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ABSTRACT

We consider a setting in which a mechanism designer must choose the ap-

propriate social alternative depending on the state of nature. We study the

problem of optimal design and demonstrate that a mechanism which allocates

resources so as to achieve the social optimum and assigns payments equal

to the posterior expected utility of the agent at the social optimum, is an ε-

optimal mechanism for environments with many players.
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1. INTRODUCTION

O
NE of the main aspects of the study of mechanism design is aggregat-

ing private information in order to reach a socially optimal objective.

Since the agents may benefit from particular social alternatives being cho-

sen, they have a willingness to pay, so far as social choice aligns with their

preferences. This allows the mechanism designer to extract revenue in the

form of payments from the players in the mechanism while ensuring players

have the incentive to participate truthfully (Hurwicz, 1960; Gibbard, 1973;

Maskin, 1999; Vickrey, 1961; Clarke, 1971; Groves, 1973; Myerson, 1981;

Myerson & Satterthwaite, 1983). This paper provides a construction of an

optimal mechanism in a setting with many players. The expected payments

of the players from the mechanism have a what you give is what you get
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interpretation. The problem studied in the paper is of the nature of statis-

tical decision problems (Wald, 1950; Blackwell & Girshick, 1979; Berger,

2013; Ferguson, 2014; Pratt et al., 1995; DeGroot, 2005). The result in the

paper hinges on the intuition that for settings with many players, an individ-

ual player’s opinion (type reported) does not affect the aggregate, achieving

approximate incentive compatibility. Hence, the socially optimal mechanism

allows the mechanism designer to extract all the surplus. This feature in in-

centive compatibility relates the paper to social learning and herd formation

models (Banerjee, 1992; Bikhchandani et al., 1992; Chamley, 2004; Smith &

Sørensen, 2000; Fudenberg et al., 2021). Further, the paper is also related to

the models in De Condorcet (1785) and Roberts & Postlewaite (1976). Ap-

proximate incentive compatibility in mechanism and market design contexts

has also been considered in Azevedo & Budish (2019), Balcan et al. (2019),

Epasto et al. (2018) and Lee (2016). The result in the paper may also be

viewed as a general result in a standard setting in which optimal payments

may be characterized as agents paying their expected value which perhaps in-

terestingly, is in contrast with the externality based payment scheme of Pigou

(1920) and VCG payments.

2. MODEL

An environment is a tuple E =< N,Ω,(Si)i∈N,A,(ui)i∈N,π0,µ >. The set N

is a finite set and it is the set of all players in the environment. The set Ω is

the set of possible states of nature, assumed to be finite. For each i ∈ N, the

set Si (finite) is the set of possible signals that player i may receive regarding

the true state ω ∈ Ω. Finally, the set A (finite) is the set of alternatives. Player

i ∈ N has a state-dependent utility function ui : A×Ω → R. In terms of the

information structure present in the environment, π0 ∈ ∆(Ω) is a common

prior and µ = µ(.|ω)ω∈Ω ⊆ ∆(S) is the state-dependent signal distribution

for the players, with the set of all possible signal profiles being S = ∏i∈N Si.

We assume that π0(ω) > 0 and µ(s|ω) > 0 for each s ∈ S and ω ∈ Ω. We

denote as π0⊗µ , the joint distribution on the set Ω×S, generated by the prior

π0 and signal distribution µ . For si ∈ Si and s ∈ S, we write π(si) to be the

posterior belief in ∆(Ω) conditional on player i’s signal si and π(s) to be the

posterior belief conditional on the signal profile s i.e. the private signals of all

the players in the environment.

A mechanism is a tuple (σ ,q), in which σ : S → A is a social choice
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function and q = (qi)i∈N is a collection of payment functions, the payment

function for i ∈ N is a function qi : S → R.

We now state and provide some more definitions.

Definition 1. Let ε > 0. A mechanism (σ ,q) is said to be ε-Bayesian incentive

compatible if for each i ∈ N and si, ti ∈ Si,

Eπ0⊗µ [ui(σ(si,s−i),ω)−qi(si,s−i)|si]≥ Eπ0⊗µ [ui(σ(ti,s−i),ω)−qi(ti,s−i)|si]− ε .

Definition 2. A mechanism (σ ,q) is said to be Bayesian individually rational

if for each i ∈ N and si ∈ Si,

Eπ0⊗µ [ui(σ(si,s−i),ω)−qi(si,s−i)|si]≥ 0.

For any given mechanism (σ ,q), we define the revenue Q(σ ,q) from the

mechanism as the expected sum of payments derived from the mechanism i.e.

Q(σ ,q) = Eπ0⊗µ [∑
i∈N

qi(si,s−i)].

We now state the definition of an ε-optimal mechanism.

Definition 3. Let ε > 0. A mechanism (σ ′,q′) is said to be ε-optimal if

1. (σ ′,q′) is ε-Bayesian incentive compatible and Bayesian individually

rational.

2. For any other mechanism (σ ,q) that is ε-Bayesian incentive compatible

and Bayesian individually rational,

Q(σ ′
,q′)≥ Q(σ ,q).

We define the following mechanism (σ∗,q∗), which is the main mecha-

nism proposed by the paper. It implements the social optimum and prescribes

payments that are equal to the posterior expected utility of the agent.

1. For each s ∈ S,

σ∗(s) ∈ argmax
a∈A

∑
ω∈Ω

π(s)(ω) ∑
i∈N

ui(a,ω).
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2. For each s ∈ S, for each i ∈ N,

q∗i (s) = ∑
ω∈Ω

π(s)(ω)ui(σ
∗(s),ω).

We prove the main theorem.

Theorem 1. Suppose we set A and Ω to be the set of alternatives and the set

of states of nature. Suppose X (finite) is a signal space. Let π0 ∈ ∆(Ω) be

a common prior. Let {ν(.|ω)}ω∈Ω ⊆ ∆(X) be a signal distribution such that

ν(x|ω) > 0 for each x ∈ X, ω ∈ Ω and ν(.|ω) 6= ν(.|ω ′) for ω 6= ω ′.

Let U be a finite set of utility functions u : A×Ω → R such that for each

λ ∈ ∆(U ) and for each ω ∈ Ω, there exists a ∈ A (unique maximiser) such

that

∑
u∈U

λ (u)u(a,ω)> ∑
u∈U

λ (u)u(b,ω), (1)

for each b ∈ A\{a}.

Let ε > 0. Then, there exists n0 ∈ N such that for any environment E =<

N,Ω′,(Si)i∈N,A
′,(ui)i∈N,π

′
0,µ > satisfying

1. |N|> n0;

2. Ω′ = Ω; π ′
0 = π0; Si = X, for each i ∈ N; µ(.|ω) = νN(.|ω), for each

ω ∈ Ω (the probability measure νN(.|ω) is the product probability mea-

sure in ∆(S) with index set N, for each ω ∈ Ω);

3. ui ∈ U , for each i ∈ N, the mechanism (σ∗,q∗) is ε-optimal.

Proof. For each λ ∈ ∆(U ) and any ω ∈ Ω, define the set

E(λ ;ω) =
{

e ∈ [0,1] : for each π ∈ ∆(Ω), if π(ω)> e, then

argmax
a∈A

∑
ω ′∈Ω

π(ω ′) ∑
u∈U

λ (u)u(a,ω ′) = argmax
a∈A

∑
u∈U

λ (u)u(a,ω)
}

.

The above defines a correspondence taking input values λ ∈ ∆(U ) and out-

puts the set E(λ ;ω) ⊆ [0,1] i.e. E(.;ω) : ∆(U ) ⇒ [0,1], a correspondence
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E(.;ω) for each ω ∈ Ω. E(λ ;ω) is the set of all values e in [0,1] such that

if a belief π assigns probability greater than e on the state ω , then the op-

timal action for the mixture utility function ∑u∈U λ (u)u(a,ω) in state ω is

the same as in under the belief π . Given that condition 1 in the statement

of the theorem is satisfied, it follows that argmaxa∈A ∑u∈U λ (u)u(a,ω) is

a singleton as there is a unique maximiser. Further, since the expression

∑ω ′∈Ω π(ω ′)∑u∈U λ (u)u(a,ω ′) is continuous (linear) in both λ and π , it

follows that the correspondence E(λ ;ω) is both upper and lower hemicon-

tinuous in λ . Further, by definition, E(λ ;ω) is convex and closed since it

is always a closed interval of the form [e′,1]. Hence, by applying the the-

orem of the maximum (Charalambos & Aliprantis, 2013), we may prove

that e(λ ;ω) := mine∈E(λ ;ω) e is continuous for each ω ∈ Ω. Now, let e =
maxω∈Ω maxλ∈∆(U ) e(λ ;ω). Since it may be argued that e(λ ;ω) < 1 for

each λ ∈ ∆(U ) and ω ∈ Ω, it follows that e < 1.

Let ε > 0. Then, let δ ∈ (0,1) such that

5δ max
u∈U

max
a∈A

||u(a, .)||< ε. (2)

Let X∞ be the space of all sequences in X . For each ω ∈ Ω, let ν∞(.|ω) be the

product probability measure in ∆(X∞). For xn ∈ Xn, let π(xn) be the posterior

belief on the state of nature conditional on signals in xn. Define the following

events in X∞, one for each ω ∈ Ω,

X∞
ω := {x∞ ∈ X∞ : lim

n→∞
π(xn)(ω) = 1}.

Then, it follows that

ν∞(X∞
ω |ω) = 1. (3)

Given n ∈ N, define the following sets in Xn.

Pn
ω = {xn ∈ Xn : ∀y ∈ X ,π(xn

,y)(ω)> e}.

T n = {xn ∈ Xn : ∀y,z ∈ X , ||π(xn
,y)−π(xn

,z)||< δ}.

Then, it follows from (3) that there exists n0 ∈N such that for each n ≥ n0 and

for each ω ∈ Ω,

νn(Pn
ω ∩T n|ω)≥ 1−δ , (4)
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given the n-fold product measure νn(.|ω) in ∆(Xn).

The chosen n0 is the one we pick.

Suppose E =< N,Ω,(Si)i∈N,A,(ui)i∈N,π0,µ > is an environment that sat-

isfies the properties 1), 2) and 3). Then, we show that the mechanism (σ∗,q∗)
is ε-optimal.

We first show that (σ∗,q∗) is ε-Bayesian incentive compatible. Let i ∈ N

and si, ti ∈ Si. Then, we have that

Eπ0⊗µ [(ui(σ
∗(ti,s−i),ω)−q∗i (ti,s−i))− (ui(σ

∗(si,s−i),ω)−q∗i (si,s−i))|si]

≤ δ max
u∈U

max
a∈A

||u(a, .)||+4δ max
u∈U

max
a∈A

||u(a, .)||.

The above inequality follows since for the given conditional expectation, from

(4), with probability at least 1−δ , two things happen simultaneously : i) the

social optimum does not change with the unilateral deviation from si to ti
i.e. σ∗(si,s−i) = σ∗(ti,s−i) hence ui(σ

∗(si,s−i),ω) = ui(σ
∗(ti,s−i),ω) and

ii) the change in posterior belief is at most of distance δ i.e. ||π(si,s−i)−
π(ti,s−i)||< δ , hence this means that q∗i (si,s−i)−q∗i (ti,s−i)≤ δ maxu∈U maxa∈A ||u(a, .)||.
Further, with probability at most δ , we get a difference of four terms

(ui(σ
∗(ti,s−i),ω)−q∗i (ti,s−i))− (ui(σ

∗(si,s−i),ω)−q∗i (si,s−i))

that takes a value of at most 4maxu∈U maxa∈A ||u(a, .)||, by the definition of

q∗.

Hence, it follows from (2) that

Eπ0⊗µ [(ui(σ
∗(ti,s−i),ω)−q∗i (ti,s−i))− (ui(σ

∗(si,s−i),ω)−q∗i (si,s−i))|si]< ε,

which implies that (σ∗,q∗) is ε-Bayesian incentive compatible.

Next, we show that (σ∗,q∗) is Bayesian individually rational. Let i ∈ N and

si ∈ Si. Then,

Eπ0⊗µ [ui(σ
∗(si,s−i),ω)|si] = Es−i

[ ∑
ω∈Ω

π(si,s−i)(ω)ui(σ
∗(si,s−i),ω)|si]

= Es−i
[q∗i (si,s−i)|si]

= Eπ0⊗µ [q
∗
i (si,s−i)|si], (5)
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implying that (σ∗,q∗) is Bayesian individually rational.

Finally, we prove that (σ∗,q∗) is ε-optimal. Let (σ ,q) be any other mech-

anism that is ε-Bayesian incentive compatible and Bayesian individually ra-

tional. We will show that Q(σ∗
,q∗) ≥ Q(σ ,q) i.e. Eπ0⊗µ [∑i∈N q∗i (si,s−i)] ≥

Eπ0⊗µ [∑i∈N qi(si,s−i)].

Since (σ ,q) is Bayesian individually rational, we have that for each i ∈ N

and si ∈ Si,

Eπ0⊗µ [ui(σ(si,s−i),ω)|si]≥ Eπ0⊗µ [qi(si,s−i)|si].

Hence, taking the unconditional expectation and summing over all players,

we get that

Eπ0⊗µ [∑
i∈N

ui(σ(si,s−i),ω)]≥ Eπ0⊗µ [∑
i∈N

qi(si,s−i)].

Since, the social choice function σ∗ implements the social optimum it follows

that

Eπ0⊗µ [∑
i∈N

ui(σ
∗(si,s−i),ω)]≥ Eπ0⊗µ [∑

i∈N

ui(σ(si,s−i),ω)].

By applying (5), taking unconditional expectations and summing over all play-

ers, we obtain

Eπ0⊗µ [∑
i∈N

q∗i (si,s−i)] = Eπ0⊗µ [∑
i∈N

ui(σ
∗(si,s−i),ω)].

Hence, it follows by the previous conclusions, that Q(σ∗
,q∗)≥Q(σ ,q). Thus,

we have proved that the mechanism (σ∗,q∗) is ε-optimal.

With the regard to the above theorem, some remarks are in order. Firstly,

by applying standard results on convergence rates for Bayesian posteriors

(Ibragimov et al., 1981; Le Cam, 1986; Ghosal et al., 2000), we may fur-

ther derive a threshold on the number of agents n0 = N(ε,ν) of the order of

O( 1
ε2 ). Secondly, the condition on U implies that each u∈U admits a unique

maximiser, for each state. The condition would also be satisfied if all agents

exhibit the same ordinal preference over alternatives. However, agents could
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disagree in their state-dependent ordinal ranking over states and yet, condi-

tion (1) may be satisfied. The finiteness of U is applied in the proof of the

theorem to ensure that e < 1 indeed exists as the set ∆(U ) is compact. Of

course, in this setting, λ (u) is the proportion of agents having utility function

u. Hence, it is essentially the normalised welfare weight on u in the term for

aggregate social welfare.

We next discuss some examples. Consider a situation involving single object

assignment in which there exist different sets of agent {Nu}u∈U (pairwise

disjoint), where N = ∪u∈U Nu and each agent in Nu has utility function u. Fur-

ther, the set of alternatives is defined as A = U , meaning that the object is

assigned to exactly one of {Nu}u∈U . Whichever Nu is assigned the object,

an agent in Nu derives state-dependent utility according to u and would have

an expected payment equal to the expected value of obtaining the object for

Nu. Hence, if not obtaining the object has no value, this means the agent

does not pay anything in the mechanism. Perhaps interestingly, the theorem

application above would only need ∑u∈U |Nu| to go to infinity and hence we

may have that one set of agents is large relative to other sets of agents. For

another example, one may set aside optimality and instead consider ε-Budget

Balanced mechanisms (Myerson & Satterthwaite, 1983), where the expected

sum of payments would be close to zero. This would be the case, when the

distribution of utilities over agents (i.e. profile of utility functions (ui)i∈N) is

such that the expected welfare is close to zero, hence the expected sum of

payments (for the given payment scheme) would be close to zero. Hence, we

would get a mechanism that would satisfy the properties of being ε-BIC, BIR

and ε-Budget Balanced. This would demonstrate a situation that would prove

to be in contrast to Myerson & Satterthwaite (1983).
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