weakly greater than k, and
because students cannot occupy more than one position, at most k — 1 positions
with i’s characteristic are filled, and at least one position compatible with
student 7 is left unfilled. By CW-completeness, student i and the hospital with
that unfilled position form a blocking pair. Thus, the matching is not stable,
which is a contradiction. Therefore, every student is matched in all stable
matchings for all instances of CW-complete preferences.

Next, we prove the ‘only if” part of the statement. Consider its contrapositive:
(x <e+b)V(y < f+b) = (3P € P)(there exists a stable matching at
which some student is unmatched). It suffices to show the existence of such a
matching u for some P, so we will use a constructive proof.

First, consider the case where x < e + b. Consider an instance P in which:

* Every Anglophone hospital 4: i3 > i forallm < b and for all n < e.
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* Also, every Anglophone hospital 4: i£ > i£ for all m < n.
* Every bilingual student i: h, >; h, forall h, € X and forall h, € Y.

We need to show that some student is left unmatched in some stable
matching. We show that student i£ is left unmatched in every stable matching.
Suppose not, so there is a stable matching y with x < e + b in which i is
assigned to an Anglophone hospital 4. From the definition of stability, 4 does
not form a blocking pair with any bilingual or English-speaking-only student.
Under the above preferences, this is only possible if all English-speaking and
bilingual students are matched to some other Anglophone hospital that they
prefer to 4. This implies that u assigns e + b students to x < e + b Anglophone
positions, an impossibility. Thus, student i£ is left unmatched in every stable
matching.

Along the same lines, we can show that when y < f + b some students go
unmatched in some stable matching for some P. For example, consider a set of
CW-complete preferences in which:

* Every Francophone hospital: i3 > il for all m < b and for all n < f.
e Also, every Francophone hospital: if, > il for all m < n.
* Every bilingual student: s, > h, for all 7, € X and for all h, € Y.

Following the same steps as in the first case, we obtain that student ijf. is left
unmatched in every stable matching, which implies the required result. This
completes the proof for the ‘only if” part of the statement.

]

Theorem 1 shows that (x > e +b) A (y = f + b) is needed for every stable
matching to be /-saturating. The next result establishes that this condition is
also needed for the existence of an /-saturating matching in every instance of
preferences.’

Lemma 2. [f there exists a stable matching in which every student is matched
VP eP, then (x 2 e+b) A(y > f+Db).

We thank an anonymous referee for constructive suggestions on structuring the proof of Lemma
3.2.
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Proof. We need to show (VP € P) (there is some stable matching in which
every student is matched) — (x > e+ b) A (y > f + b), equivalently,
(AP € P) (there is some student unmatched in every stable matching) =
(x > e+b)A(y = f+b). Itsuffices to prove the contrapositive (x <
e+b)V(y< f+b) = (3P € P)(there is some student unmatched in every
stable matching). The result follows directly from the second part of our proof
of Theorem 1, by observing that the argument is established for every stable

matching. O

In plainer words, Lemma 2 means that, in order to guarantee every student a
match in all CW-complete preference possibilities, the number of Anglophone
positions needs to be at least equal to the number of English-speaking students
(including bilingual students) and the number of Francophone positions needs
to be at least equal to the number of French-speaking students (including
bilingual students). For example, if we have 5 students (2 English-speaking-
only, 2 French-speaking-only, and 1 bilingual), then in order to ensure that
every student is matched (assuming CW-completeness), no matter what the
preferences are, we would actually need 6 positions (3 Anglophone and 3
Francophone) instead of, as we might think at first glance, 5 positions for 5
students.

Such a requirement on positions would also guarantee, by Theorem 1,
that every student is matched in every stable matching, when preferences are
CW-complete. Since the student-proposing DA algorithm specifically gives
the student-optimal stable matching (Roth & Sotomayor, 1992), this result
also applies to the special case of the CaRMS, a fact which might be useful in
policymaking.

From Theorem | and Lemma 2 we obtain the following result:

Corollary 2. If there exists a stable matching under which every student is
matched for all CW-complete preferences, at least as many positions as the
number of bilingual students are left unfilled in every stable matching.

Proof. If the assumption in the statement holds, by Lemma 2 x > e¢ + b and
y = f + b and by Theorem 1 exactly f + e + b students are matched, and so
x+y—e— f—>b > bpositions are left unfilled, in every stable matching. O

In general, from conditions x > e + b and y > f + b in Theorem 1 and
Lemma 2, the total number of positions x +y > e + f + 2b is greater than
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the number of students, ¢ + f + b and some positions must remain unfilled. '’
Corollary 2 shows that at least one position for every bilingual student is
left unfilled, and demonstrates the inefficiency of introducing compatibility
constraints in matching markets, in the sense that if language restrictions are
lifted, all positions are filled and no students are left unmatched in every stable
matching with complete preferences.'! Our condition implies that there is an
inherent trade-off for the policymaker deciding how many residency positions
to fund: setting the number of residency positions in accordance with the
lower bound of Theorem | would mean that every student is matched, but
would also mean some positions would be unfilled, which could be a waste of
resources. The policymaker must therefore consider these two opposing goals:
guaranteeing a match for every student, or filling every residency position.

4. CONCLUDING REMARKS

In this paper we developed the matching with compatibility constraints model,
where a dual-valued characteristic causes a subset of students to be incompatible
with a subset of hospitals, in order to investigate the phenomenon of language
restrictions in the Canadian medical residency match. This is, to our best
knowledge, the first paper to investigate this unique feature of the Canadian
residency match and use it to explain its present problems under the lens of
standard two-sided matching theory. Notably, we investigated theoretically
how this could lead to the current issue of unmatched students and unfilled
positions observed in the CaRMS. We showed that even when there are more
residencies than students, as is the case in Canada, it is not guaranteed that
every student is able to obtain a position.

We defined a weaker form of preference completeness, called compatibility-
wise completeness, or CW-completeness, which is as complete as preferences
can be under compatibility constraints. We then showed that when we assume
CW-completeness (i.e. all English-speaking students apply to all Anglophone

10 Except for the degenerate case when I N Ir = 0, meaning b = 0, we effectively have two
separate standard hospital-residents problems: one between the English students and hospitals,
and one between the French students and hospitals. Then, it suffices to have the number of
Anglophone positions equal to the number of English students, and similarly for the number of
Francophone positions equal to the number of French students.

T Assuming that every student prefers to be matched to their least preferred hospital over going
unmatched, and every hospital prefers to hire its least preferred student than leaving a position
empty.
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residencies), then we can guarantee every student obtaining a position by having
the number of Anglophone positions equal to the number of English-speaking
students and the number of Francophone positions equal to the number of
French-speaking students. Interestingly, the total required number of positions
to guarantee this is greater than the number of students - which contrasts with
the result in standard matching models stating that under complete preference
relations, having positions equal in number to the students guarantees a match
for everyone. Unfortunately, even given this guarantee, we cannot solve the
problem of unfilled residency positions. Rather surprisingly, the number of
bilingual students leads to an increase in inefficiency, in the sense of unfilled
positions in Corollary 2.

The real-world applicability of this prescription may be limited as prefer-
ences in the real world are not likely to be CW-complete. There are significant
logistical hurdles that applicants to residency positions must pass through
for each application, including reference letters and interviews. Due to this,
medical students in the CaRMS do not rank all hospitals with whom they
are compatible. Taking into this account, the number of required residency
positions to guarantee that every student matches is likely to be larger, albeit
by an unknown amount, than the requirement under CW-complete preferences.

Our model certainly has implications for the CaRMS and the analysis of the
current issues that have received so much attention in the medical community.
Its generalized formulation in terms of arbitrary two-valued characteristics
allows it to be applied to any variant of one-to-one and many-to-one matching
situations. For example, in a marriage market, it could be used to analyze the
effect of the existence of religious preferences. Future theoretical work could
take this framework in numerous directions. In addition, it would be interesting
to see how the framework applied empirically to, for instance, the study of the
CaRMS. It would be interesting to see how varying the number of Anglophone
and Francophone positions affects the match rate by simulating the CaRMS.
We leave it to future theoreticians and empiricists to build upon the results laid
out in this paper.
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ABSTRACT

Motivated by management problems in national fisheries, we examine man-
agement of renewable resources in local or regional commons. This paper
suggests that property rights, or lack thereof, be replaced by well-defined user
rights. It shows that the use of commons can be conditioned, paid for, or
valued, via market mechanisms. To that end, direct deals and double auctions
are expedient. Either institution can distribute, restore and secure resource
rent. Either can also focalize debates as to which assignments, regulations or
taxation of rights might be fair or legitimate.
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1. INTRODUCTION

Any commons are local or regional. Yet their governance or use is often

difficult or disputed - and especially so after disruptive changes. This

paper aims to address what arrangements might prove efficient, fair and stable.

For a simple example, imagine an old street with no driveways or garages,

where in modern times, too many cars are parked both legally or illegally.

Local welfare may improve then by giving regular, specified parking permits
to residents only (Fisher, 2017).
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120 Rights and Rents in Local Commons

This example of localized commons showcases typical characteristics.
Neither use nor value of the commons is static. Indeed, either feature is much
affected by changes in exogenous conditions. These facts motivate this paper
to consider similar settings and inquire: can permits - and rental use of these -
mitigate dissipation of welfare? May well-defined user rights entail fair and
legitimate sharing of surplus?

Implicitly, these questions reflect the necessity of collective action (Hughes,
1976; Olson, 1965) - or of environmental regulation and /aw (Fisher, 2017;
Standing, 2019)." As usual, large parts of law must be applied. In particular,
the shared use of local commons ought to account for at least three defining
aspects. First, throughout history, access has often depended on proximity,
customary privileges or tacit conventions. Second, insiders seldom play on a
level playing field with outsiders. Third, rights are not fully or approximately
amended by changed abundance or use of the resources in question.

Against this backdrop, the paper considers restricted access to circumscribed
commons - alongside rationed use of valuable resources therein. For an
important and motivating instance, imagine a coastal region or nation that
controls and determines the total quotas fishermen can catch, within its exclusive
waters, during the season.” Suppose those quotas be split according to fixed
rules among legitimate parties. More precisely, suppose that qualified agents
are allotted specific shares.

The privileges thus handed out are valuable allowances to “catch” specified
amounts of various “species”. Such allowances come as user rights, dated
and with time-limited validity. Those considered here are local in nature and
entail no property rights. Hence they are neither heritable nor permanently
transferable (Moxnes, 2012). Yet, in the short or medium term, licensed users
can ask or bid for such rights on efficient markets. That is, in the main, suppose
rights are rented or leased, but not owned.

This assumption echoes Ostrom (1990) on good governance in that common
resources need not be privatized. To wit, empirical studies find that agent-based
exchanges and negotiations can promote efficiency and resolve conflicts; (see
Chap. 3 in Ostrom, 1990). Such findings invite a search for theoretical
underpinnings, and they motivate this paper to inquire: Might market-like
mechanisms - operated by agents themselves - restore and safeguard substantial

Thereby the permits acquire economic and legal status.
Straddling stocks, migrating across high seas and between diverse economic zones, do not fit
the frames of this paper (Ekerhovd et al., 2021). By contrast, sharing of local water does.
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parts of the resource rent? Can the distribution of realized rent also be fair
and legitimate (Young, 1994)?

Each question has twin faces. One, regards institutions - as fits the
resurgence of political economics (Bowles, 2004; Hodgson, 2000), (Ostrom,
1990). The other face regards solution concepts - as fits mathematical economics
(Debreu, 1954, 1959), here just invoking simple convex analysis (Mordukhovich
& Nam, 2013). What combines the two faces is disequilibrium processes,
mediated by stable institutions which facilitate convergence to - or emergence
of - steady-state solutions. The rules remain fairly fixed, yet interactions are
dynamic, open and evolutionary.

The paper is planned as follows. Section 2 provides preliminaries and
briefly describes the generic agent who can use, or wants to use, the commons
and resources that come with it. Section 3 depicts diverse stake-holders.
Section 4 formalizes the allocation of aggregate quotas. Section 5 considers
efficiency of allocations - best characterized and implemented by shadow
prices. The latter define - and implicitly divide - total resource rent. Section 6
captures how shadow pricing can comply with competitive equilibrium and
induce corresponding behavior (Flam, 2020). Section 7 considers whether
direct deals or double auctions can bring stakeholders to such equilibrium.
Section 8 concludes.

The paper addresses the above questions asked by analysts of institutions and
mechanisms, economists concerned with resource management and markets
- as well as scholars of environmental law. Alongside these are computer
scientists who study agent-based models. Elements of convex analysis provide
the main tools.

2. PRELIMINARIES

Let X denote a real vector space. For simplicity, X has a finite dimension.
Hence X = RS for some set S denoting a finite list of ”species”.’

Any vector (x;) = x € X is seen as a quantified bundle of diverse natural
resources, all stemming - or taken out - from some local or regional commons.
By assumption, rights regarding such bundles are perfectly added, divided and
transferred - without friction or transaction costs - among various identifiable

and legitimate parties.

x € X can code a contingent claim, written on scenarios or states s € S, revealed ex post. Then,
if S is infinite, X cannot be Euclidean. Extension is possible.
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122 Rights and Rents in Local Commons

It unburdens discourse and notation to use coordinate-free expressions.
Accordingly, the shorthand x* € X* stands for a linear functional X € X —
x*% := x*(£) € R, seen here as an arbitrage-free price regime.* Given any
gross payoff function

7:X > RU({-o0}, (1)

such a price regime x* € X* is declared a supgradient of m at x € X, as is
signalled by writing

x* € 0n(x), iff x € argmax {n(%) —x"% : £ € X} with n(x) finite. (2)
Thus, x* € dn(x) iff the conjugate function
x*e X o ' (x") =sup{n(X) —x*%: % e X} 3)

attains a finite, maximal value when X = x. For interpretation: x* € dx(x) iff
the finite, price-taking profit 7 (x*) equals gross revenues m(x) less cost x*x
of input:

7 (x") = m(x) — x"x.

Some remarks on objectives follow. One may return to these - or skip them.
Any gross payoft (1) should be proper, meaning that the effective domain

domnm = {% € X : n(£) € R} = 7 (R) 4)

is non-empty. Typically, the set domn is closed convex - often bounded whence
compact - and most frequently part of RS. To focus arguments, the implicit but
rigid constraint x € domm is neither repeated nor spelled out. In short, only
feasible points x € domn are considered, usually belonging to RS.

(On lack of smoothness). When payoff r is finite near x and differentiable at
that point, the optimality condition (2) takes the customary form x* = 7’(x).
Boundary choice in domm, or lack of smoothness there, cannot be ignored
though. So, in the sequel, it is not necessary that payoff 7 be a differentiable
function.

(Linear instances). For an important example, if an agent holds resource
bundle x € X, acts under a linear criterion y € ¥ +— y*y € R, and uses a

For instance, when X = RS, with S finite, x*x = 2ses XsXs. No arbitrage means that it is
impossible to gain anything just by trading user rights. Consequently, pricing x* must be linear.
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resource-consuming linear technology 0 < y € Y — Ay € X, he may aim at
best payoff
n(x) :=sup{y*y:x>Ay & y>0}. (5)

Then, boundary or extreme point solutions y become the rule. Consequently,
7 is closed,” concave and piece-wise linear, but not always differentiable or
finite.® Moreover, when 7 (x) is finite,

On(x) =argmin {x"x: A*x" > y* & x" >0}
where A* : X* — Y™ denotes the transpose of A. ¢

The generic agent pursues improvement or maximization of his own payoff
7t (1). For analytic or technical reasons, it is convenient - in fact, desirable -
that any such function, as in (5), be closed concave. Further, for modelling and
narrative, 7 should also reflect transferable utility. How might these properties
emerge? That query is addressed next.

For argument, let X := Rx X denote the augmented space of pairs y = (r, x),
each composed of monetary reserve » € R and user right x € X. Suppose
the agent at hand is already entitled to user right x € X. He has a preference
relation % on the larger space X.” Let > denote strict preference. Given any
x = (r,x) € X in the domain of x, since more money is strictly desirable,
suppose

F>r = (#,x) > (r,x), and ©)
(7,%) > (r,x) = (#-¢,%) > (r,x) for small enough & > 0.
When y € X, let
Zxt={xeX: xxzx} (7)

denote the upper level, preferred set. Now, if the agent already holds an initial
position” y := (7,X) € X, he will pay no more money than

n(x|x):=n(x):=sup{reR:(-r,x)+x = i}, (8)

A function 7 : X — R U {—o0} is closed (or upper semicontinuous) iff each upper level set
{x:m(x) >r},r €R,is closed.

For this instance, see Fldm & Gramstad (2012) on direct exchange in linear economies.

The order relation X is reflexive and transitive, but not necessarily complete. It might be
represented by a utility function U : X — R U {—oo} . The latter should then be closed and
quasi-concave.
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for additional quota x € X. Such threshold payment reflects his reservation or
indifference level, conditioned by his actual endowment, holding or ”wealth”
X- The function 7, so defined (8), extends from X to the augmented space
X =RXXby

n(x ) =n(x) =sup{reR:(-r,0)+x+xzx}.
Moreover, it is additively separable in money with constant slope 1 :
n((r,0) +x) € R= n((r,0) + x) =r+7x(x). 9

So, seen as a “commodity” which affects preferences (6), money trades at unit
price 1. Consequently,

(r',x")=x" € on(y) withy =(r,x) = r"=1&x" € on(x).

It follows straightforwardly:

Proposition 2.1 (On Indifference Payments). If the preferred set (7) comes
closed convex, the indifferent payment function r (8) is closed concave.®
Since that function is quasi-linear in money with unit slope (9), the agent acts
as though “utility” is transferable. O

3. THE AGENTS

Fixed here is a finite ensemble I, #1 > 2, of economic agents.9 Each member
i € I, upon facing - and planning for - the upcoming season, considers four
features of his role:
* first, he holds a right X; € X to use renewable resources found in the commons,
x second, he himself chooses to fake out some resource bundle x; € X from
there,
* third, his resulting revenue or gross payoff is determined then by a proper
function

xi € X — mi(x;) € RU{-0o0}, (10)

interpreted, when x; € dommn; (4), as market income less the cost of all other
factors than in bundle x;,

8 For simpler notation, the dependence of 7 on ¥ is not emphasized. Clearly, if the entitlement

changes, so does .
% The setting is a closed club; nobody enters or leaves.
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* fourth, he values his excess take-out x; — x; by some common price x* =
(x3) € X*. Thus, he buys (sells) rights to take species s € S iff x} (x;5 —Xi5) > 0
(resp. < 0).

In short, agent i aims at maximization of his idiosyncratic, economic
criterion

X; EXI—)?T,'(X[)—X*(X,'—)?[) ERU{—OO}. (11)

(11) singles out net transaction x; — X; of natural input factors, valued by
common price x*.

Three types of agents merit special mention. A first, called a pure user of
resources, has no established or historical rights in the commons: his x; = 0.
Yet, by money-based transactions, he acquires some user right x; # 0. For
example, the agent in question could be a competent fisherman, already owning
fishing gear and vessel, but a priori no permit. He doesn’t necessarily dwell
in communities adjacent to the commons. Geographically, he might be an
outsider, hence given no user right for free.

A second type i € I, called a pure holder of rights, has X; # 0 but chooses
x; = 0. He has no capacity - or no motivation - to use own rights himself.
Instead, for suitable payments, he transfers x; directly to others. Alternatively,
he could put his rights up for rent, fully or partly, at various platforms for
auctions or direct deals (Krishna, 2010). At those venues - or on the opposite
side of markets - other parties bid for use of the rights.'’ A pure holder could
represent a commune, county or region which borders to - or contains - the
commons.'!

Third, between the said two extremes types, there are others - often many -
each of which has x; and x; both non-zero. Of particular notice are those with
X; = x; # 0. For interpretation, these are local fishermen - active in that walk
of life by long standing and tradition.

In short, three types come forward here: pure users versus pure holders of
rights, and besides or between them, parties who act in both capacities. All
operate within regulated, stable frames - one season after the other. Considered
here is just one generic season.

10Modern versions of such platforms are computerized and accessible via the internet.
11t might be an agency, institution or syndicate.
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4. SEASONAL QUOTAS

Suppose some collective agency or directorate decides - up front, before the
season - the aggregate quota X; = (¥7,) € X = RS to be taken, during the season,
from diverse stocks s € S (Clarke, 1976).12 Presumably, that decision reflects
appropriate concerns with sustainability and welfare - alongside competence
in resource economics and management. '

Thereby, agent i € [ is entitled to take - within specified places and times
- his “fraction” x; = ¢;(¥;) € X from the prescribed, total allowance X,
Yic1 ¢i(X1) = X;. The sharing rules ¢; : X — X, i € I, are presumed fixed
and constitutional in nature - continuous from one season to the next.'* What
member i € [ thus receives is a short-term, non-heritable user right. Suppose
such rights can be renewed for free - say, annually or periodically'® - among
qualified recipients.

Some remarks conclude this section. All can be skipped; none are es-
sential.

(On dynamics and stochasticity). Cost, growth, prices or technologies can
change from one season to the next. Thus, between seasons the system is
dynamic and most likely stochastic. For instance, responding to environmental
impacts, the resource manager may impose a seasonal moratorium on catch of
different species. When the season starts, everybody perfectly understands the
particular framing of the upcoming season.

(On stable frames). Interaction is governed by time-invariant, separated com-

12 The “agency” might be autonomous or independent. Presumably, it is benevolent, legitimate
and respected. Other bodies - or the concerned agents themselves - ought to control compliance
with rules and penalize violations.

13 Stock dynamics affect seasonal quotas. Their evolution is not considered here. For this, see
Bjgrndal & Conrad (1987); Clarke (1976); Gordon (1954); Hanley et al. (2007).

14 By contrast, the overall abundance ¥; may evolve from one season to the next. Innovations of
various sorts, exogenous shocks and random factors drive changes in X;. Considered here is
just one representative season. By hypothesis, the “constitution” i — ¢;(-) may accommodate
- but hardly be overthrown by - novel regulations, states or technologies.

15 The paper side-steps these issues, simply presuming that rules i — ¢;(-) are given. Economic
historians illuminate these issues (Libecap, 1986). It’s not precluded that some rules ¢; (-)
derive from long-term property rights. To value these - and maybe tax the proceeds - it appears
important that short-term user rights be traded on well functioning markets. Suppliers could
come forward fairly few - say, as municipalities, regions or the state. In any case, concerns
with efficiency, fairness or taxation lend justification to establishment of markets.
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petencies and institutions - featuring a resource-managing “directorate,” fixed
user rights, efficient operation of auctions, direct deals or markets - and, of
course, presence of ’police” and possible penalties.

(On strategic behavior). Instead of individual payoff r;(x;), which precludes
externalities, the more general format m; (x;, x_;), with x_; := (x;),%;, would
allow congestion (or overcrowding) - and thereby some efficiency loss - in
commons or markets, say of Cournot type; see Fldim (2016). This extended
optic distracts, though, from the main purpose here: to identify and distribute
(or restore) the fully efficient, pure resource rent. Asymmetric information - a
main query in game theory (Goswami et al., 2014) - appears to have minor or
negligible impacts in the present setting.

(On irreversible investments (Clarke et al., 1979)). In several industries, notably
fisheries, use of natural resources requires heavy, highly specialized investment.
Then, short-term user rights do not easily square with procurement of expensive,
long-lived equipment. Three features may partly mitigate the problems. First,
agents might enjoy perfect foresight - as is frequently assumed in market theory.
Second, the said equipment is often used in other or similar contexts as well.
Third, there might be - or eventually emerge - a rental market for “gear and
vessels.”

(On claimants to resource rent). Three parties could collect resource rent:
first, pure holders of rights, leasing these to active users,

second, active users of own rights,

third, the public sector by levying tax on quantities taken out.

Competition may eventually take pure profit away from pure users. Unlike the
Malthus-Ricardo theory on income distribution between workers, merchants,
and land-owners, here is scarcely any room for gentry (Dorfman, 1989) - be it
coastal or landed. The basic reason is that there are no property rights in the
commons.

(On matching of agents). It is conceivable - albeit not likely - that agents form
a disjoint union ¥ U W = [ of two non-empty, finite sets. Each f € F is a
Jfirm which needs input xy € X but lacks user right: Xy = 0. By contrast, each
w € W holds the right to use wealth x,, € X, but lacks capacity. Then, for
stable matchings ( f, w), see Fujishige & Yang (2017) and references therein.
See also Ex. 259.3 in Osborne & Rubinstein (1994).
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5. EFFICIENCY, SHADOW PRICES, AND SHARING

The setting is one of perfectly transferable payoffs, quotas and rights. Conse-
quently, the convoluted criterion

x; € X — m7(xy) :=sup {Z mi(x;) Zx,- = xl} (12)

i€l iel
makes good sense - and especially so for total abundance x; = x;. Henceforth
suppose that ;(x;) be finite.
An allocation (x;) which solves (12) for x; = x; is declared efficient. Call
any supgradient x* € dn;(x;) (2) a shadow price. Such prices support effi-
ciency:

Proposition 5.1 (On Efficiency, Shadow Prices, and Equal Margins). When-
ever (x;) is an efficient allocation of the aggregate X1, any shadow price
x* € dny(Xy) entails common margins in that

Ony(X1) C Nier0m;(x;). (13)
Conversely, provided X1 = Y;c; X;, the turned-around inclusion
Ony(Xr) 2 Nierdmi(x;).

also holds. If moreover, N;c;0m;(x;) is non-empty, then (x;) is efficient.

Proof. If x* € dn;(X;), and (x;) solves (12), then };; X; = X7 implies
Z ni()?l-) < 7T1(.XA[) < ﬂ](f/) +)C*()CA1 —)E1) = Z [ﬂ'l‘(xi) +X*(XAZ' —X,')] .
iel iel
In this string, posit £; = x; for each j # 7 to get
(%) - x5 < 7i(x;) —x*x; forall £; € X.

Since i € [ is arbitrary, this family of inequalities, alongside (2), implies
x* € 0ni(x;) Vi € 1.
Conversely, suppose x* € N;erdm;(x;) and Y;c;x; = X;. Since m;(£;) <
7i(x;) + x* (X — x;) VX; € X, Vi € I, summation across / yields
D imiE) < ) mil) +x7 ) (G x).
i€l i€l i€l
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In the last inequality, let };c; £; = X; to see that allocation (x;) solves (12).
Further, the instance }};; £; = X7 entails 7;(X7) < w7 (%) +x* (X7 —%7) Vi € X.
Hence x* € dn;(x;). O

Proposition 5.1 invokes no assumptions - apart, of course, from availabil-
ity of suitable allocations (x;) and prices x*. Existence of such “items” is
briefly addressed next so as to “reduce” or play down the role of convexity:

Proposition 5.2 (On the Existence of Price-Supported Pareto Optimum).
Suppose that each criterion ni; (10) be proper and sup-compact.'® Then the
optimal value 7ty (x;) (12) is attained.

If convolution iy (12) is bounded below near X and coincides at that point
with its closed concave envelope, then dr;(X) is non-empty.

Proof (sketched). One argues directly that 7r; (12) inherits concavity from
its underlying terms 7; - and likewise for having 7; closed. By compactness,
the latter property secures that 7r;(X;) is attained. Finally, any closed concave
function, bounded below near X;, has non-empty supdifferential d7;(x;) (Zali-
nescu, 2002). O

A running example accommodates just one species: #S = 1 so that X = R.
Suppose agent i € I has catch capacity k; > 0 and earns gross revenue r; > 0
per unit caught. Then, m;(x;) = rix; if x; € [0, ;] = domn; (4) - and —oc0
elsewhere. So,

(+OO, I"i] ifxl- = 0,
oni(x;) =1 ri if 0 < x; <k, (14)
[ri, —o0) if x; = ki,

and d7;(x;) is empty otherwise. Let [ := {1, ...,#I} and supposer; > rp > --- .
For specified aggregate quota q := X; > 0, define i(q) to be the smallest index
i € I, if any, such that

D kisi@)} 2.

Provided i(q) is well defined, the efficient allocation (x;) has x; = «; for each
intra-marginal i < i(g). The marginal agent i(g) gets what remains of the total
quota. For simplicity in argument, suppose his allotment is strictly interior to

16 A function 7; (10) is sup-compact iff each upper level set {r; > r}, r € R, comes compact.
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the interval [0, k;(4)]. Every extra-marginal agent i > i(g) gets x; = 0. Thus,
each agent 7, but at most one, ends up with boundary choice x; € {0, «;} .

By Proposition 5.1 and (14), user rights trade at unit price x* = r;4) €
Nicr0m;(x;). Agent i earns profit

riki — rigq) (ki — X;) ifi <i(q),
mi(xi) = x" (g = %) =1 rixi —rig(x; — %) ifi=i(q),
rl-(q))?,- ifi > i(q).

In the unlikely event that };c; k; < g := X1, user rights are worthless: x* = 0. ¢

Price-supported allocations are Pareto optimal. They also stand out on other
grounds - as is described in the next section.

6. EQUILIBRIUM AND WELFARE

Proposition 5.1 revolves around coincidence of marginal valuations. That
feature - combined with price-taking and optimizing behavior - characterizes
competitive equilibria:

Definition 6.1 (Competitive Equilibrium in User Rights). An allocation
cum price pair [(x;),x*] € X! x X* constitutes a price-taking equilibrium iff

quota markets clear: );c;xi = X,
with best choices: mi(x;) —x*x; =max {m; —x*} e RVi e I.

Proposition 6.1 (On Competitive Equilibrium, Profit and Sharing of Resource
Rent). If agent i € I regards the price x* € X™ of quotas as exogenous, he may
aim at the highest profit

m; (x") ==sup {m;(%;) —x"%; 1 & € X} . (15)

Provided 7;(0) > 0, that profit is non-negative. Moreover, for any shadow
price x* € 0n;(Xy) and allocation (x;) which solves (12) with x; = Xj, agent i
can take home the highest total payment

IL(x*) =77 (x%) +x7%; = [ () — x"x;] + 575, (16)

composed of pure profit n} (x*) 2 0, derived from production, plus resource
rent p; := x*X; from own entitlement. In particular, a pure resource user i just
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collects production profit n; (x*). At the other extreme, a pure right holder i
merely receives his part p; = x*X; of the total resource rent py := x*3;.""

Proof. (15) is a matter of definition and price-taking behavior. Clearly
77 (x*) 2 m;(0) —x*0 > 0. When (x;) solves (12) for x; = X, and x* € dm;(X;),
it follows from (13) that x* € dx;(x;). Hence maximal profit (15) is attained
with input x; (2). So, net value (16) follows. O

As is well known, competitive equilibrium connects to Pareto efficiency
via two fundamental welfare theorems (Luenberger, 1995). Those connections
are applicable here. At the same time, incentives and stability come to the fore.
To wit, consider a transferable-payoff, cooperative game with player set I in
which any non-empty coalition I C I could aim for a joint payoff

nr(Xr) = sup Zﬂ'i(xi) : in =X = Zfi

iel iel iel

Then, a payoff profile i € I — II; € R belongs to the core (Osborne &
Rubinstein, 1994) iff

Z I1; > n7 (k7)) VI C I with equality for the grand coalition 7 = 1. (17)
iel

Proposition 6.2 (On Price-Supported Payoff-Sharing and Core Solutions). For
any x* € X* the payment profile i € I v I1; := n}(x*) + x*X; satisfies the
inequalities in (17). Moreover, equality holds for the grand coalition I =1 iff
x* € dn;(Xy). Thus, any shadow price x*, alongside any best allocation (x;) of
X1 across 1, implements a core solution in which agent i gets I1; = IT;(x*) (16).

Conversely, if x; solves (15) and Y;c; x; = X1, then (x;) is a best allocation
of Xj. Further x* € 0n;(X;), and the profile i — I1;(x*) (16) is "in the core”
(17).

Proof. For any non-empty 7 C [ and price x* € X*, inequality (17) holds

17Some goal or golden rule (Clarke, 1976) might define a steady yield vector ¥; € X alongside a
shadow price x* € 0my(Xr). Regarding the components of x; as material dividends, furnished
by nature, x*X; equals the total resource rent. Absent perfect markets, resource pricing is
difficult (Neher, 1990). Formula x*x; fits, however, competitive economies in which production
factors are paid according to their marginal values.
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because
ZHi(x*) > sup {Z [ (x:) +x" (% —x)] « (x:) € XI}
iel iel

sup {Z mi(x) +x" (% —x)] in = fr} =nr(X7).

\%

\%

iel iel

In particular, ), I1;(x*) > m;(x;). For the converse of the last inequality,
note that x* € dny(xXy) and Y,y x; = xy imply X;e; mi(x;) < mp(xp) < mp(Xp) +
x*(xy — X), whence

D D) +x° (% = x)] < 7 (Fp) V[x] € X' (18)

iel

In (18) take supremum over profiles (x;) to see that > ;; I[1;(x*) < m;(X)).
Inequality (18) also implies that x* € dmr;(X;). Finally, Proposition 5.1 justifies
the claims about attainment of core payments. O

Remarks (on competitive equilibrium). The solution concept in Def. 6.1, is
Walrasian (Debreu, 1959). It implies, strictly speaking, that all trade takes
place once, in equilibrium - at common, clearing prices. This framing begs
two reservations. First, most likely - since data may change from one season to
another - equilibrium becomes contingent, depending on exogenous factors.
This issue is addressed later by emphasizing that Debreu’s concept of valuation
equilibrium (Debreu, 1954) appears more fitting ; see remark after Proposition
7.4.

Second, the Walrasian setting precludes that rights be traded out of equilib-
rium, prior to the season, maybe repeatedly and at “personal” prices - as will
be considered next.

7. RIGHTS TRADED

How might equilibrium come about? In what manner could clearing prices
emerge?18 To address these questions, this section considers two market
mechanisms, namely: direct deals and double auctions - in that order.

18 Walrasian tAtonnement might illuminate matters, but isn’t practical; see Flam (2020) and the
agent-based approach (Bowles, 2004).
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Direct deals (Flam, 2014) are decentralized and iterative. For a backdrop,
invoking shadow prices x* € N;c;dm;(x;), Proposition 5.1 captures and de-
scribes efficient outcomes. Otherwise, if N;e;d7;(x;) is empty, then already
NierOm;(x;) = @ for some subset 7 C I, comprising at least two agents. In this
case, resource valuations differ among members of 7 ; that is, some bid-ask
spread prevails across 7.

That concept, is formally defined next and generalized - beyond price
difference in one good - to multi-commodity settings. Recall that the directional
derivative of a concave 7;(+) at x; - with 7;(x;) finite - in direction d; is given
by
mi(x; +rd;) = mi(x;)

mi(x;3d;) = rli)f{){ p .

Hereafter, for each i € I, suppose 7} (x;; d;) is closed in d;. Then,
7 (x;; d;) = inf {xl’."d,- 1x] € ani(x,-)} ) (19)

Definition 7.1 (Bid-Ask Spread). Let ||| denote the norm on X. An agent
ensemble I C I, #1 > 2, which actually holds a profilei € T +— x; € X,
displays bid-ask spread

&7 (x) = max {Zf} mCandy) ) di=0. ) [l < 1}. (20)

iel iel

Remark (on bid-ask spread). Suppose (19) is applicable. Then, invoke
Theorem 1.86 in (Penot, 2013) to replace the resulting max inf format (20)
with inf max. Thus,

S7(x) = inf max {ijd,- L xi € Omi(x) & Zdi =0, Z ldi|)? < 1} :
(7). (i) iel iel iel
(21

Here, the operation max g, is easily performed. Indeed, using shorthand x* :=
Yicr X7 [#1 for the average of supgradients x; € dm;(x;),7 € Z, when some
x; # X%, yields

X —x"

Sr(x) = min{[z ; 2]‘1/22x;‘(x;“ -x") 1xi € 67rl-(x)}. O

iel iel

*

(22)
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As indicated, a positive spread signals that agents’ valuations diverge:

Proposition 7.2 (On Bid-Ask Spreads). Bid-ask spread (20) is non-negative:
Sr(x) = 0. Moreover, with each dr;(x;) non-empty compact, then

6[(X) =0 ﬂie_[aﬂ'i(xi) * @.

Proof. The simple fact that each 77(x;; 0) = 0 implies ©7(x) > 0. Further, for
any x* € Nierdmi(x;),

S7(x) < max {Zx*d,- : Zd,- =0, Z [EATRRS 1} =0,

iel iel iel
in which case, S7(x) = 0. Conversely, when each dx;(x;) is non-empty and
compact but N;e7d7;(x;) = @, use a non-zero vector d = (d;) € X7 to sepa-
rate the compact convex product set I1;c7d7;(x;) strictly from the ”diagonal”
{(x;.") call x7 are equal}. Then, <7 d; = 0, and one may take 3,7 ||d;]|* = 1.
Finally, by choosing the appropriate sign of d, it follows that S7(x) > 0. O

In the running example (see Sect. 5), when x| € [0, ;) and x € (0, k2],
agent ensemble 7 = {1, 2} has spread Sy (x) = r; —ry > 0. Further, the overall
spread &;(x) is nil iff 7;(y) = NiesOmi(x;).

When S7(x) > 0, members of 7 have good reasons to transact among
themselves. Clearly, direct deals within 7 are purely redistributive. So, with
no loss of generality, agent i € 7 gets an updated user right

5l i=xi+od; with Y di=0and Y |ldifl* <1 (23)
iel iel
for some step-size o > 0.1t’s assumed thatx*! := (xl.” ), so defined with x;r' = X;

for i ¢ I, remains feasible, meaning x;’l € domm; - that is, 7; (x;’l) € R for
ierl.

Assumption (On Payoff Improvements). Whenever agentsi € 1 C I, #1 > 2,
are trading user rights among themselves, redistribution (23) entails total
payoff improvement

Arr(x) = ) [mi(xf!) = mi(xi)] 2 oS (x) (24)
iel
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for some “step-size” o > 0, depending on the stage counter k - or the number
of encounters, so far, at which I traded.

Repeated direct deals are modelled next as a discrete-time process (23) -
in the nature of an algorithm:

Start, with x; = x; foreachi € I.

Activate, by some protocol or matching mechanism, an agent ensemble 7 C 1,
#1 > 2.

If S7(x) > 0, its members trade among themselves so that (23) yields (24).
Continue to Activate some agent ensemble until convergence.

To repeat: at discrete stages k = 0, 1,...user right x;‘ fori € 7K C I'is
updated by

A=k okl wih Y df =0 and Y [ldf]F < 1

L l
ieTk ieTk

Henceforth suppose step-sizes dwindle, meaning o* — 0*.

The resulting process depends, of course, on which ensemble J kcr1of
agents trade at stage k. In particular, it appears prudent that ensembles come
forward almost periodically:

Proposition 7.3 (On Eventual Disappearance of Bid-Ask Spreads). Let the
members of some ensemble I C I, #1 > 2, trade repeatedly among themselves
(23), with no less than a fixed, finite lapse between consecutive stages. Suppose
step-sizes dwindle in that o* — 0%, but not too fast, meaning that for any
subsequence x*, k € K, along which I trades,

_ 1 k k _
x=limx* & ef(x)>o:];(a = +oo. (25)

Then, for any subsequential limit x = limycx XX, it holds S7(x) = 0.

Proof. Consider any subsequential limit x = limgeg x. Since ¥ — 0,
and the ensemble 7 comes on stage almost cyclically, it brings no loss of
generality to assume that the members of 7 trade (among themselves) at all
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stages k € K. Now, if S7(x) > 0, invoke (25) to see that

+00 > 77(X) — Z mi(%;) > kETooZ i (xH) - Zﬂi(fz‘)
iel iel iel
z Z Z[”i(xfﬂ) - ()] 2 ZANI(Xk) > Z oS (x) = +00. O

keK iel keK kekK

Declare a family I of subsets from I decisive if
Sr(x)=0VI el = S;(x) =0. (26)

Two examples: (I) If some i € I has differentiable payoff 7; and I comprises
all agent pairs {i, j # i}, the family I is decisive. This setting indicates that
some “smooth” agent i serves as a hub for trade.

(II) Suppose I comprises all ensembles 7 C I with#7 = #S5+1, and let each be
om;(x;) compact. Then, since X = RS, by Helly’s theorem (Valentine, 1964), I
becomes decisive. <

Proposition 6.3 immediately implies:

Corollary to Propostion 7.3 (On Competitive Equilibria as Cluster Points).
If the members of each ensemble I, belonging to a decisive family 1 (26),
trade at least once between themselves within any lapse of some prescribed
length, then for every accumulation point X of traded holdings x*, k =0, 1, ...
it holds S;(x) = 0. If moreover, all On;(x;) are non-empty compact at such a
point X = (x;), there exists a price x* € X* such that [ (x;),x"] is a competitive
equilibrium.

Direct trade unfolds as a discrete-time process. Most exchanges happen
off equilibrium, and limits depend on sequential matchings of agents.

Considered next is a markedly different institution, called double auction.
Trade takes place indirectly at such venues, once, and only in equilibrium -
chiefly depending on endowments:

The double auction (Flam, 2021) is a one-shot affair. Each participant
i € I anonymously, “simultaneously” and silently submits his payoff function
7;(+) - say, “in closed form”, in “a sealed envelope” - to a common auctioneer.
Thereby, qua “bidder”, agent i commits to “buy’”” whatever user right x; € X for
whatever payment < 7;(x;).
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The auctioneer convolutes the received functions 7;(+), i € I, so as to solve
(12), when x; = X, for an optimal allocation (x;), supported by some shadow
price x* € dm;(Xy). Thereafter, he allots user right x; to agent i for net payment
x*(x; — X;). Thus, the auction house clears. Aggregate demand equals total
supply: > ;c; Xi = X;. The auctioneer merely redistributes seasonal endowments
%; and “charges” payments x*(x; — X;) for “excess use”.!” Proposition 5.1
immediately entails:

Proposition 7.4 (Redistribution via a Double Auction). Suppose no party
i € I behaves strategically but rather submits his function m;(-) to the auc-
tioneer as is. Also suppose the latter solves instance mwj(xX;) (12) for an
efficient allocation (x;), supported by a shadow price x* € dn;(x;). Thereby,
the auctioneer implements a competitive equilibrium [ (x;), x*| in user rights. O

Remarks: (On double auctions). As modelled, the double auction relates to
Walrasian tdtonnement. It is markedly different though. The auctioneer of
Walras pushes a price process so as to equilibrate intended demand with supply.
The double auction is no process; it convolutes price-quantity curves to have
one-shot clearing. Such institutions weaken the customary criticism of the
Walrasian paradigm.

However, since payoff ; (- | ;) going to any party i depends on his endow-
ment y; = (7, X;), there are non-standard wealth effects. Specializing Definition
6.1 allows such effects to be incorporated: Following Debreu (Debreu, 1954),
a valuation equilibrium [x*, (x;)] prevails iff

markets clear: Dicl Xi = X1,
with no pure profit: n;(x;) —x*x; = max {m; —x*} =0Vi € I.

Then, for any agent i € I, if he is a consumer, X; >; x; = x*X; > x*x;. If he
is a producer, x*X; > x*x; = X; is infeasible; see Flam (2021). With this
solution concept, i takes home pure resource rent x*x; and no more.

Notice though, that the customary distinction between consumers and
producers does not apply well in commons.

19 By assumption, the auctioneer takes no fees and discriminates nobody.
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8. CONCLUDING REMARKS

Management of local commons and resources brings up important concerns
(Ostrom, 1990). Many revolve around how to “get institutions right." This
paper advocates stable rules and separation of powers. Three major points
stand out:

First, an independent bio-economic agency ought, qua quantity adjustor,
to care about the aggregate take and the intertemporal allocation of resources,
thereby mitigating negative externalities and blocking tragedies of the commons
(Hardin, 1968).%

Second, for efficiency”! and fairness, the paper recommends that user rights
should replace or supplement property rights.”> Under fair sharing, a rental
market might enhance efficiency and eventually meet with common acceptance.

Third, there is no escape from strict rules, tight control and suitable
penalties.
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