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A Letter from the Editors

E are very, very proud to present this new and special volume of the
Journal as a festschrift in honor of Vincent P. Crawford to celebrate his
fundamental contributions to economic theory, game theory, and our Society
for the Promotion of Mechanism and Institution Design. We are grateful to the
many colleagues and especially the guest editor Alexander Teytelboym who
made this special issue possible.

The special issue arose from the Conference on Mechanism and Institution
Design held July 8-12, 2024, in Budapest, Hungary. The conference was
organized by Péter Bir6 and hosted by Corvinus University of Budapest. It
featured more than 300 participants, four one-hour keynote lectures by Paul
Milgrom, Roger Myerson, Al Roth, and Eva Tardos, a one-hour special lecture
by Vince Crawford, and three 45-minute plenary lectures by Nagore Iriberri
(University of the Basque Country), Kristof Madarasz (London School of
Economics), and Alex Teytelboym (University of Oxford). These sessions
and the 284 contributed talks made the conference a fantastic event with, to
us, this summer’s most vibrant, intellectually stimulating, and fun vibe.

As with each new issue, we want to thank all associate editors, referees, and
supporters for their contributions to the Journal. Everyone involved in the
scientific selection and technical production of the Journal is volunteering
their capabilities, time, and effort. As a result, our Journal of Mechanism
and Institution Design can publish high-quality research free of charge to both
authors and readers, allowing for free and open access to the public. We hope
the community sharing this vision will grow and become stronger, tackling
the most pressing design issues of our time.

The dual goals of this Journal lie in the publication of high-quality papers in the
wide area of mechanism and institution design and in promoting our research
in the public interest. Supporting these purposes, we hope to publish more
special issues in the future, celebrating scholars who have made pioneering
scientific breakthroughs in the field of mechanism and institution design. We
are thrilled that Vince Crawford allowed us to make an exciting and superb start.
In the words of our special issue guest editor: “Here’s to you, Commodore
Crawford!”

Paul Schweinzer & Zaifu Yang, Klagenfurt & York, December 16, 2024.
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A FESTSCHRIFT FOR VINCE CRAWFORD

Alexander Teytelboym

University of Oxford, United Kingdom
alexander.teytelboym@economics.ox.ac.uk

1. INTRODUCTION

HE five papers in this festschrift that celebrates the 75th birthday of Vincent
P. Crawford (henceforth “Vince”) attempt to reflect a mere fraction of
his monumental contributions to economic theory. This special issue of the
Journal of Mechanism and Institution Design touches on just three of Vince’s
earlier research interests—social choice, information economics, and matching
markets—which led to unforgettable papers pored over by generations of
first-year graduate students as well as by more seasoned connoisseurs. The
issue only scratches the surface of the many areas in which Vince has made
long-lasting contributions—for example, his work has also been fundamental in
bargaining and arbitration, learning, contract theory, evolutionary game theory,
and, more recently, level-k thinking. But Vince deserves multiple festschrifts
and this is only the first one.

Some of Vince’s earliest published work was on social choice' and specif-
ically looked at the possibility for self-administered procedures (rather than
mechanisms run by the social planner) to get to Pareto-efficient and “fair”
allocations. The poignant first paper in the issue reflects Vince’s early interest
in social choice. “Kenneth Arrow’s Last Theorem” by Paul Milgrom describes

I am very grateful to Zaifu Yang for inviting me to be a guest editor for this special issue and
to Péter Bir6 for organizing the 2024 Conference on Mechanism and Institution Design where
we celebrated Vince’s birthday. I want to thank Scott Kominers, Al Roth, Paul Schweinzer for
their comments and suggestions for this note. Finally, I want to record a huge debt of gratitude
to Vince, my doctoral advisor, for his unwavering support and inspiration from the first day I
met him in 2010.

See, for example, Crawford (1977), which appeared in Vince’s PhD thesis, as well as Crawford
(1979) and Crawford (1980).

Copyright © Alexander Teytelboym [/ 9(1), 2024, 1-5.
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2 A festschrift for Vince Crawford

and formalizes Arrow’s final contribution to economics: the impossibility of
non-dictatorial and efficient collective decision-making across generations.
Arrow’s key observation was that efficient policies in the far future must give
higher weight to the most patient agents who end up dictating societal decisions.

The second paper in the issue, “Bayesian Bullshit”, is a delightful take
on Vince’s most cited and probably most revered paper, which introduced the
sender-receiver game and provided the seminal strategic analysis of cheap talk
about private information (Crawford & Sobel 1982). Sajan Srivastava, Tymofiy
Mylovanov, and Rakesh Vohra consider a variation on Crawford and Sobel’s
model in which the sender is potentially a “bullshitter” who doesn’t care about
the truth at all (formally, the sender does not know their type when they send a
message, and moreover has state-independent preferences). The authors show
that depending on the bullshitter’s preferences, more or less information can
be transmitted in equilibrium and the (informed) sender and the receiver can
be either made better or worse off.”

The remaining papers in the issue are related to two of Vince’s papers
that beautifully linked general equilibrium theory with the theory of matching
markets introduced by Gale & Shapley (1962). In response to these two papers
coauthored with Elsie Knoer and Lex Kelso respectively, Al Roth inscribed
Vince’s copy of Roth & Sotomayor (1990), “For Vince, who discovered that
this stuff was economics.”

In his groundbreaking 1981 paper with Knoer, Vince considered a model
of two-sided matching (between, say, workers and firms) in which agents care
about salaries in addition to the quality of the match.? Crawford & Knoer (1981)
showed that an adapted Gale-Shapley algorithm corresponds to a very natural
dynamic salary-adjustment process, reminiscent of an English auction, which
converges to the core and competitive equilibrium matching most favoured by
the firms, who make offers in the process. In his even more influential 1982
paper with Kelso (which Vince considered at the time “just an extension” of
the 1981 paper!), Vince extended the model to allow firms to hire multiple
workers (which was possible under the original model as long as preferences
were additively separable). Moreover, he highlighted the importance of the
“gross substitutes” condition which guaranteed the existence, structure and
convergence to a competitive equilibrium in an economy with indivisible goods.

In the spirit of the title of the paper, the authors produced an Al-generated podcast of the paper.
Much later, Crawford (2008) argued that the efficiency of National Resident Matching Program
could, in fact, be improved by allowing for flexible salaries.

Journal of Mechanism and Institution Design 9(1), 2024
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Kelso & Crawford (1982) showed that under substitutability making offers
worker by worker (or good by good in other settings) suffices for the process to
converge to an efficient, equilibrium outcome; that is, despite the productivity
interactions, with substitutability a combinatorial auction is not needed for
reaching an efficient allocation. Thanks to Kelso & Crawford (1982), the
powerful gross substitutability condition is now central in the literatures on
matching markets (Hatfield & Milgrom 2005), dynamic auctions (Ausubel
2006), and pseudomarkets with indivisible goods (Gul et al. 2024; Nguyen &
Vohra 2024). The gross substitutability condition also played a key role in the
design of the original US spectrum auction (Milgrom 2000) and its modern
variants appear in the designs of many matching markets (see, e.g., Sonmez &
Switzer 2013 for an application and Hatfield & Kominers 2016 for a survey).

Inspired by Vince’s work, Alfred Galichon, Larry Samuelson, and Lucas
Vernet have recently developed a new class of “equilibrium flow” models that
generalizes bipartite matching models, minimum-cost flow problems and even
hedonic pricing models. In Galichon et al. (2022), they introduce a special case
of the (weak) gross substitutes condition for correspondences, which they term
“unified gross substitutes”; this condition has attractive monotone comparative
statics properties for equilibrium flow models. In their paper “The Existence
of Equilibrium Flows,” in this issue, they establish the key existence result for
equilibrium flow models. Essence, after all, does require existence.

Another marvellous result in Kelso & Crawford (1982) is the “entry
comparative static”: adding an extra agent to one side of a two-sided matching
market makes all the agents on the other side of market weakly better off
(Crawford 1991, among others, further generalized this result, and many
generalizations have followed since). In his paper for the issue, Scott Duke
Kominers provides an elegant alternative proof of the entry comparative static
that exploits the more recent “respect for improvements” property of Balinski &
Sonmez (1999), i.e., the fact that making one agent unambiguously more highly
ranked in their potential match partners’ preferences improves that agent’s
outcome under deferred acceptance.

The final paper in the issue is a nod to the importance that Vince’s work has
had for (what is now called) market design and especially the design of dynamic
auctions. Zaifu Yang and Jingsheng Yu propose an ascending “menu auction” a
la Bernheim & Whinston (1986) in which bidders can have complex preferences
(allowing for complements) as well as budget constraints—neither of which
were permitted in Kelso and Crawford’s original setting since they preclude

Journal of Mechanism and Institution Design 9(1), 2024



4 A festschrift for Vince Crawford

the existence of a competitive equilibrium with indivisible goods. Remarkably,
Yang and Yu’s auction produces a strongly Pareto-efficient outcome in the core
even though competitive prices might not exist.

Vince’s work inspires every generation of scholars that encounter it, and
the papers in this issue are a testament to an enduring power of Vince’s ideas.
Scholarship, mentorship and friendship aren’t ships that always sail together,
but in his spectacular career Vince has had command of all three of them.
Here’s to you, Commodore Crawford!
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KENNETH ARROW’S LAST THEOREM

Paul Milgrom

Stanford University, USA
milgrom@stanford.edu

ABSTRACT

In Kenneth Arrow’s last week of life at age 95, he reported that “I began my
research career with an impossibility theorem. If I had time now, my last theo-
rem would be an impossibility theorem about social choice for environmental
policy.” This paper completes the formalization, proof, and discussion of the
theorem that Arrow then described.

Keywords: Impossibility theorem, environmental economics.

JEL Classification Numbers: D63, Q00.

1. INTRODUCTION

IN his final days, Kenneth Arrow’s interest in economic scholarship never
waned. When I visited him, he wanted to discuss two topics: income equal-
ity and climate change. In one conversation, he proposed an impossibility the-
orem that applies especially to collective choice for environmental policies.
Below, I introduce a complete mathematical model based on his description.
The finite set of agents n € N consume environmental amenities over time
periodst =0,1,2.... We may interpret each agent as a clan or dynasty, which
cares for its living and future members. The state of the system at time 7 is

I gratefully acknowledge support from the National Science Foundation, grant SES1947514.
This report is also based in part upon work supported by the National Science Foundation
under Grant No. DMS-1928930 and by the Alfred P. Sloan Foundation under grant G-2021-
16778, while the author was in residence at the Simons Laufer Mathematical Sciences Insti-
tute (formerly MSRI) in Berkeley, California, during the Fall 2023 semester. I thank Marion
Ott for her careful reading, Michael Crystal for his research assistance, Ilya Segal for pointing
out the related paper by Jackson and Yariv, and a referee for suggesting improvements to the
proof and its interpretation.

Copyright © Paul Milgrom / 9(1), 2024, 7-11.
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8 Kenneth Arrow’s Last Theorem

a positive integer s; € S, where S may be finite or infinite. In each period,
the collective observes the state and takes an action a, € {1,...,A}, which
governs the next state according to the transition probabilities p (s;11|s;,a;).

A policy is a function that describes a pure or mixed action 7(s) for each
state 5. In each period, agent n earns flow utility u, (s;,a;) € [0, 1] that de-
pends on the realized state and action. Let I denote the set of policies. Each
agent evaluates its future utility starting in state s as the discounted sum of fu-
ture flow utilities, U (s) = Ex [Yo, 67 "uy (s¢, 7 (sz)) | st = s, in which the
policy determines the probability distribution over future states and actions
and O, is n’s discount factor. A policy & is Pareto dominated in state s by
another policy or a mixture of policies 7’ if for all agents n, U’ (s) < U,f(;(s)
and for some n, the inequality is strict. A policy 7 is efficient if it is not Pareto
dominated in any state.

Arrow proposed a single axiom to govern the collective choice: the cho-
sen policy should be efficient. Using this one axiom, the simplest version of
Arrow’s Last Theorem is the following.

Theorem. Suppose that p(-|-) > 0 and that for all n # m, &, # . Then for
any efficient policy 7, there is an m (the “dictator’”’) such that in every state, 7
is a most preferred policy for m.

Proof. Let U (s) = (U[(s)),cn denote the payoff vector beginning at time ¢
in state s with policy 7 and let F(s) € [0,1]" denote the set of payoff vectors
corresponding to feasible policies. Since policies may be randomized, F is
convex and for any efficient policy 7*, UF (s) is on the boundary of F(s). So
Uér* (s) it is supported by a hyperplane. This means that for some nonzero
vector Ay € R v with Y, A,y =1landallu € F(s), A -u<Ay- Uér*. In terms of
policies, this inequality means:

o)

(Vs € S)m* € argmaxEx[ Y Y A un(se, m(sz) | s = s].
mell T=0nenN

Fix any state s and let m := argmax,,.; - 0y, thatis, m is the agent with the
highest discount factor among influential agents (agents with positive welfare
weights). Then, ©* must also solve the continuation problem of maximizing
the payoff after the first period given that a transition to state s; = s’ has
occurred.

e argrglgﬁ(z:p(s' | 5,7(5))8nEx[ ) Y g—nlnsdf_lun(sr, n(sz) | s =]
s m

t=1nenN

Journal of Mechanism and Institution Design 9(1), 2024
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So,
* S 6”
Tt e argr;lealglcEn[Z Z (lns5—m> O un(sz,m(sz) | so = .

T=0neN

Comparing this to the original maximization problem, the coefficients lnsg—"
have replaced the coefficients A, of the original problem. Iterating this coef-
ficient replacement step ¢ times leads to:

* - 5” t
e argl;lgﬁ(E”[Z ) (lns (5_m) ) O un(sz, m(sz) | so=s].

t=0nenN

t
If n # m, then &, < &,,. So, for all n # m, lim; . Ay (g—”> =0, leading to:

m* € argmaxEr[ Y Y Ansbum(se, m(sz) | so = s].
mell t=0neN

So, m* is a most preferred policy for m. ]

1.1. Discussion

The essence of the proof is to note that if 7* is an efficient policy starting
in some state s today, that implies a maximization using welfare weights
for agents that must be unchanging over time. However, efficiency requires
that decisions in the distant future must give relatively greater weight to the
preferences of more patient individuals, at least among agents with non-zero
weights. Those two things can be consistent only if there is just one agent
with a non-zero weight.

The dictatorship conclusion in Arrow’s Last Theorem conjures memories
of his famous Impossibility Theorem, but this new theorem differs in some
important ways. The original Impossibility Theorem asserts that any social
welfare function satisfying three reasonable axioms must reflect the prefer-
ences of just one agent, who is called the dictator. Similarly, Arrow’s Last
Theorem introduces an axiom — efficiency — and concludes that the socially
chosen policy must be a most preferred policy of a single agent. However, the
conclusion of Arrow’s Last Theorem is different from his first impossibility
theorem because the definitions of dictatorship are different: the agent that
dictates the policy for one value profile in Arrow’s Last Theorem may not be
a dictator for the social welfare function.

Journal of Mechanism and Institution Design 9(1), 2024



10 Kenneth Arrow’s Last Theorem

To illustrate the difference, consider the social welfare function that works
as follows. First, any given preference profile is mapped into an ordered list
of agents. Then, the first-ranked agent identifies her most preferred policy
or policies. If there are multiple most preferred policies, then the second-
ranked agent picks her most preferred policies among those, and so on in a
process of serial dictatorship until some policy is chosen. For every function
that maps preference profiles to an ordered list of agents, the social welfare
function represented by this two-step construction selects an efficient policy
and for every profile, that policy is the most preferred one for some agent, but
in contrast to Arrow’s original impossibility theorem, different profiles may
identify different dictators.

Arrow’s Last Theorem is to examine a property of a policy rather than of
a social welfare functions. Consequently, my preferred interpretation is that
it asserts that, when its conditions apply, it is impossible for a policy to ef-
ficiently compromise the interests of agents with different time preferences. !
One may wonder: what rules out the possibility that the policy chooses a pre-
ferred action for less patient agents at early dates and for more patient agents
at later dates? The answer is that the assumption that transition probabili-
ties p(- | -) are all strictly positive rules out such a policy because it makes it
impossible to keep track of the date ¢ by encoding it in the state.

If some transitions were allowed to have zero probability, we could con-
struct the state space to be the union of two non-communicating sets of states,
which allows that an efficient policy can have different dictators in the two
non-communicating sets. Or, it could be possible that the transitions ensure
that no state can occur more than once. For example, let S, = {(r —1)S+
1,...,Kt} and suppose that that each state in S, can transition only to a state
in S;¢1. That allows the state to encode the date and allows efficient policies
that increasingly favor more patient agents at later dates. Restricting transi-
tion probabilities to be positive both eliminates those possibilities. It ensures
the unity of the model (just one set of communicating states) and enforces
a perspective that Arrow championed: that the date should be irrelevant for
setting or evaluating environmental policy beginning today.

Finally, the theorem also assumes that different agents have different rates
of time discount. Omitting that assumption, a similar proof implies that any
efficient policy maximizes a weighted sum of utilities of a dictatorial group

A similar point was made by Jackson & Yariv (2015), although their formulation and framing
of the problem were different.

Journal of Mechanism and Institution Design 9(1), 2024
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of agents who all have the same discount factor.

Kenneth Arrow told me that this result would be his final theorem, and
throughout Arrow’s career, he encouraged intelligent debate. On his behalf, I
have completed the formalization and proof of his theorem and tried to pro-
vide the kind of challenging remarks that he would have welcomed.

References

Jackson, M., & Yariv, L. (2015). Collective dynamic choice: The necessity of time
inconsistency. American Economic Journal: Microeconomics, 7(4), 150-78.
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ABSTRACT

A bullshitter neither knows nor cares about the truth, and therefore, it has been
asserted, is more pernicious than a liar. We examine this assertion within the
standard model of cheap talk communication where a bullshitter is modeled
as an uninformed Sender. We show that in some circumstances, uncertainty
about whether the Sender is informed or not can increase the welfare of the
Receiver.

Keywords: Bayesian persuasion, information design, cheap talk.
JEL Classification Numbers: C6, D82, D83.
1. INTRODUCTION
Political language is designed to make lies sound truthful and
murder respectable, and to give an appearance of solidity to pure

wind.

George Orwell

We thank Juuso Toikka and an anonymous referee for valuable suggestions.
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14 Bayesian Bullshit

2. INTRODUCTION

ALIAR knows the truth and consciously seeks to conceal it. Liars are ab-
sent in the canonical economic model of communication: cheap talk.
As Sobel (2020) points out, lying requires a common understanding of what
words mean, which is not a feature of cheap talk models. To account for lying,
Sobel (2020) adds the concept of a common language to a standard model of
cheap talk. This allows one to interpret every equilibrium type-action distribu-
tion as involving lies of omission. The central finding is that fully anticipated
lies don’t interfere with the exchange of information.

To lie is not the same as to bullshit because a bullshitter, unlike a liar, nei-
ther knows nor cares about the truth. A bullshitter does care about concealing
both their ignorance of and interest in the truth.

The Oxford English Dictionary defines bullshit as ‘to talk nonsense or
rubbish’ and ‘to bluff one’s way through something by talking nonsense’. Ac-
cording to Partridge et al. (2006), the word entered into general use during
the first world war to describe a focus on the inessential (spit & polish) over
the essential (combat readiness). Frankfurt (2009) argues that bullshit is now
widespread because the opportunities to engage in it have expanded:

“....the production of bullshit is stimulated whenever a person’s
obligations or opportunities to speak about some topic are more
excessive than his knowledge of the facts that are relevant to that
topic.”

He also asserts that it is more dangerous than lying.

“When an honest man speaks, he says only what he believes to be
true; and for the liar, it is correspondingly indispensable that he
considers his statements to be false. For the bullshitter, however,
all bets are off ... He does not reject the authority of the truth, as
the liar does, and oppose himself to it. He pays no attention to it
at all. By virtue of this, bullshit is a greater enemy of truth than
lies are.”

Bullshitting does not fit into the cheap talk model because the Sender is
no more informed than the Receiver. This lacunae is filled by presuming the
existence of an uninformed Sender. We use it to examine Frankfurt’s assertion
that bullshitting is the ‘greater enemy’. His assertion relies on a skepticism
about the Receiver’s ability to identify bullshit (Frankfurt 2009):
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“... most people are rather confident of their ability to recognise
bullshit and to avoid being taken in by it”

Just as the Receiver in cheap talk accounts for the fact that an informed
Sender will obscure the truth, why can’t they do the same with a bullshitter?
If so, is it obvious that they are worse off compared to the case where the
Sender is informed?

We answer this question in a standard cheap talk environment. There is
an underlying one dimensional state of nature unknown to the Receiver who
wishes to choose an action that matches the state. The Receiver faces a Sender
who may or may not be informed about the underlying state. The probability
that the Sender is informed is p. An informed Sender’s preferences differ
from that of the Receiver and depend upon the state. They wish the Receiver
to choose an action equal to the state plus a commonly known positive bias.
As the Sender’s preferences differ from the Receiver’s, they have an interest
in obscuring the truth.

As remarked earlier, to account for lying one must have a common lan-
guage. In the standard cheap talk model, messages correspond to subsets of
the state space and these subsets will be the common language. Thus, if the
informed sender says S, where S is some subset of the state space, this is un-
derstood to mean that the Sender is saying that the underlying state is in S. If
the Sender says S and the state is outside S, this is an outright lie. If the state
is in S but S is not a singleton, this is a lie of omission. The non-babbling equi-
libria of the standard model of cheap talk correspond to lies of omission and
we focus on these. This makes the informed Sender the ‘liar’ in our model.

With probability 1 — p, the Sender is uninformed and has preferences that
are state-independent. The uninformed Sender is the bullshitter in our model
because they are ignorant of the underlying state (i.e. the truth) and, as will
be seen, have no incentive to acquire information about it. The uninformed
Sender wishes to be perceived as informed, and this is hard wired into the
model by assuming p > 0. We consider two possibilities. The uninformed
Sender prefers higher to lower actions or the converse. One can interpret
the uninformed Sender as adding noise to the message sent by the informed
Sender. Blume et al. (2007) considers the impact of noise in the standard
cheap talk model by assuming every message has a chance of being uninfor-
mative. In our case, some but not all messages have a chance of being uninfor-
mative. This is because there are some messages an uninformed Sender never
sends, making some of the informed Sender’s messages noise free.
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The possibility of an uninformed Sender (p < 1) changes equilibrium out-
comes (modulo selection) in the cheap talk game by changing the behavior of
the informed Sender rather than through direct manipulation of the Receiver’s
beliefs. Thus, our model highlights the indirect effect an uninformed Sender
has on dialog by influencing the communication strategies of the informed
Sender. Whether the Receiver is the worse for it, compared to the case p =1,
depends on the commonly known preference of the uninformed Sender.

If the uninformed Sender prefers higher to lower actions, the Receiver is
worse off compared to the case when p = 1. An informed Sender is also
ex-ante worse off. In this case bullshit dilutes informative communication,
consistent with Frankfurt’s lament about the prevalence of bullshit.

If, however, the uninformed Sender prefers lower to higher actions, the
Receiver’s expected payoff can be higher compared to the case when p = 1
provided p is not too small. The informed Sender with positive bias is ex-
ante always better off provided the bias is not too small. This contrasts with
Frankfurter’s unqualified assertion that bullshitting is worse than lying. It
highlights that whether bullshitting has a negative effect or not depends upon
the uninformed Sender’s preferences relative to those of the informed Sender.

One might conjecture that an uninformed Sender is no different than an
informed Sender with a very large bias. If true, it would mean that the un-
informed Sender’s ignorance of the underlying state plays no role. We show
this not to be case. The equilibrium messaging strategy of an informed but
highly biased Sender differs from that of an uninformed Sender.

We also consider the possibility that the preferences of the uninformed
Sender may be unknown. Specifically, the uninformed Sender may prefer
higher actions or lower actions. We find that if both possibilities are equally
likely, the Receiver can be better off, provided that the likelihood of facing an
uninformed Sender is sufficiently small.

Our model also highlights another way in which a bullshitter can affect
communication. The standard Crawford & Sobel (1982) cheap talk model
supports equilibria where the Sender can partition the message space into finer
intervals. This increases the precision of information transmitted and leads
to higher payoffs for both Receiver and informed Sender. This is no longer
true in the presence of a bullshitter. In particular, an equilibrium with three
messages as opposed to two, only leads to higher payoffs if p is sufficiently

Many find it hard to follow Wittgenstein’s injunction: “Whereof one cannot speak, thereof
one must be silent.”
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large. Thus, the presence of a bullshitter reduces the incentives to use a larger
message space.

The remainder of this paper is organized as follows. The next section
reviews the basic cheap talk model of Crawford & Sobel (1982). The subse-
quent section investigates what happens in this model when the possibility of
an uninformed Sender being present is allowed. The next section discusses
some variations on the base model to highlight the robustness of our conclu-
sions. The final section draws comparisons between bullshit in a cheap talk
environment and in a Bayesian persuasion environment.

3. CHEAP TALK MODEL

We recall the textbook cheap talk communication game between an informed
Sender with known positive bias and an uninformed Receiver who must choose
an action (Crawford & Sobel 1982).

1. The Sender’s type is the underlying state, 6 € [0, 1].

2. The Receiver is ignorant of the state but believes it to be drawn uni-
formly from [0, 1]. This belief is known to the Sender.

3. Receiver’s action space is A = [0, 1].

4. Receiver’s payoff from action a € [0,1] is —(a — 6)?.

5. Sender’s payoff from action a € [0, 1] is —(a — (6 +b))? where b > 0 is
the bias.

6. Sender’s message space is [0, 1].

The cheap talk game admits multiple equilibria. One reason is that the
meaning of messages is arbitrary. Given any equilibrium, one can generate
another equilibrium by changing the interpretation of messages.

Rather than assuming the Sender’s strategy is a signaling rule (a function
from type into message), we follow Gordon (2010) in assuming the informed
Sender’s strategy is an increasing set of thresholds. Adjacent thresholds iden-
tify an interval and distinct types of the informed Sender send a common
message if and only if their types are in the same interval. This formulation
eliminates message indeterminacy. It also means that the informed Sender
never lies, but they don’t disclose the whole truth either.

It is straightforward to see that an equilibrium of the cheap talk game gen-
erates a type-action distribution if and only if it is an equilibrium of the thresh-
old game. Crawford & Sobel (1982) show that there is a finite upper bound,
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n*, on the number of thresholds. Furthermore, for each integer k between 1
and n* there is a choice of b such that it is a unique equilibrium outcome with &
thresholds. For economy of exposition, we focus primarily on equilibria with
a single threshold. Section 5.3, discusses what happens when this assumption
is relaxed. In the appendices we explore other variations of this model.”

Suppose there exists a threshold ¢ € [0, 1] and the Sender sends the mes-
sage B (for bottom) if state 6 € [0,¢] and the message T (for top) otherwise. In
the first case the Receiver chooses action 0.5¢ to maximize their expected pay-
off. In the other case, the Receiver’s optimal action choice is 0.5(1+1). Atan
equilibrium threshold ¢ the following indifference condition for the informed
Sender must hold:

t+b—0.5t=0.5(1+¢)—(t+b) = t=0.5—2b.

We need b < 0.25 to ensure this is well defined and this will be assumed
throughout.

When the possibility of an uninformed Sender is introduced, the equilib-
rium threshold ¢ changes. We are interested in how this change affects the
Receiver and Sender’s expected payoffs. This is summarized in the next two
Lemmas which are standard.

Lemma 3.1. The Receiver’s expected payoff as a function of t, denoted p(t),
is increasing for t < 0.5, and decreasing otherwise.

Proof.
t 1
p(1) = —t x1 /O(O.SI Vdx—(1—1) x (1—1) /t(05(1+r) )2d

= —/I(O.St—x)zdx—/1(0.5(1+t) — x)%dx
0 t

(t—1)3 ¢
2

Now, p(¢) achieves a maximum in [0, 1] at # = 0.5 (where the derivative is
7ero). ]

The informed Sender’s payoff will depend upon the underlying state. Hence,
we focus on the informed Sender’s ex-ante expected payoff.

2 For more on equilibrium selection in this context see Gordon et al. (2021).
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Lemma 3.2. The Sender’s ex-ante expected payoff as a function of t, denoted
o (1) is increasing for t < 0.5 and decreasing otherwise.

Proof.
ot) = —t x t_l/ot(O.St b —x)2dx—(1—1)
x (1 —t)_l/l(O.S(l +1) — b —x)%dx

t 1
= —/ (0.5t — b — x)dx — / (0.5(141) — b —x)%dx
0 1
t—1)3 ¢
= (# — b2
12
The derivative of o(r) with respect to 7 is —0.5¢ +0.25. The second derivative

is —0.5 which is negative. Therefore o(¢) achieves a maximumat¢ =0.5. [

Under cheap talk = 0.5 — 2b. In this case, the Sender’s ex-ante expected
payoff is

(0.5-2b—1)> - (0.5-2b)° 2
12

~16.5b° +10.25 — 19.25b + 10.25b0* — 126> — 9

B 12 '

As observed already in Crawford & Sobel (1982), for any 7 € [0, 1], that p(¢) —
o(t) = b?. Therefore, the informed Sender’s and the Receiver’s payoffs vary
with 7 in the same way.

If the informed Sender can commit to a choice of ¢ before the state is
realized, i.e., engage in Bayesian persuasion as in Kamenica & Gentzkow
(2011), then, o (7) would represent the informed Sender’s payoff at threshold
t. From the proof of Lemma 3.2 we see that the threshold that maximizes the
Sender’s ex-ante expected payoff does not depend on her bias.

4. THE UNINFORMED SENDER

We introduce an uninformed Sender who prefers higher to lower actions inde-
pendent of the state (in Section 4.1, we consider the reverse). In a sense the
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uninformed and informed Sender are ‘pulling’ in the same direction, as each
would choose a higher action than the Receiver would.

The Receiver does not know if the Sender they are facing is informed
or not. They believe that the Sender is informed with probability p. When
p = 1, we recover the standard cheap talk model, and when p = 0, there is no
possibility of valuable information being transmitted to the Receiver and, thus,
we only have a ”babbling” equilibrium in which the Receiver’s best response
to any message is to choose the action that corresponds to the mean of the
distribution from which the state is drawn; in our model with 6 ~ U0, 1], this
entails setting a = 0.5. Therefore, in what follows we assume that p € (0,1).

The uninformed Sender considers the messages that an informed Sender
will send with positive probability and picks from among these. It is easy
to see that the uninformed Sender always sends the message T (see Section
5.1). Even if the uninformed Sender were to learn the state but the Receiver is
unaware of this, the previously uninformed Sender will always send message
T. Hence, the uninformed Sender gains no benefit from knowing the state.

One might imagine that an uninformed Sender is no different than an in-
formed Sender with a very large positive bias (exceeding 0.25). Section 5.1
shows this is not the case because in some instances the high bias informed
Sender will send message B.

The Receiver accounts for the possibility that the Sender is uninformed
when interpreting message 7. This causes the informed Sender to adjust her
equilibrium threshold ¢. Our first result shows that the Receiver and the in-
formed Sender are ex-ante worse off compared to the case p = 1.

The intuition for this is straightforward. Given the focus on two message
equilibria, to determine the effect of a bullshitter, it is enough to look at the
indifferent informed Sender in equilibrium. The equilibrium without bullshit-
ters is a partition in which all Senders with types in [0,7*) send the message B
and all Senders with types in [t*, 1] send message 7. Given b > 0, the indiffer-
ent type t* satisfies t* < 0.5. The introduction of a bullshitter will change the
indifferent type to 7, say. If 7 < t*, the equilibrium provides less information
(the partition is more asymmetric), while if it is higher than * then the equi-
librium is more informative, as long as |f — 0.5|< |¢t* —0.5|. This is because
partitions that lead to lower expected variance lead to a higher payoff. Equal
sized partitions always have lower variance than unequal ones (see Goltsman
et al. 2009).

Henceforth, we denote by /S the event that the Sender is informed and de-
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note by U S the event that Sender is uninformed. We use 7' to denote message
T as well as the event that message 7 was sent. Similarly with B.

Theorem 4.1. Suppose the uninformed Sender prefers higher to lower actions.
Let t* be the equilibrium threshold in a non-babbling equilibrium. Then, the
following are true.

1. t* <0.5-2b.

2. The ex-ante payoff of an informed Sender with bias b < 0.25 and the
Receiver is lower than their ex-ante payoff when p = 1.

4.1. Preference for Lower Actions

Now, suppose the uninformed Sender prefers lower to higher actions inde-
pendent of the state. Now, the uninformed Sender and informed Sender are
“pulling” in different directions. In Appendix A, we show that the Receiver’s
expected action is increasing in the probability that the uninformed Sender
sends message 7. Therefore, the uninformed Sender with preference for
lower actions will always send message B. The Receiver takes this into ac-
count when interpreting message B and in turn this will cause the informed
Sender to adjust their equilibrium threshold ¢.

Theorem 4.2. Suppose the uninformed Sender prefers lower to higher actions.

Then, there is a non-babbling equilibrium where the equilibrium threshold
exceeds 0.5 —2b.

Whether the informed Sender or Receiver is better off will depend on
whether this threshold is smaller or larger than 0.5. From the proof of Theo-
rem 4.2 in Appendix A, the equilibrium threshold #* satisfies:

o —(3+4(b—1)p)++/16b2p2 —8(b+1)p+9
— = .

When b = 0, it is straightforward to verify that t* > 0.5 for all p € (0,1).
Therefore, by Lemma 3.2, the informed Sender will be ex-ante worse off
compared to p = 1. By continuity it follows that for some small b > 0, the
possibility of a bullshitter lowers the informed Sender’s ex-ante expected pay-
off.
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5. ROBUSTNESS

In this section we consider several variations of our model to verify the ro-
bustness of our main qualitative insights. Section 5.1 replaces the uninformed
Sender with a highly biased informed Sender. Section 5.2 introduces an ad-
ditional uninformed Sender with opposing preferences. Section 5.3 examines
equilibria when the informed Sender is permitted to partition the message
space into more intervals.

5.1. High bias vs Bullshit

Suppose now both types of Senders are informed but differ in their bias and
we exclude the possibility that they can send cheap talk messages about their
biases. With probability p, the informed Sender has low bias and this event
is denoted IS*. With probability 1 — p, the informed Sender has high bias
and this event is denoted IS”. We compare the value of the information sent
to the Receiver in this case with the case in which the Receiver faces either
a low-biased informed Sender or an uninformed Sender with preference for
higher actions.

Denote by #; € [0, 1] the equilibrium threshold used by IS” to determine her
message. The corresponding threshold for IS is denoted 7, € [0, 1]. Without
loss of generality, we assume #, > ;. The Receiver’s best response upon seeing
message T is given by:

22—t 42 -1
aTZO.S(p(l h>+h )
plti—tp) +tp—1

The Receiver’s best response upon seeing message B is:
Pt = 1) +14;
ap=05(——""""72.
ptr—tn) +1p
Now, #; must satisfy the following indifference condition:

(0.5 (p(”z —07) "~ 1) + b,))2

pltr—ty) +thn—1

(-0 (P22

p(tr —tn) + 1
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Similarly, #;, must satisty the following indifference condition:

<0.5 (”(”2 ) 07— 1) (it bh))2

plty—ty) +tp—1

_ ((zh +by) = 0.5 (p(”z )+ t’lz))z

pt—ty) + 1

Interior solutions to the above are unavailable in closed form. However,
we show below that these equilibrium conditions imply that a highly biased
informed Sender may behave in a way distinct from an uninformed Sender.

When p is close to 0.5, there exist many (b;, by,) pairs that support an in-
terior equilibrium. However, b;, and b; must be close to zero. Thus, for some
p there may be no pure strategy two message cheap talk equilibrium with a
highly biased informed Sender. If there is a mixed strategy equilibrium, it
would mean that the informed Sender with high bias must send message B
with positive probability. Therefore, a highly biased informed Sender may
behave differently from an uninformed Sender with a preference for higher
actions. In particular, a highly biased informed Sender may inhibit communi-
cation altogether.

Lemma 5.1. In a binary message space, there is a choice of b; < 0.25 and
by, such that an informed Sender with high bias is distinguishable from an
uninformed Sender.

Proof. Suppose there is an equilibrium where a7 # ap, i.e., some information
is transmitted. The equilibrium threshold ¢ of an informed Sender with bias b
must satisfy the following indifference condition:

(ar — (t+b))* = ((t+b) —ap)’

= [(ar = (1+0))+ (t+b—ap)l[(ar — (t+b)) — (t+b—ap)] =0
= |ar —ag||ar +ap—2b—2t] = 0.

Given ar # ap (to exclude babbling), it follows that ay +ag — 2b — 2t = 0.
At an equilibrium we need the indifference condition for both the high
and low bias informed Sender to be satisfied, i.e.:

ar +ap—2by —2t, =0, ar +ap —2b; —2t; = 0.

Journal of Mechanism and Institution Design 9(1), 2024



24 Bayesian Bullshit

Here t, and #; are the equilibrium thresholds for the high and low bias in-
formed Sender respectively. Combining these equations, we obtain:

—2by,+2b; =2ty +2t; = t,—t; =by—by.

Suppose by, and b; take on values such that #;,,1; € (0, 1). Then, the high-bias
informed Sender will send message B with positive probability. Recall that
the uninformed Sender always sends message 7 . L

5.2. Two Uninformed Senders

Here we consider the possibility that the preferences of the uninformed Sender
are unknown. We model this by assuming the possibility of two uninformed
Senders in addition to an informed Sender. There is an uninformed Sender
who prefers higher actions, denoted by US”, and an uninformed Sender who
prefers lower actions, denoted by UST. Nature selects one from among US?,
USE or the informed Sender with probabilities pi, p2, and (1 — p; — p3), re-
spectively. We use IS to denote the event that nature selects an informed
Sender.

The informed Sender sends a state-dependent message, while US? and
US" send their respective messages without regard to the state. We determine
whether the informed Sender and the Receiver, denoted R, are better or worse
off than in the case of no uninformed Senders (i.e. p; = p» = 0).

As before, ¢ € (0,1) denotes the threshold which determines which mes-
sage IS sends. IS sends message B when 0 € [0,7), and message T when
6 € [t,1]. The strategy of the uninformed senders is, possibly, mixed. US"
sends message T with probability o and B with probability (1 — o) for all
6 € [0,1], and US sends message T with probability 8 and B with probabil-
ity (1 — ) for all 8 € ®. Once the Sender is chosen and the message sent, R
observes it, but not the identity of the Sender.

R observes o, B, p1, and p;, using these to inform her beliefs on the
Sender’s type and, thus, 6. Using these beliefs, R chooses an action to maxi-
mize her expected payoff. R’s best response to message T is given by:

0.5 (p1(06+t2— 1)+ pa(B+12—1) —t2+1)
U pilat =) pp(Brr—1)—t+1 )°
R’s best response to message B is then given by:

B pra+t2—1)+pr(B+12—1)—12
aB_O'S< pra+t—1)+pr(B+t—1)—t )
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US" will choose @ to solve maxgeg 1jlar 0 +ag(1 — a)]. In Appendix B, we
show that the optimal solution is & = 1. Thus, US" will only send message
T. Similarly, US” will only send message B.

The informed Sender’s threshold # must satisfy the following indifference
condition:

—((r+b) —ap)* = —(ar — (t+b))*.

Focusing on the non-babbling case:

5(P1t2+192(f2—1)—f2+1) -
p1t+p2(t—1)—t—|—1

)

2 2_ )2
:r+b—0.5(p”+p2(’ >’)

pit+pa(t—1)—1

The solution to equation (1) is not monotone in either p; or p, but it does
decrease with b.

Lemma 5.2. Suppose p1 = p» = p, € (0,0.5). Then, in a non-babbling equi-
librium, ex-ante, the informed Sender is always better off.

In the presence of two uninformed Senders (p1, p> > 0), one can support
non-babbling equilibria in which b € (}‘, %) Recall that in the standard cheap
talk setting, such equilibria exist only when b < %.

Unsurprisingly, the informed Sender’s payoff decreases monotonically in
b. When the informed Sender is highly biased (i.e., b > 0.25), the presence
of uninformed Senders makes the informed Sender strictly better off for any
value of p, € (0, %)

Turning to the other extreme, when b = 0, the presence of the uninformed
Senders does not reduce the ex-ante expected payoff of the informed Sender
for any value of p, > 0. Hence, there will be a threshold bias level, denoted
b* depending on p,, where for all b < b*, the informed Sender is no worse off
under p, > 0 compared to p, = 0. As p, increases, the informed Sender’s pay-
off peaks and then decreases, eventually falling below the standard cheap talk
payoff. Essentially, an informed Sender with sufficiently large bias achieves
higher utility levels when there is a positive but small prevalence of bullshit.
Note that in this setting bullshit is, on average, neutral; the expected bias of
the uninformed message is 0.

In the presence of a single uninformed Sender, the informed Sender’s mes-
sage is less informative. However, two uninformed Sender’s with opposing
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preferences— which is essentially noise” in the model — can benefit the in-
formed Sender and the Receiver! This may appear unsurprising given Blume
et al. (2007) which allows for noisy communication in the standard cheap talk
model. In that paper the Receiver with some probability A € [0, 1] receives a
state independent random message from a continuous distribution. They show
for A sufficiently small, there exists an equilibrium that is Pareto superior to
all noiseless cheap talk equilibria. This result does not imply the claim we
make here because Blume et al. (2007) relies on flexibility in the choice of
the number of messages. In their example 1, for instance, the Pareto optimal
equilibrium in the noiseless cheap talk model has two messages, while their
Pareto superior equilibrium with noise has three messages. In our case we
hold the number of messages fixed at two.

5.3. The Enlarged Message Space

Crawford & Sobel (1982) and Gordon (2010) show that, for sufficiently small
bias, there exist cheap talk equilibria that support more than two messages. In
the standard cheap talk model (where p = 1), both the informed Sender and
the Receiver are better off with a larger message space. Here we examine
whether the same is true in the presence of an uninformed Sender. We restrict
ourselves to a three message equilibrium where the uninformed sender does
not mix.

The informed Sender uses thresholds ¢ € [0, 1] and 7, € [0, 1] where £, > 1,
to determine which message to send. Let the informed Sender send message B
when 6 € [0,1,], message M when 6 € [t1,1,], and message T when 0 € |1, 1].
In Appendix C, we show that there is an equilibrium where the uninformed
Sender sends only message 7.

In the absence of an uninformed Sender, a three message equilibrium ex-
ists provided the following condition on the informed Sender’s bias is satisfied
(Crawford & Sobel 1982):

1 / 2 1
< Z - < .
2_2< 1+b 1>:>b_12

When the uninformed Sender is present with probability 1 — p, a two message
equilibrium is supported when

p<2TVAZIP L, 2 VA 3D
12 12
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Hence, the value of b under which a three message equilibrium exists under
cheap talk and in the presence of an uninformed Sender must satisfy b <
(2—+/4=3p) /12. For such a b, the possible values of p consistent with a
three message equilibrium in the presence of an uninformed Sender must be
at least as large as 16b(1 — 3b).

We have determined numerically that for » = 1/20 there is a threshold
such that for p below it, the informed Sender’s non-babbling equilibrium pay-
off with three messages is below their payoff in the two message non-babbling
equilibrium. This is illustrated in Figure 1. A closed form expression for this
threshold is unavailable. The possible values of p are plotted on the horizon-
tal while the vertical axes corresponds to the expected payoff of the informed
Sender.

The orange curve shows how the expected payoff of the informed Sender
in a three message equilibrium changes with p. The blue curve shows how
the expected payoff of the informed Sender in a two message equilibrium
changes with p. Both curves are plotted only for the range of p under which
a three message non-babbling equilibrium exists, i.e. p > 16b(1 —3b). The
red region corresponds to the values of p for which both non-babbling two
and three message equilibria exist but where a two message equilibrium is
preferable to the informed Sender.

To understand why this is happening, we examined numerically the case
b = 1/20. The resulting partition induced by the three message equilibrium
is very uneven, increasing expected variance. This effect offsets the benefits
of being able to more closely tailor the message to the realized state.

In pure cheap talk, a larger message space allows the informed Sender to
transmit more information to the Receiver. However, in the presence of an un-
informed Sender, enlarging the message space need not increase the informed
Sender’s or Receiver’s expected payoff. For p > 16b(1 — 3b) the informed
sender’s expected payoff under both a two and three message equilibrium in-
creases in p. However, there exists exactly one ps € (16b(1 —3b), 1) below
which the informed Sender’s expected payoff in a three message equilibrium
is strictly below that in a two message equilibrium. For p > p, the converse is
true. Now, the Receiver’s expected payoffs in both the two and three message
equilibria also increase in p. There exists a p, € (16b(1 —3b), 1) in which
the Receiver’s expected payoff in the three message equilibria is below that
of the two message equilibrium for p < p,. It appears that p; > p, for all
b € [0,1/12]. Additionally, it seems that p; and p, each increase in b, while
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Informed Sender's Expected Utility

Figure 1: IS’s ex ante expected utility as function of p

ps — pr decreases in b.

Thus, the presence of an uninformed Sender harms communication in two
ways. First, it may cause the informed Sender and Receiver to prefer a smaller
message space. This limits the amount of information the informed Sender
is able to convey to the Receiver. Second, the informed Sender’s equilib-
rium thresholds change, which changes the fype of information the informed
Sender is able to convey to the Receiver.

6. CHEAP TALK VS. BAYESIAN PERSUASION

It is natural to ask what would happen if the informed Sender could commit,
before learning the state, to a disclosure policy. This is the Bayesian persua-
sion setting of Kamenica & Gentzkow (2011). Persuasion differs from cheap
talk in that the informed Sender’s bias influences the disclosure policy but not
the inferences that the Receiver draws.

In this section, we allow the informed Sender with bias b > 0 to influence
the Receiver’s action by committing to a single threshold prior to learning
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the state and promising the Receiver to faithfully send one message when the
state is above the threshold and a different message when the state is below the
threshold. As before, the uninformed Sender prefers higher actions to lower
ones independent of the state.

It is easy to see that the informed Sender will do better when they can com-
mit to a message strategy. It is less clear that the Receiver will benefit in the
presence of an uninformed Sender. As before, we restrict all Senders to one
of two messages. The uninformed Sender sends message 7" with probability
1. The Receiver’s best response to each message remains as before:

21
ar =0.5 (’” ) ag = 0.5t

pt—1

The informed Sender chooses her threshold ¢ before the state is realized so as
to maximize her expected ex ante utility:

mtaxE[uls] = tren[gl)li]E[u[s‘T]P(T) + E[uls‘B]P(B)

2 _ —
 max o pt(Btt—6r+4)—1 B2
1€[0,1] 12(pt — 1)

The first-order optimality condition for an interior optimal is:
2pt> —2pt* — 31> +4r—1=0.
The optimal choice of ¢, denoted ¢* satisfies

. 3—v9-8p
= i )
The expected payoff of the Receiver is

(4p+3v/9—-8p—9)(9—38p)
96p?

The expected payoff of the informed Sender is

(4p+3v/9—-8p—9)(9—8p)

2
96p? —b

Lemma 6.1. If the uninformed Sender has a preference for higher actions,
the informed Sender and Receiver are strictly better off under persuasion than
cheap talk.
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Proof. If not, the equilibrium payoff of the Receiver under cheap talk exceeds
that of its payoff under persuasion. In other words,

27(\/8p(2b2p + b — 1) + 9 — 3)

96p?
4p(12b%p + (3b + 6)+/8p(2b%p + b — 1) +9
B 962
8p—27) _ (4p+3v9—8p —9)(9 —~8p)
962 962 ’

This implies that

27 (\/Sp(2b2p+ b—1)+9— 3)

—4p (12b2p +(3b+6)\/8p(2b2p +b— 1) +9 +8p — 27) >
(4p+3v0=8p—9) (9 - 8p).

Therefore p < 0 which cannot be. O
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Appendix A

Suppose two types of Senders: an informed one and an uninformed one who
prefers higher actions. In this section we derive the equilibrium actions of each
Sender and the Receiver.

Nature draws the state 6 uniformly at random from [0, 1] and selects the type
of Sender (informed or uninformed), with probabilities p and (1 — p), respectively
with p € (0,1). If the uninformed is selected, the uninformed Sender sends message
T with probability & and message B with probability (1 — «) for all 6 € ©. If the
informed Sender is selected, the informed Sender chooses a threshold ¢ € [0, 1] and
sends message B when 0 € [0,¢), and T when 6 € [t,1].

Lemma 6.2. Let ay denote the Receiver’s best response upon seeing message T.

Then,
2_1 _
ar =05 (PO D-a)
pla+t—1)—a

Proof. The probability that the Receiver sees message T is p(1—1)+ (1 — p)a. Given
message 7T, the probability that the Sender is informed is

p(1—1)
p(1-1)+(1-pla

The probability that the Sender is uninformed is

(1-pla
p(1-1)+(1-pla

The Receiver’s expected payoff from choosing action a is given by:

E[ug|T] = E[ug|IS,T]P (IS|T)—|—E[uR|US T|P(US|T) =
1 1

l—t (1-po
p(l—t a/ Lao + EDE ) / (a~0)°d6 =

t 0

1
pf(a*>—2a0 +6%)do (1 — p)af(a2 —2a6 + 6%) do
t 0

p(l—0)+(0-pa  pll-H+(1-pa
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To determine the Receiver’s optimal choice of a we determine when the deriva-
tive of (A) is zero:
1 1
p[(@®—2a6 +6*)do (1 —p)a[(a® —2a0 + 6%) d6 /
0
da =0

O R G Say G s s s N Qs P

1

ptf(a—e)de (l—p)aofl(a—e)de
T2 T a-pa s+ -pa |0
plab —0.592][1 (1 —p)a[a@ —0.592};
pi-n+0-pa’ pl-n+(-pa
_ pla+t2—1)—a
:>aT_0'5<p(OC+t—1)— > O

Lemma 6.3. Let ap denote the Receiver’s best response upon seeing message B.

Then, )
—1)— 1
%:05<Ma+t )—a+ >

pla+t—1)—oa+1
Proof. The probability the Receiver sees message B is pt + (1 — p)(1 — «). Given
that the message is B, the probability that the Sender is informed
pt
P (-p)(1—a)
Given that the message is B, the probability that the Sender is uninformed is
(1-p)(1-a)
pt+(1-p)(1-a)

The Receiver’s expected payoff from choosing action a is given by:

E[ug|B] = E[ug|IS, B)P(IS|B) + E[ug|US, B|P(US|B)

t

1
_ pt /_ a2l (1-p) 1— / 9)2
“pr-p(i-a)) (a=8)2d6+ i) ¥ d0

p[(@—2a0+0%)d0  (1—p)(1—a) [(@®— 246 + 67) dB

_ 0 B 0
 pr+(l-p)(l—a) pt+(1—p)(1—a) SN )
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To determine the Receiver’s optimal choice of a we set the derivative of (2) with
respect to a equal to zero:

1

p (@ —2a0+ 62 d0 (1 —p)(1 — a) [(a® — 246 + 6%) dO
__0 _ 0 /aa =0

pt+(1-p)(1-a) pt+(1-p)(1-a)

= =2
pt +

pia-0)d (- p)(1—a)fa—0)d
(

0
- mu—m* e+ (—p)(—a)

p[a@ ~ 0.592}; X (1-p)(1 —a) [ae ~ 0.592}; L
pt+(1-p)(l—a) pt+(1-p)(l—a)

2_1)— 1
gy =05 (PEtr—D—a+ 1) 0
pla+tr—1)—a+1

Lemma 6.4. The uninformed Sender’s optimal choice of &t is oc = 1.

Proof. The uninformed Sender’s problem is:
max E[a] = max[oar + (1 — &)ap]
04 04
2 _ 1) —
= max [ 0.5 ploti )~ o X o
ael0.1] pla+t—1)-a

+0'5<p(oc+t2—1)—oH—1> x(l—a)>

pla+t—1)—o+1

The first-order condition for an interior optimal yields the following:

prt—1)=2pt—1)++/(p—1)2(t— 1)t +z—1
3)
(p—1)?
Given z € (0,1) and p € (0,1), equation (3) has no solution with ¢ € (0, 1). Hence,

the optimal value of « is either O or 1. Direct computation shows that it must be
oa=1. O

o =—

Theorem 4.1

Proof. ltis clear that in equilibrium the uninformed Sender will always send message
T (aformal proof is in Appendix A). If ¢ is the threshold used by the informed Sender,
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the Receiver’s best response to messages 7 and B as a function of ¢, are given by (see

Appendix A):
2 —1
ar =0.5 (”7> ag = 0.5¢.
pt—1

The informed Sender’s indifference condition is:
—((t+b) —ap)* = — (ar — (t+b))*.
This leads to two possibilities. The first is that
(t+b)—ag+ar—(t+b)=0 =apg =ar.

Hence,
pr—t=pt*—1=1t=1,

which corresponds to a babbling equilibrium which we ignore. The second possibility
is that

(t+b)—ap=ar—(t+Db)

pt-—1

t2
=t+b—-05=0.5 —t—b
pt—1

pt* —1 b
pt—1
pt2—1
pt—1

=05t+b=0.5

= 1.5t+2b=0.5

= (pt —1)(1.5t+2b) = 0.5(pt*> — 1)
= 1.5pt> +2bpt — 1.5t —2b = 0.5(pr*> — 1)
= pt? +2bpt — 1.5t —2b+0.5=0
= 2pt* +4bpt — 3t —4b+1=0
= 2pt? + (4bp —3)t —4b+1=0
—(4bp —3) £ +/16b2p2 +8(b—1)p+9
4p ’
For ¢ to be well defined we need the term in the square root to be non-negative. The
expression 16b%p? +8(b—1)p+9 has a derivative with respect to p of 326?p —8(1 —

b) which is negative given b*> < 1/8. Therefore, the expression achieves a minimum
at p = 0, so the term in the square root is non-negative and the roots are real.

=t=
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We eliminate the root

—(4bp —3) ++/16D2p2 +8(b—1)p+9
4p

from consideration because it exceeds 1. To see why, suppose otherwise:

—(4bp —3) ++/16b2p2 +8(b—1)p+9 _

1
4p

= —(dbp—3) +/1652p2 +8(b— 1)p+9 < 4p
= 16b°p* +8(b—1)p+9 < 16p*(14+b)* 4+9 —24p(1 +b)
= 8(b—1)p < 16p*> +32p*h —24p — 24bp
=1<p,

which cannot be.
Therefore, the informed Sender’s equilibrium threshold, denoted ¢*, satisfies:

o 3—4bp—\/1662p2+8(b—1)p+9
— i .

“4)

We verify that t* < 0.5 —2b:

3—4bp—+/1602p> +8(b—1)p+9
4p

<05-2b

=3~ 4bp—\/1602p% + 8(b— 1)p+9 < 2p—8bp

= 344bp—2p < /160 +8(b— D)p+
= (3+4bp—2p)> < 16b*p* +8(b—1)p+9
= 9+ (4bp —2p)> +6(4bp —2p) < 16b*p* +8(b—1)p+9
= 9+ 16b°p> 4+ 4p® — 16bp* +24bp — 12p < 166> p* +8(b—1)p+9
= 4p> —16bp* + 16bp —4p <0
= 4p*(1—4b) +4p(4b—1) <0
= 4p(p—1)(1—4b) <0,

which is clearly true.
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We also verify that t* > 0:

3—4bp—\/1602p2 +8(b—1)p+9 -0
4p -

= 3—4bp > /1662p2 +-8(b— 1)p+9
= 9+ 16b°p> —24bp > 166> p> +8(b—1)p+9
= —24bp > +8(b—1)p
= 8p > 32bp

= 0.25 > b,

which is true by assumption.
Now, we compare the informed Sender’s ex-ante payoff which is
* )2 -1

t* 1
—/ (9+b—0.5t*)2d9—/ (0521
0 * P

Y R AY
S —0-b)de,

with their ex-ante payoff when p = 1 which is (0.5 —2b).
Consider the function ¢(x) = f,l (x — 6 — b)?d0. A straightforward calculation
shows that it is convex and achieves a minimum at x = 0.5(1 4-¢*) + b. Therefore, for

x<0.5(141")+b, ¢(x) is decreasing. Now, % < 1+1t*. Hence,

t* 1 *\2 _ 1
" o+p-052d6— [ 052 =16 b4
0 1 pt—1

t* 1
< —/ (9+b—0.5t)2d9—/ (0.5(1+1°) — 0 —b)2d6
0 t*

=0o(t") <o(0.5-2b).

The last inequality follows from Lemma 3.2 and the fact that r* < 0.5 — 2b.
The Receiver’s expected payoff is

t* 1 2 _q
—/ (G—O.St)zde—/ 052 =1 o240,
0 1* pt—l

We will use Lemma 3.1 to compare it with their expected payoff when p = 1 which is
p(0.5—2b). Consider the function u(x) = ftl (x—0)2d0. A straightforward calcula-
tion shows that it is convex and achieves a minimum at x = 0.5(1+-¢*). Therefore, for
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x<0.5(141%), u(x) is decreasing. As pg;):l < 141¢* it follows that the Receiver’s
expected payoff is bounded above by

- /Ot*(e —0.51)%d6 — /j (0.5(t* + 1) — 0)2d6 = p(*) < p(0.5— 2b).

Theorem 4.2

Proof. Given that the uninformed Sender strictly prefers to send message B, the Re-
ceiver’s best response — as functions of the informed Sender’s threshold ¢ — to mes-
sages T and B, respectively, are given by (see Appendix A):

p(t2—1)+1>_

ar =0.5(t+1), ag=0.5
r=05(t+1), ap <p<t_1>+1

The informed Sender’s indifference condition is:
—((r+b) —ap)* = —(ar — (1+b)).
There are two possibilities. The first is that
ar=ag = pt+1)(t—1)+(t+1)=pr*—1)+1 =>1r=0.

This corresponds to a babbling equilibrium which we ignore. The second possibility
is that
t+b—ag=ar—t—>b

p(®—1+1Y _
=t+b-0.5 (W) =0.5(t+1)—t—b
= (%) +1+1=4(t+b)

=p =D+ 14+pt—1)(t+1)+t+1=4@+b)[p(t—1)+1]
= 2p(t? — 1)+t +2=4(t+b)[p(t—1)+1]
= 2p(1> — 1) 4+1+2=4pt*> —dpt +4bpt —4bp +4(t + b)
= 2pt> + (4(b—1)p+3)t —dbp+2p+4b—2=0
= 2pt* + (4(b—1)p+3)t +2p(1 —2b) +2(2b—1) =0
= 2pt* + (4(b—1)p+3)t +2p(1 —2b) —2(1 —2b) =0
= 2pt2 + (4(b—1)p+3)t+2(p—1)(1—2b) =0
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= 2pt> + (4(b—1)p+3)t —2(1 — p)(1 —2b) = 0.

There are two roots:

—(3+4(b—1)p)£+/16p2p2 —8(b+1)p+9
4p '

*

Consider first

*

—(3+4(b—1)p)++/16p2p2 —8(b+1)p+9
4p '

We verify that it is in [0.5 — 2b, 1]:

—(34+4(b—1)p) ++/16b2p? —8(b+1)p+9 _
4p

<1

~(3+4(b—1)p) +/1602p> ~8(b+ 1)p+9 < 4p

= \/1602p2 —8(b+ 1)p+9 < 4p+ (3+4(b— 1)p)

= /16622 —8(b+ 1)p+9 < dp+3+4bp—dp

= /16022 —8(b+ 1)p+9 < 3+ 4bp
= 16b*p* — 8(b+1)p+9 < 9+ 16b* p* +24bp
= —8(b+1)p <24bp,

which is certainly true.
Next, we show that this root exceeds 0.5 — 2b. Suppose not, then

—(34+4(b—1)p)++/16b2p* —8(b+1)p+9
4p

~(3+4(b—1)p) +/1662p> —8(b+1)p+9 < 2p— 8pb

= /16022 —8(b+ 1)p+9 < 2p—8pb+3+4(b—1)p

= /160202 —8(b-+ 1)p+9 < 2p—8pb+3+4bp—4p

= \/1662p2 —8(b+ 1)p+9 < ~2p—dpb+3

= 166> p*> —8(b+1)p+9 <9+ (2p+4pb)* — 6(2p + 4pb)
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= 16b*p*> —8bp —8p < (2p+4pb)* — 12p — 24bp
= 16b*p*> < (2p+4pb)* —4p — 16bp
= 16b°p* < 4p* + 16p*b* + 16p>b —4p — 16bp
= 0<4p*+16p°b—4p— 16bp
=0 <4p°(1+4b) —4p(144b) =4p(p—1)(1+4b),

which is impossible given p < 1.
Now, we consider the other root

. —(B+4(b—1)p)—+/1662p2—8(b+1)p+9
= e : (6)

This root can be eliminated because it is negative. To see why, suppose otherwise:

—(3+4(b—1)p)—+/1662p2 —8(b+1)p+9 -

4p 0

= —(3+4(b—1)p) — /166> ~8(b+ 1)p+9 >0

= —3-4(b-1)p> \/16272102 —8(b+1)p+9

= 3441 -b)p > \/1602p> ~8(b+1)p+9.

Squaring both sides yields:
9416(1 —b)*p* —24(1 —b)p > 16b°p* —8(b+1)p+9

= 16(1 —2b+b*)p* —24(1 —b)p > 166> p* —8(b+1)p
= 16p> —32bp* + 16b°p* —24(1 —b)p > 16b*p* —8(b+1)p
= 16p* —32bp*> —24(1 —b)p > —8(b+1)p
= 16p> —32bp* > 24(1 —b)p—8(b+1)p
= 16p*(1—2b) > 16p(1 — 2b)
which is a contradiction given p < 1. U

Journal of Mechanism and Institution Design 9(1), 2024



40 Bayesian Bullshit

Appendix B

Suppose there are three types of Senders: an informed Sender, an uninformed
Sender who prefers higher actions (US”), and an uninformed Sender who prefers
lower actions (US). The Receiver believes that the Sender is US" with probability
p1, USE with probability p, and informed with probability (1 — p; — p2).

The informed Sender sets threshold 7 € [0, 1] and sends message B when 6 € [0,1),
and T when 0 € [t,1]. Suppose US sends message T with probability o and B with
probability (1 — ) for all 8 € ®, and US’ sends message T with probability B and
B with probability (1 — ) for all 6 € ©.

Lemma 6.5. Let ay denote the Receiver’s best response upon seeing message T.
Then,

. _05<p1(oc+t2—1)+p2(l3+t2—1)—t2+1>
= U pila+ =D+ pp(B+t—1)—t+1 )

Proof. The probability that the Receiver sees message T is ap; + Bpr+ (1 —1)(1 —
p1 — p2). Given that the message is T, the probability that the Sender is uninformed
and prefers higher actions is

ap;
ap1+Bpa+(1—0)(1—p1—p2)’

Similarly, the probability that the Sender is uninformed and prefers lower actions is

ﬁpz
api1+Bp2+(1—t)(1—p1—pa2)

Finally, given message T, the probability that the Sender is informed is

(1=1)(1—p1—p2)
api+Bpr+(1—1)(1—p1—p2)

The Receiver’s expected payoff from choosing action a is:

E[ug|T] = E[ug|US" , T\P(US" |T) + E[ug|US", T|P(US*|T) + E[ug|1S, T|P(IS|T)

1

ap / 2

= —(a—0)°do
@ Bt (-0 ) 7%

4 Bp>
api+Bp2+(1—1t)(1—p1—p2)

—(a—0)%d6

S~ _
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(1-1)(1=p1—p2) /—(0—9)2 40

aP1+BP2+(1—I)(1—P1—P2)t 1—1t
1 1

[ap: +ﬁp2]/(a—9)2de 1—p —pz]/(a— 0)> do
0 t

_ _ G
ap1+Bp2+(1—=t)1—=p1—p2) api+Bp2+(1—1t)(1—p1—p2) 2

To determine the Receiver’s optimal choice of a we set the derivative of (7) with
respect to a equal to zero:

1 1
joap1+Bp] [ 2(a—0)as 1= p1=pa] [2a—6) dp
0 t _
Cap+Bp+(I—0)(1—pi—p2)  api+Bpa+(1—1)(1—pi—p2) -
(api+Bp2) [a —0.5] (1= p1— p2) [(a— 0.5) — (at —0.5:2)] .,
apy+Bp2+(1—=1)(1—p1—p2) " (apr+Bpr+(1—t)(1—pi—p2))(1—1)
_os(Pletr=D4pfrr-1)—r+1
:’“T‘O‘5< @ttt paBri—1) 11 > -

Lemma 6.6. Let ay denote the Receiver’s best response upon seeing message T.
Then,

Caec(m@trP =D +pB+r-1) -1
a3‘0'5< p@tt— D) tmBii_1) 1 >

Proof. The probability the Receiver sees message Bis (1 —ot)p;+(1—B)p2+1(1—
p1 — p2)- Given that the message is B, the probability that the Sender is uninformed
and prefers higher actions is

(1-a)p
(1-o)p1+(1=B)p2+t(1—p1—p2)’

Given that the message is B, the probability that the Sender is uninformed and prefers
lower actions is
(1-B)p>

(1—o)pr+(1=B)p2+1(1—p1—p2)’
Finally, if the message is B, the probability that the Sender is informed is

t(1—p1—p2)
(1-o)p1+(1=B)p2+t(1—p1—p2)
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The Receiver’s expected payoff from choosing action a is E [ug|B]

Elug|US™ BIP(US™ |B) + E[ug|US",B|P(US*|B) + E[ug|IS,B]P(IS|B) =

®)
1 1
(1-ap [a- (1=B)p2 [ (a—x7dx
0 0
_(l—a)p1+(1—l3)pz+t(1—p1 pz)_(l—a)m+(1—l3)1?2+t(1—p1 =)
) (1= p1 = /’<
(l—a)P1+(1—l3)2+t1—P1 o
1 t
(1= @)pi + (1= B)pa] [ (a— 0)%aB 1= pi—pa] [(a0) a6
0 0
TT—ap =B il—pi—p2)

(1=a)pr+ (1 =B)p2+1(1 = p1 —p2)
To determine the Receiver’s optimal choice of a, we differentiate (8) with respect to
a and set to zero:

1
[(1—o)pi + (1= B)pa] /(2a—20)d6
0

[1—p1 —Pz]/(za—w) de
0
(I—a)p1+(1=B)pa+t(1—p1—p2) (1—

Op v (Bt t(—pr—p2) ©

t

1= pi=pal [(a—0) a0
0 _
(=ap (0 =Bprii=pi—ps) | "

1
(1=)pi+(1=B)pa] [(a—0)d6
0

T—ap+(0-—Pimrt(—pi—p)

-2

[(1—a)p1+(1 /1 [1—p1— /
0

0 +
(I1—o)p1+(1=B)p2+t(1—p1—p2) ((1-

Opi (- B)pa 11— pr— p2>:0
(= a)py + (1 B)pa] a6 —0.567]
(—ap+(-Bmi(l-pi—p) (1=
(1= a)pi +(1—B)pal[a—05]
—am (- Bmi(l—p-p) (1=

[1—p1— p2) [ae —0.562];
=0
a)pi+(1—=B)pa+t(1—p1—p2)

[1—p1—p2] [at - O.Stz]

=0
a)pi+(1—=B)pa+t(1—p1—p2)
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(1= a)pi + (1= B)pa][a—05] [1=p1— o) [a—0.51] L,
(1—a)p1+(1—l3)pz+t(l—p1—pz)+(l—a)p1+(1—B)pz+t(1—p1—pz)_
Cae(m@t =D+ pB+r—1)—1

;‘“B‘°‘5< p@ti— 1)+ paBri—T)—1 ) -

The uninformed Sender who prefers higher actions must solve the following problem:

max E[a] = moaclx[aTP(T) +agP(B)] = mo?x[aTa +ag(1— )]

o

2 _ 2 _ _ 42
— max <O'S<p1((x—|—t D+p(B+1t"—1)—t +1> o
prla+t—=1)+p(B+t—1)—1t+1

o€l0,1]
pla+? =D +pB+rr-1)-r
“"5< (@t FpB 1)1 > " ““”)

Lemma 6.7. The uninformed Sender who prefers higher actions will choose a = 1.

Proof. The first-order condition for an interior optimal is:

. 1
o = — <— (p1*(B*p2” +2Bpipat — Bpipa + 2B pa’t
(p1 = 1)p1
—2Bp2* —2Bpat + Bpa + pit* — pi’t + 2p1pat® — 3pipat + pipa

1

—2p1t* + 2pit + pa*t? — 2p2Pt + pa — 2pat® + 3pat — pr + 12 — 1))
—bp*q—1p* + p* — p*ar + p*q + p’1 — p2> :
Givenr € (0,1), p1 €(0,1), p2€(0,1),and B € (0, 1), this expression has no solution

in (0,1). Hence, at optimality @ =0 or @ = 1.
Setting @ = 0 yields the following expected payoff for US":

pi(*=1)+po(B+1>—1)—1?
0‘5< 1)+ pa(Bi—1)—1 >

Setting or = 1 yields the following expected payoff for US":

<p1t2+p2([3+t2—1)—t2+1>
pit+p(B+t—1)—r+1

With ¢ € (0,1) and p; € (0,1), p» € (0,1), and B € (0,1), o = 1 yields a greater
payoff for US". Thus, the uninformed Sender who prefers higher actions will always
send message T . U
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By symmetry, the uninformed Sender who prefers lower actions will choose o =
0, i.e., will always send message B. The informed Sender will choose threshold ¢ so
that
((t+b) —ap)’ = (ar — (1 +b))*.

Lemma 5.2

Proof. From equation (1), we have:

5<put2+pu(t2—1)—t2+l> 05<put2+pu(t2—1)—t2
put +pu(t—1)—1+1 T\ put+put—1)—t

> —2t=2b. (9)

Denote the left hand side of equation (9) by f(z). In equilibrium, f(#*) = 2b and the
derivative of f () with respect to 7 is:

af _ 0.125p; —0.125p, N 0.125(p} — 1.5p2+0.5p,,) B
ot (put—0.5p,—0.5t)2 " (py—0.5)(put — 0.5p, — 0.5t +0.5)2

_ pu(Pu—l) Pu(ZPu—l)(pu—l)
T 805 — 0597 16(pu—05)((pu—05p 10501 —p = 10

In the right hand side of equation (10) let

pu(pu - 1)
8((pu—0.5)r—0.5p,)?

A=

and
_ Pu(2py— 1) (pu—1)
~ 16(py—0.5)((pu —0.5)1+0.5(1 = p,,))?’

Denote the respective numerators by N4 and N¢ and the respective denominators by
Dy and Dc¢. Recall that we must have p, € (0,0.5) and ¢ € (0,1).

Now, Na = p.(p, — 1) is negative and D4 = 8((p, — 0.5)t — 0.5p,)? is positive.
Hence, A < 0. Also, N¢ = p,(2p, — 1)(p, — 1) is positive as it is the product of
two negative numbers. In addition, D¢ = 16(p, — 0.5)((py —0.5)t +0.5(1 — p,,))?
is negative as it is the product of a positive and a negative number. Hence, D¢ < 0.
Therefore, C < 0.

As % =A+C—1<0itfollows that f is decreasing in ¢ over the relevant domain.
Denote the standard cheap talk threshold by 7 = 0.5 —2b. Assume, for a contradiction,
that f(7) < f(¢*). This yields the following inequality:

C

b(2b*(py —0.5)> + Lpu(pu—1) — %
f(,—):( G bZ(p)_J(F)Z;JZ(_pL ) 32)<2b=f(t*). (11)
u : 64
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We now show that the denominator on the left hand side of inequality (11) is negative.
If not,

b*(p,—0.5)> — LI

64
1
b (p,—0.5)* > —
= b (p )>64
1
= b(p,—0.5) > 3
= >1+1
Pu=gp ™o

This cannot be as p, € (0,0.5) and b > 0.
Hence, if we multiply both sides of (11) by b*(p, —0.5)% — é, the sign of the
inequality reverses. Therefore, when f(7) < f(¢*), the following holds:

1 1 1
2 . 2., 2 1) 2 _ 2_
b(2b”(p,—0.5)"+ 8p”(p“ 1) 32) > 2b(b"(p, —0.5) 64)

1 1 1
3 o 2 - - b 3 . 2
= 2b°(pu —0.5) +8bpu(pu 1) b > 2 (pu—0.5) ?

1
= gbpu(pu —1)>0.

Provided that b > 0 this is equivalent to p,(p, — 1) > 0. Therefore, one of the follow-
ing must be true:

1. Both p, and (p, — 1) are negative.
2. Both p, and (p, — 1) are positive.

Now p, cannot be negative, nor can it be that (p, — 1) is positive, as p € (0,1).
Therefore, f(f) < f(¢*) which is a contradiction. This means that f(7) > f(¢*). Since
f(+) is a decreasing function of 7, f(7) > f(¢*) implies that 7 < ¢*. Thus, the presence
of the uninformed Sender raises the informed Sender’s equilibrium threshold when
compared to the standard cheap talk model. This implies that, ex ante, the informed
Sender who faces two uninformed Senders with opposing preferences, sends message
B with greater probability than in the cheap talk case.

Now, we evaluate f(0.5) and show that it is less than f(z*). This will imply,
t* < 0.5 and therefore, by Lemma 3.2, the informed Sender is better off. Now,

0.25p, — 0.75p, +0.75 0.25p, — 0.75p, — 0.25
7(0.5) =05 [ =22P Put +0.5 ( —=2Lu Pu 1
0.5p4 —0.5p, +0.5 0.5p4 +0.5p, — 0.5
05p,+0.75 _—0.5p,—0.25
—05 po”;r +0.5 pb(‘)s —1=0<2b=f(r"). O
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Appendix C

We consider the possibility of an equilibrium with multiple messages. Suppose
there exists an equilibrium with n messages denoted by My for k = 1,2,...,n, with
M, representing the bottom message and M,, representing the top message. The mes-
sages partition [0, 1] into n intervals, separated by n — 1 thresholds. Denote by #
the threshold that separates the intervals My and My, ;. Thus, t; <t < ... <.
Suppose the uninformed Sender with a preference for higher actions sends message
M, with probability g;. Our goal is to identify the choice of g;’s that maximize the
uninformed Sender’s expected payoff.

Upon observing message M, the Receiver chooses action a to maximize her
expected payoff:

E[MR|M1] = E[MR|IS,M1]P(IS|M1) +E[MR|US,M1]P(US|M1)

1

14}
t —0)? 1—p
_ ph /—(a PR Gl L / (a—6)°do
pti+(1—-p)q f pti+(1—p mo

p(ti® —q1) +Q1>
plti—q)+aq1 )

More generally, upon seeing message M; (for arbitrary integer i =2,3,...,n— 1), the
Receiver chooses action a to maximize the following:

= apy, =0.5 <

E[MR|M[] = E[MR‘IS,Mt]P(IS‘Mt) +E[MR|US,M,']P(US|M[)

t; 1

i —ti— —92
___ pliztiy) /—(“ Vags—— U= / (a—6)%d6
P(ti—tif1)+(1—l?)6b't ti—ti_1 p(ti—ti—1) i
i—1
W1 —q)+qi
Cay, =05 Pl =6, —q)+qi |
pti—ti-1—qi)+qi

Upon seeing message M, the Receiver chooses action a to maximize the following:

E[ug|M,] = E[ug|IS,M,|P(IS|M,) + E[ug|US,M,]|P(US|M,)

(a—6)%de

p(1 =t 1) /1_<a—e>2 <1—

do+
p(l_tnfl)"i'(l_p)Qn 1—[,,71 p(l_tn 1
n—1

O\_

(1 n 1 Qn)‘i’qn)

=ay =0.5
M ( (l_tnl Ch)""‘]n
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Thus, the expected action of the Receiver is given by:

.
Elals=US] = Z aram, = qiam, + Y [am,] + gnan,

=2
~a (oo (iaman)) B o

p(l‘, o —qi)+qi
p(ti - t,,1 - Qt) +qi
Pl =12 | —qn) +4n
Tn (OS (17(1 —In1 _Qrt) +Qn>> '
Let

P+ =pa \ o e =)+ (=Pl
o =ar (S (1= ) ) = <2<p<zi—z“>+<1 —p)qo)

fori=2,...,n—2 and

_ 2 _
fn(CIn):fnZQn< p(l Il )+(1 p)qn >

2(p(1=ty1) + (1= p)gn)

Then, E[als = US] = ¥~/ f:(¢:). The uninformed Sender’s problem is the following:
n—1
max ), fi(:)
i=1

n—1
st. Y gi=1;¢>0Vi=1,....n—1
i=1

Let (g7, ..,q_,) be an optimal solution to this program. A direct computation shows
the following:

o ti+1ti1 <1 = fi(g;) is convex in g;;
e ti+ti1 =1 = fi(g;) is linear in g;;
e ti+1ti_1 > 1 = fi(g;) is concave in g;.

Let r — 1 be the largest index such that z,_; < 0.5 then f,..., f,—1 are convex. Con-
sider the following sub-problem:

r—1
max ) fi(q:)
i=1
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r—1

r—1
s.t. Zq,-: q;q>0vi=1,...,r—1.
i=1 =1

1

As the function being optimized is convex, the maximum of the subproblem must
occur at one of the extreme points. A straightforward computation shows that the
optimal solution will be g, = Zf;ll q;. In other words, g; =0, i.e., the uninformed

Sender never sends the lowest message.

Three Messages

Now, consider the possibility of an equilibrium with three messages, the informed
Sender uses thresholds #; € [0,1] and #, € [0,1] where 7, > t;. The informed Sender
sends message B when 0 € [0,#;], M when 6 € [t;,12], and T when 0 € [1;,1]. The
uninformed Sender sends message T with probability & and M with probability (1 —
o). By the argument above the uninformed Sender never sends message B.

The uninformed Sender chooses & to maximize the expected action of the Re-
ceiver, since the uninformed Sender strictly prefers higher actions. Thus, the unin-
formed Sender will choose @ € [0, 1] to maximize

2_1)— 1) —a+l
uR::o.5<"’(°‘+t2 ) O‘)xoc+-o.5<”(o‘+t2 noh-ot )xu—a)
pla+n—1)—a plo+t—t1—1)—oa+1

The first-order condition for optimality is:

8uR/8oc =0=a* = 2p21‘132‘2 — 2p21‘13 — 2p21‘122‘22 + 2p22‘12

12)
— V/=2p2130 + 2p7103 + 2p%1 202

Note that for some values of p, #; and 1, it may be optimal to choose « strictly
between zero and one.’
The informed Sender’s indifference condition between messages 7 and M is:

pla+B—t—1)—a+1
pla+n—n—1)—a+l

pla+—-1)—a
platn—1)—a

0.5(

)—ty—b=1,+b—0.5(

The indifference condition between messages M and B is:

pla+i—1—1)—a+1
pla+n—t—1)—a+1

05( )—tl—b:t1+b—0.5t1

When o =1,

. 5—36bp — +/144b2p2 +24(b—1)p +25
2 pr—
12p

3 See the graph: https://www.desmos.com/calculator/rdv7j9giwa.
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and

5—12bp—\/144p2p? +24(b—1)p+25
6p ’
If we substitute this into equation (12) we see that there is no interior solution. Hence,
the uninformed Sender’s best response to the choice of thresholds above is o = 1.
We now focus on the case & = 1 to determine the upper limit on b to support a
three message equilibrium. The Receiver’s best response to each message is:

Hh =

p?—1
ar =0.5 s aM:O.S(t1+t2), ag = 0.51;.
ptr —1

The informed Sender’s thresholds (ignoring the babbling case) are determined by the
following indifference conditions:

pn*—1
0.5 —(+D)=1+b—0.5(rr+1). (13)
ptr —1

From equation (13) the equilibrium value of 7, as a function of 7, denoted #; (¢;), must
satisfy:

—/P2(t1 —4b)2 +8bp —2p(t; +4) +9—4bp + pt; +3
4p '

(1) =
The second indifference condition is
05(t+1n)— (1 +b) =1, +b—0.51. (14)
From equation (14) the equilibrium value of #; as a function of ,, denoted ¢} (#,), must
satisfy:
1] (t2) = 0.5t — 2b.
Solving these equations we find that the equilibrium thresholds satisfy the following:
(p.b) 36bp —72b —Tp + 12 — sq
p7 = )
: 6(p —3)(2p - 3)
. 12bp +7p — 12 4 sq
t(p,b) =
for sq = \/144b% p2 — 120bp? + 144bp — 24p3 + 157p* — 276p + 144. Next, we de-
termine the upper limit of b in order to support such an equilibrium.

In the absence of an uninformed Sender, a three message equilibrium exists pro-
vided the following condition on the informed Sender’s bias is satisfied (Crawford &

Sobel 1982):
! 2 1
< (yJ1+i-1)=b<—.
—2< *5 )j =12
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When the uninformed Sender is present with probability 1 — p, a two message equi-
librium is supported when #; > O:

36bp—T72b—Tp+12—sq >0
6(p-3)2p-3)

As p € (0,1) the denominator in the left hand side of the above is positive. Hence,

36bp—T72b—Tp+12—5g >0

= 36bp—T2b—Tp+12 > sq
= (36bp—T72b—Tp+12)* > 144b* p> — 120bp> + 144bp —24p> +157p* —276p+ 144
= 1152b° p*> —384bp® +1728bp — 108p* + 108 p— 5184b° p+5184b* 4 1728b+24p> > 0
= 12(p—3)(2p — 3)(p + 48b* — 16b) > 0
= p+48b* — 16b > 0.

The roots of the quadratic on the left are b = (2 + /4 —3p)/12 and they are real for
p € 10,1]. Therefore, b < (2—+/4—3p)/12 or b > (2+ /4 —3p)/12. Hence, the
value of b under which a three message equilibrium exists under cheap talk and in the
presence of an uninformed Sender must satisfy b < (2 —+/4—3p)/12. For such a b,
the possible values of p consistent with a three message equilibrium in the presence
of an uninformed Sender must be at least as large as 16b(1 — 3b).

Appendix D

Suppose there exist two types of informed Senders: one with low bias b; de-
noted (1S*) and another with high bias b, denoted (I1S™). Both Senders send a state-
dependent message. We compare the value of the information sent to the Receiver in
this case with that in which the Receiver faces either a low-biased informed Sender
or an uninformed Sender with preferences for higher actions only.

IS sets threshold # € [0,1] to determine which message is sent. IS” sends mes-
sage B when 0 € [0,1;), and T when 6 € [t;,1]. Let ty € [0, 1] be the threshold for 75"
to determine her binary message. Thus, IS sends message B when 0 € [0,1,), and T
when 6 € [t,,1]. Assume that the informed Sender is IS” with probability p and 157
with probability 1 — p.

The Receiver observes the message, but not the type of the informed Sender. The
Receiver knows p, by, and b, and uses these to inform her beliefs on the Sender’s type
and, thus, 6. Then, the Receiver chooses an action to maximize her expected payoff.
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Receiver’s Action in Response to T

The probability that the Receiver sees message T is:
P(T) = P(T|IS")P(IS") + P(T|IST)P(IS") = p(1 — 1)) + (1 — p)(1 —13.).
Given that the message is T, the probability that the sender is IS” is given by:

_ P(ISYP(T|ISE) p(1—1)
P(IS|T) = P(T)  p-n)+(U-p) (-1t

Given that the message is T, the probability that the sender is IS is given by:

CPUsP(TiIsty (- p)(-n)
PUSTIT) = =y = pi—w+(—p=m)

R’s expected payoff from choosing action a € [0, 1] is given by:

E[ug|T] = E[ug|IS*, T|P(IS*|T) + E[ug|IS" , T1P(1S™|T)

1
_ p(1 —n) (a—9) (1—p)(1 —1n)
S p(l—u)+(1-p)1 —th)J 1—1 d6+p(1—t1)+(1—p)(1—th)
1 pfl(az —2a0 + 6%)do (1-— p)fl(az —2a6 + 62) do
/_Mdg ____ " _ U
-1 p(l—u)+ (1 —=p)(1—1) pl—1u)+1—p)(1—1)

To determine R’s optimal choice of action, we invoke the first-order condition:

- 1 ]
p/(a2—2a9—|-92) a6 (1—p)/(a2—2a9—|—92) 40

d _P(l—t1)+(1—p)(1—th)_ p(1—t)+(1—p)(1—1) /aa:O

p/l(a—e)de (l—p)/l(a—e)de

P (- p0—m s+ -pi—m | °
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1 1

p[ae —o.sez]t (1-p) [ae —o.sez}t
p(l—n)+(1=p)(1—n)  p(l—n)+(1—p)(1—1)

pla—0.5—at;+0.54%) + (1 - p)(a—0.5 — at, + 0.5t,)
p(I—t)+(1—=p)(1 —1)

2 2 2
ar =0.5 <p(t1 )+t 1> .
p(t[—th)—l-th—l

=0

Receiver’s Action in Response to B

The probability that the Receiver sees message B is given by:
P(B) = P(B|IS"*)P(IS") + P(BIIS")P(I1S™) = pt; + (1 — p)ty.

Given that the message is B, the probability that the informed Sender has low bias is
given by:
P(1S)P(B|IS* !
P(B) pii+(1=pin
Given that the message is B, the probability that informed Sender has high bias is
given by:

_ PusTPBIST)  (1-p)t
P(1s"|B) = P(B) T o+ (1— ;)th'

The Receiver’s expected payoff from choosing action a is given by:

E[ug|B] = E[ug|IS*, B|P(IS"|B) + E[ug|IS" , B|P(I1S" |B)

1 . 2 - I _ )
_ ph /_(a 0) 46 + (1—p)ty /_(Cl 0) 40
pti+ (1= p)ty , 1 pti+(1—p)ty / th

1 In
p/(a2—2a9+02)d6 (1—p)/(a2—2a9+92)d0
0

0
- _ — =: uR.
pti+ (1= p)ty pti+ (1= p)ty

To determine the Receiver’s optimal choice of a, we invoke the first-order condition
for optimality:

8uR/8a =0
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1 )

p/(a—e)de (1—p)/(a—6)d6
0 n 0 _0
pt1+(1—=p)ty pti+(1—p)y

p 2] (1-p) 2]
——— a6 —-0.56 ————1a6—-0.56 =0
ptl—l-(l—p)th[a ]0+pt1+(1— 121 [a }0

p(al‘l—o.Stlz) +(1— )(al‘h—OSl‘h ) —0
pti+(1=p)i
p(t* — 1 )+lh2>
ap=05—-—. 15
? ( p(ti—tp) +1y ()

Senders’ Strategies

The informed Senders individually set their thresholds such that they are indifferent
between sending 7 and B. In equilibrium, this means that both of the following
equations are satisfied by (¢/",1;):

p(tlz—thz)—i-thz—l 2
_<05< tl—th)-i-lh—l >—(l‘1+b1)>
) 2\ \ 2
<n+m (Mm w)+w>>
p(tl - th) + Ih 5 (16)
p(t —th)+th2—1
< < (tr—tn) +tn—1 >_(th+bh)>

2
(tn + by) P(tl —th)+th2
(s + b1) plty —tn) + 1ty '
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ABSTRACT

In this paper, we establish conditions for the existence of an equilibrium in
the equilibrium flow problem studied by Galichon et al. (2024). The problem
nests several classical economic models such as bipartite matching models,
hedonic pricing models, shortest-path and minimum-cost flow problems, and
time-dependent routing problems.
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1. INTRODUCTION

ALICHON, Samuelson and Vernet introduced a class of problems, equi-
librium flow problems, that nests several classical economic models
such as bipartite matching models, hedonic pricing models, shortest-path and
minimum-cost flow problems, and time-dependent routing problems (Gali-
chon et al. 2024). This paper first provides a more detailed presentation and
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56 The Existence of Equilibrium Flows

motivation for the equilibrium flow problem. Our main result then provides
conditions sufficient to ensure the existence of an equilibrium flow.

The framework for the equilibrium flow problem is a network, consisting
of a set of nodes and a collection of directed arcs. A subset of the nodes are
source nodes, each characterized by a negative quantity that can be interpreted
as a quantity that must be conveyed away from the source node. Another subset
of nodes are destination nodes, each characterized by a positive quantity that
can be interpreted as a quantity that must be conveyed to the destination node.

A price vector attaches a price to each node, and a connection function
assigns a payoff to each arc as a function of the prices at the arc’s origin and
destination. The structure of the network is exogenous, and the quantities
assigned to source and destination nodes are also typically exogenous, while
prices are determined endogenously as part of an equilibrium specification.

An equilibrium flow is a specification of the prices assigned to the nodes
and a specification of flows along the arcs with the properties that (i) all of
the quantity assigned to each source node is transported away from the source
node and each destination node receives its specified quantity, (ii) the prices
are such that no arc exhibits a positive payoff, and (iii) no flow occurs on an
arc with a negative payoff.

The equilibrium flow framework captures a variety of applications. If all
nodes are either source nodes or destination nodes, and an arc runs from every
source node to every destination node, then the equilibrium flow problem can
be used to model one-to-one matching, either with transfers (as in Crawford
& Knoer 1981 or Demange & Gale 1985) or without transfers (as in Gale
& Shapley 1962), with prices taking the role of utilities. Interpreting source
nodes as firms, destination nodes as consumers, and intermediate nodes as
products produced by the firms, the equilibrium flow problem can model
hedonic pricing (Rosen 1974; Chiappori et al. 2010; Ekeland et al. 2004). If
there is a single source node and single destination node (but perhaps many
intermediate nodes), the equilibrium flow problem generalizes the shortest path
problem of Bellman (1958). Expanding to multiple sources and destinations
gives the minimum-cost flow problem of optimal transport (Galichon 2018).
Time dependent routing problems (Gendreau et al. 2015) are similarly a special
case. We expect there to be other applications.

The equilibrium flow problem has two useful features. First, the framework
requires no assumptions on the payoff functions other than the appropriate
monotonicity conditions, obviating the need to work with transferable utility
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or analogous linearity assumptions. Second, Galichon et al. (2024) show that
the equilibrium correspondence, associating with each price vector the set
of quantities consistent with an equilibrium flow, satisfies their condition of
unified gross substitutes. The unified gross substitutes condition is a natural
extension to correspondences of the familiar weak gross substitutes assumption
for functions and is a natural strengthening of Kelso & Crawford’s (1982)
gross substitutes condition for correspondences. This characterization of the
equilibrium correspondence in turn provides the foundation for comparative
static results. Section 4 illustrates.

Section 2 presents the equilibrium flow problem, making precise this
section’s intuitive description.

Section 3 presents the existence argument that constitutes the contribution
of this paper. The argument rests on two building blocks, each a variation on
familiar ideas. First, there must exist a set of feasible flows capable of carrying
the quantities from the source nodes to the destination nodes. We rely on a
generalization of Hall’s (1935) theorem to obtain a sufficient condition for
feasibility. Second, we must be able to find prices such that flows occur only
along zero-payoff arcs, with no arcs exhibiting positive payoffs. Here, we rely
on a condition reminiscent of Rochet’s (1987) cyclical monotonicity.

Section 4 presents an example of the applications of the equilibrium flow
problem.

2. EQUILIBRIUM FLOW PROBLEM

This section expands on the presentation of the equilibrium flow problem in
Galichon et al. (2024).

2.1. Formulation

Network. Consider a network (Z, A) where Z is a finite set of nodes and
A C Z x Z is the set of directed arcs. If xy € A, we say that xy is the arc
from x € Z toy € Z. We say that x is the starting point of the arc, while
y is its end point. We assume that there is no arc in A whose starting point
coincides with the end point, but make no other assumptions on the set of arcs
at this point. For example, we allow the possibility that A contains the arc xy
and also the arc yx.
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58 The Existence of Equilibrium Flows

We describe the network with an | A|X|Z| arc-node incidence matrix V,
defined by letting, for xy € A and z € Z

Viyze = Lgayy = Loy

Each arc thus contributes a pair of nonzero values to the matrix V, with
V,y,, = 1ifxyisanarc ending at z (i.e., y = z), and V,, , = —1 if xy is an arc
beginning at z (i.e., x = z). Otherwise V,, , = 0.

For example, when using the equilibrium flow problem to describe a bi-
partite matching problem in which all agents are matched, one would have a
set of nodes representing sellers (or workers, or men, and so on). Each seller
node would be connected by an arc to each element of a set of nodes repre-
senting buyers (or firms, or women, and so on), and there would be no other
arcs. To expand the model to allow agents to go unmatched, one would add a
“dummy” node, with appropriate arcs, interpreting an agent who matches with
the dummy node as remaining unmatched. In a routing problem, one would
have a collection of nodes representing traffic origins, another set of nodes
representing destinations, and a collection of arcs and intermediate nodes de-
scribing the possible routes between origins and destinations. Quantities and
Flows. Let ¢ € R< with 3.7 ¢, = 0 attach a quantity to each node z € Z. If
q: < 0, then the net quantity |g.| must flow away from node z, while g, > 0
indicates that the net quantity |¢g,| must flow into node z. We call ¢ the vector
of quantities. In many applications, we will have g, = 0 for many nodes.

We let 4 € R be the vector of internal flows along arcs, so that Hxy 18
the flow through arc xy. The feasibility condition connecting these notions is
that, for any node z € Z, the total internal flow that arrives at z minus the total
internal flow that leaves z equals the quantity at z, that is

Z Hxz — Z Hzy =4z,

xxzeA yizyeA

which we call the mass balance equation, and which can be rewritten as
Viu=gq. (D

In a matching application, without a dummy node, a quantity g, < 0
would identify for each seller node z the quantity of good the node has for
sale. A quantity g, > 0 would identify the quantity to be purchased at
buyer node z. The restriction 3.c7 g, = 0 would capture the market balance
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condition that the total quantities supplied and demanded are equal. The
mass balance equation stipulates that each seller sells all of her good, and each
buyer purchases all she desires. With the addition of a dummy node, one could
capture an imbalance in the total quantities supplied and demanded, as well as
the possibilities that some sellers do not sell all of their good, or some buyer
demands go unfilled. In a routing problem, a quantity g, < 0 would identify
the number of departures from source node z, while g, > 0 would identify the
number of arrivals at destination node z. The mass balance equation indicates
that every traveler leaves her source and arrives at a destination.

Prices and connection functions. To capture incentives, we let p € R<
be a price vector, where we interpret p. as the price at node z. If modeling a
competitive economy, we could think of a trader as being able to purchase a
unit of a commodity at node x (or in market x) at price p, and then sell it at a
node y (for which xy € ‘A) at price p,. If thinking about a bipartite matching
problem, we could interpret p, as the utility of the agent at node x and —p, as
the utility of the agent at node y (with the negative sign explained in footnote
1).

Given the price at node y, there is a threshold value of the price at node x
such that a trader in a competitive economy is indifferent between buying at
price p, to sell at price p,, and not doing so. Equivalently, given the utility
vy = —p, in a matching market, there is a utility u, = p, such that the agents
at nodes x and y are just able to match and achieve the utilities u, and v,. To
capture this, we assume there exists a function G, : R — R, for eachxy € A,
with the following interpretation. If p, > G.,(p,), the purchase price at node
x is excessive, and the trader in our competitive economy interpretation will
not engage in the trade. On the contrary, if p, < G,,(py), the purchase price
is strictly below indifference level and positive payoff can be made from the
trade on the arc xy. The value G,,(p,) thus identifies the highest price at
which a trader able to sell at price p, at node y is willing to buy at node x.
Alternatively, value G, (p,) identifies the highest utility agent x in a matching
market can achieve when matching with agent y in a way that allows y to
achieve utility —p,. In keeping with these interpretations, we maintain the
following throughout:

Assumption 1. For eachxy € A, the function Gy, : R — R is increasing and
continuous, with limits 1im, e Gyy(py) = 00 and limp, _,_« Gry(py) = —c0.

The function G, is called the connection function, as it connects the price at
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the endpoint to the price at the starting point.!
We refer to a triple (Z, A, G) as an equilibrium flow problem.

2.2. Equilibrium

The triple (g, i, p) € RZ x R?' x R< is an equilibrium outcome if it satisfies
three conditions. The first condition is the conservation of the flow given by
the mass balance equation (1). In the case of a competitive economy, this is
the statement that markets balance. In the matching interpretation, this is the
statement that agents are matched into pairs.

The second condition is that there is no positive payoff on any arc, that is:

Px = Gyy (py) Vxy € A. 2)

In the interpretation as a competitive economy, this is the statement that
excess profits will be dissipated by entry into the market. In the matching
interpretation, a positive payoff (p, < Gy, (py)) indicates that the utilities for
the agents at nodes x and y lie inside the utility frontier characterizing their
match.

The third condition is that arcs with negative payoffs carry no flow. Hence

Hxy > 0 = px < Gy (py) , 3)

which combines with the no-positive-payoff requirement to yield

Hxy >0 = p, =Gy, (py).

This is a complementary slackness condition, which can be written

Z txy (Px = Gxy (py)) = 0.
XyeA

In the case of a competitive economy, a negative payoff would induce exit
from the market. In case of a matching market, a negative payoff signifies that
the equilibrium utilities of the agents at nodes x and y lie outside their utility
frontier, with the complementary slackness condition in turn indicating that
these agents must not be matched with each other.

In summary, we define:

This is related to the idea of Galois connections, which explains the choice of the letter G;
see Noldeke & Samuelson (2018). In the matching market, we let the utility of the agent at
node y be —p, so that it makes sense for G, to be increasing, since an increase in p, is then
a decrease in agent y’s utility, allowing an increase agent x’s utility p.
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Definition 1 (Equilibrium Outcome). The triple (q, 1, p) € R< x R x R<
is an equilibrium outcome when the following conditions are met:

()VTu=gq
(ii) px = Gyy (py) Vxy e A
(iii) nyeﬂ HMxy (px - ny (Py)) = 0.

The first condition implies our structural requirement that >} ,c 7 g, = 0.
Notice that if p satisfies condition (i), then setting ¢ = 0 and u = 0 ensures
that the remaining conditions are satisfied. Indeed, if (¢, u, p) is a equilibrium
outcome, then so is (dq, Ay, p) for any nonnegative scalar 4. Hence, there
may be no equilibrium outcome (for example, there may be no p satisfying
condition (ii)), but there will often be multiple equilibrium outcomes.

3. EXISTENCE OF EQUILIBRIUM

Our task is now to fix an equilibrium flow problem (Z, A, G) and a vector
of quantities g (with X .cz g. = 0), and then ask whether there exists a price
vector p and flow u such that (g, u, p) is an equilibrium outcome of the
equilibrium flow problem.

3.1. The Sufficient Conditions

We will unsurprisingly require some sufficient conditions for the existence of
an equilibrium outcome, which are developed in this section.

3.1.1. Feasible Flows

Suppose we have a particularly simple equilibrium flow problem with Z =
{x,y} and A = 0, with quantities ¢ = (—1, 1). It is then immediately obvious
that there is no equilibrium flow, as there are no arcs along which to carry
mass from node x to node y. Our first task is thus to ensure that the collection
of arcs is rich enough to ensure there exist flows satisfying the mass balance
condition. To formulate this requirement, we introduce the idea of a retaining
set.

For a subset B of Z, an arc xy is said to be outward if x € Band y ¢ B.
A subset B of Z is called retaining if there is no arc outward from B. Hence,
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62 The Existence of Equilibrium Flows

subset B is retaining if and only if
Vi > 0,

where 15 is a column vector of dimension | Z| identifying the nodes contained
in the set B, and recalling that V is the |A|X|Z| arc-node incidence matrix.
We state the feasibility condition in terms of retaining sets:

Assumption 2. If B is a retaining set, then q(B) = X.,ep q; > 0.

It is immediately clear that Assumption 2 is necessary for the existence of
a flow satisfying the mass balance condition. If Assumption 2 fails, then there
is a set (such as the set {x} in the motivating example for this subsection) with
the property that some quantity must flow away from this set, but there are
no arcs to carry such flow. It is perhaps more surprising that this assumption
suffices to ensure the existence of a slow satisfying mass balance:”

Lemma 1. Let ¢ € R< be such that 2z q: = 0. Then the following
statements are equivalent.

[1.1] There exists u € RZ' such that g = V7 p.

[1.2] For each retaining set B C Z, one has q (B) > 0.

Proof. That [1.1] implies [1.2] is straightforward: If there is no arc from a
node in B to a node in ZZ\ B, then mass can only enter into B. If a flow exists
satisfying mass balance, it must then be that ¢ (B) > 0.

To show the converse, we exploit Hoffman’s (1960) circulation theorem.
For any subset B ¢ Z,let O(B) = {xye A:xe B,y ¢ B}, and I (B) =
{xy € A :x ¢ B,y € B} be respectively the set of outward and inward arcs of
B. Hoffman’s theorem states that, given g € R< with 3. z q; =0 and given
the vectors u and 7z in RY', there exists u € R such that

Viu=qg and HSpusp
if and only if for all subsets B of Z, one has

204:< D) Fa— D) M-

Z€B aeI (B) acO(B)

For example, one might have speculated that sufficient conditions would also require a separate
stipulation that if we have a set B with no inbound arcs, such as the set {y} in our example,
then X,cpq, < 0.
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This result is usually stated for vectors ¢ that are identically equal to zero, but
the adaptation to nonzero vectors g for which > ¢z g, = 0 is straightforward.
With this result in hand, let 1z, = 400 and B, = 0 for each a € A, in which

case Hoffman’s condition becomes the requirement that for all sets B that have
no inbound links,
q(B) < 0.

We then argue that this condition is equivalent to the second condition in
Lemma 1. Call a set with no inbound links repelling. The result then follows
from noting that the set B C Z is retaining if and only if B¢ is repelling, and

for any set B,
q(B) +q(B°) = 0. O

Lemma | implies Hall’s (1935) marriage theorem.> We make an additional,
technical feasibility assumption.

Assumption 3. For each z € Z, either g, > 0 or there exists a path from z to
anodey € Z with g, > 0.

To see why we refer to this as a technical assumption, notice that it is automat-
ically satisfied if g, > 0, and is implied by Assumption 2 if g, < 0. However,
Assumption 2 is compatible with the existence of a node z with g, = 0O that
fails Assumption 3. In this case, it is impossible for an equilibrium to exhibit

To see this, assume we are in the bipartite case to which Hall’s marriage theorem applies.
Hence, Z = XU Y and A € X x Y. From Lemma 1, we have that there exists a flow
satisfying mass balance if and only if for all retaining sets B, one has ¢ (B) > 0. That is, for
all retaining sets B, one has

g(BNX)+q(BNY) > 0.
Therefore for all subsets B x of X and all subsets By of Y/, we have
[Bx U By retaining | = [¢q (By) > —q (Bx)]. 4)

Now fix By C X and let By be the set of nodes y in Y with the property that there is an arc
from a node in B to y. Then by construction Bx U By is retaining, and so from (4) mass
balance is attainable if and only if

q(By) 2 —q (Bx),

which is Hall’s marriage theorem.
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flow through node z, and we can without loss of generality eliminate node
z from the network. Assumption 3 thus ensures that there are no obviously
irrelevant nodes in the network. We could accommodate such nodes, but then
would require another step in our equilibrium construction, to attach prices to
such nodes.

3.1.2. Absence of Profitable Flows

Assumption 2 ensures that there exists a flow capable of moving quantities
from their sources to their destinations. However, in equilibrium the flow must
make use of only zero-payoff arcs and there must be no positive-payoft arcs.

To see how these payoft conditions could fail, let Z = {x,y} and let
A = {xy, yx}. Consider the quantities ¢ = {—1, 1}. The only retaining set is
Z itself, and so Assumption 2 is satisfied. Let the connection function be:

ny(py) Py
ny(px) = px+1-

Then there is no set of prices ensuring that no link exhibits a strictly positive
payoff. A nonpositive payoff on link xy requires p, > p,, while a nonpositive
payoff on link yx requires p, > p,+1. In effect, the equilibrium flow problem
admits a money pump (see Echenique et al. 2011 for a connection to revealed
preference theory), with a buyer (in the competitive economy interpretation)
able to generate unlimited payoffs by a continuing moving flow through the
loop from x to y to x, and so on forever.

We accordingly require a condition on the connection function excluding
such profitable loops. One obvious condition would be to simply preclude the
existence of loops in the set of arcs, but that is stronger than we need.

We say that the collection of nodes (zg, z1, - - - Zk+1) 1S a loop if it contains
k + 1 distinct nodes with zpzpe; € A for € = 0,...k, and z0 = zrs1. We
assume:

Assumption 4. If (zo,z1, ..., 2k+1) is a loop, then p > G, 0 G, ©...0
Gz (p) for all p.

Assumption 4 ensures there is no way to achieve positive payoffs by moving
flow through a loop, with no net change in the quantities. If such a loop existed,
continual movement along this loop would constitute a money pump, giving

Journal of Mechanism and Institution Design 9(1), 2024



IS

Alfred Galichon, Larry Samuelson, Lucas Vernet 65

rise to infinite payoffs. Equivalently, if Assumption 4 fails, then it may be
impossible to assign prices to nodes in such a way as to ensure the absence of
positive-payoff arcs.

Conversely, if Assumption 4 holds, one can show that it is possible to
assign prices to nodes so that no arc admits a positive payoff. The argument is
by construction, following the lines of a construction that appears in the proof
of Lemma 2 below. One first arbitrarily fixes the price at a single node, letting
all other prices be —co. One then successively updates prices at nodes, setting
the price at each node z just high enough to ensure that no arc emanating from
z admits a positive payoff. Assumption 4 ensures that this process terminates
in a specification of prices satisfying the no-positive-payoff requirement.

3.2. The Existence Result

Assumption 2 ensures that it is possible to transport the required mass from
sources to destinations. Assumption 4 ensures that it is possible to attach prices
to nodes so that there are no positive-payoff arcs. In equilibrium, we require
some coordination between these two constructions, in that an equilibrium
flow must transport the required mass from sources to targets using only
zero-payoff arcs. It would accordingly be no surprise if additional conditions
were required to ensure the existence of an equilibrium flow. However, these
assumptions suffice:

Theorem 1. Let the equilibrium flow problem (Z, A, G) and quantity q satisfy
Assumptions 1-4. Fix a node z with q; # 0 and a price 6. Then there exists an
equilibrium outcome with p, = 6.

The node z and price 0 are arbitrary (as long as g, # 0). If we did not fix
the price at some node, then we would have multiple equilibrium outcomes.”*
For example, Let Z = {x, y}, A = {xy}, G,(py) = py,and g = (=1, 1). Then
any outcome (q, i, p) with g = (=1, 1), uyy, = 1 and p, = py is an equilibrium
outcome. This is the functional equivalent of the familiar observation that the
conditions for competitive equilibrium in an exchange economy set relative
but not absolute prices.

At the end of Section 2.2, we noted that that if (g, &, p) is an equilibrium outcome, then so
is (1g, Ay, p) for any 4 > 0. Here, we are noting that there will in general exist multiple
equilibrium outcomes, exhibiting different prices, for a fixed quantity q.
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3.3. Proof of Theorem 1

The proof of Theorem 1 associates the equilibrium flow problem with a bi-
partite matching problem, and then exploits existence results for the bipartite
matching problem. This association may be useful for other purposes.

3.3.1. Equilibrium Outcomes and Bipartite Solutions

Given an equilibrium flow problem (Z, A, G), define the set of source nodes as
X ={x € Z : g, < 0} and the set of destination nodes as Y = {y €Z:qy> 0}.
Given nodes x € X and y € Y, we say that the sequence (2o, ..., Zi+1) IS a
path from x to y if z9 = x, Zx+1 =y, and z¢z¢41 € Afor £ =0, ... k. Let A be
the set of pairs xy € X X Y for which such a path exists.

Given an equilibrium flow problem (Z, A, G), we define an associated
bipartite equilibrium flow problem (X U Y, A, G), where the connection
function G is defined by letting, for xy € A,

ny (py) = sup zel o GZlZz ©...0 GZky (py) :
2052152255 Zk+1
S.t. Z0=X, Zk+1=Y
202041 €A

By definition of A, the set over which we are taking the supremum is nonempty,
and therefore we have necessarily G,y (py) > —oco. In principle, we cannot
preclude the possibility that Gy (py) = +co, which could happen with a
sequence of paths visiting an increasing and unbounded number of nodes, in
which case the path must contain a loop. However, it is straightforward to
verify that Assumption 4 ensures that ny (py) 1s bounded and the maximum
is attained.

The bipartite equilibrium flow problem thus contains the source nodes
and destination nodes of the original problem. There is an arc from a source
node to a target node in the bipartite problem if there is a path between these
two nodes in the original problem. The connection function in the bipartite
problem is defined by letting ny(py) be the composition of the connection
functions along one of the paths from x to y in the original problem, namely
the path in the original problem that maximizes ny(py). Intuitively, we ask
which path from x to y in the original problem maximizes the value of moving
flow from x to y, and use this path to induce the function ny in the bipartite
problem.
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Given a function ¢ assigning quantities to the nodes in Z, we simplify
notation by also using g to denote the restriction of ¢ to the nodes X U Y.
Notice that in restricting ¢ to X U Y, we exclude a node z € Z if and only if
q,;=0.

Lemma 2. Let Assumptions 1—4 hold. Then there exists an equilibrium out-
come (g, i, p) for the equilibrium flow problem (Z, A, G) if and only if there
exists an equilibrium outcome (q, fi, p) for the associated bipartite equilibrium
flow problem (X U Y, A, G) such that p and p agree on X and Y.

Proof. [Only if:] Let (g, u, p) be an equilibrium outcome of the equi-
librium flow problem (Z, A, G). We derive an equilibrium outcome for the
associated bipartite equilibrium flow problem with the required properties.

Let II,, be the set of paths in A beginning at x and ending at y. Let fi,, =
2 pert,, 4, where p” is the flow associated with path p.> Itis straightforward
from the mass balance condition for the equilibrium outcome (g, u, p) that for
allx € X and y € Y we have

_Zlaxy = 4x
yey
Zlaxy = {y.
xeX

This ensures that ¢ and /i satisfy the mass balance equation (1) in the bipartite
equilibrium flow problem (X U Y, A, G). )
We next argue that for x € X and y € Y with xy € A, we have

Px 2 Gy (py) -

To see this, we note that for any given path x = zg, z1, 22, ..., Zk+1 = y from x
to y, we have (from the no-positive-payoft equilibrium condition (2)) p,, >
Girzim (Pzgﬂ) and thus

Px > GXZI © GZ122 ©..0 szy (p)’) :

Taking the supremum over paths from x to y, we have p, > ny (py). This
ensures that (g, [, p) satisfies the equilibrium condition (2).

This sum could conceivably be infinite, as there may be an infinite number of paths from x to
y. However, all but finitely many of the paths from x to y must involve a loop, and Assumption
4 implies that an equilibrium outcome cannot induce a positive flow along a loop.
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Finally, suppose we have fi,, > 0. Then there must exist a path (zo, z1, 22,
..+ Zk+1) from x (= zo) to y (= zx+1) along which the flow is strictly positive.
Thus, along this path p,, = G,.,., (2., ). and hence

DPx = ze1 o GZ]Z2 ©...0 GZky (pY) :

Because py > Gyy (py) = Gyz, 0G0 0...0G o,y (py), it follows that equality
holds everywhere and thus

Px =Gy (py).-

This ensures that (g, i, p) satisfies the equilibrium condition (3). Therefore,
letting p be the restriction or p to X U Y, we have the equilibrium outcome
(g, i, p) for the bipartite equilibrium flow problem (X U Y, A, G), i.e., satis-
fying:

- Zyey /jxy = (x
2ixeX ,axy = (y
Br > Gy (5y) )

/jxy >0 = Px = ny (ﬁy) .

[If:] Suppose (g, fi, p) is an equilibrium outcome of the bipartite equi-
librium flow problem (X U Y , A, G), and hence satisfies (5). We find an
associated equilibrium (g, i, p) of the equilibrium flow problem (Z, A, G),
where ¢ retains its specification on X U Y and is otherwise zero.

For each pair xy € A with fixy > 0, consider the (by construction
nonempty) set of paths from x to y satisfying p, = ny(ﬁy). Choose any
one of these paths, and let the flow u route a flow of size fi,, along this path.
This ensures that u satisfies the mass balance equilibrium condition (1). For
an arc zz' € A, u, is defined as the sum of the flows along the selected paths
that contain zz’, for every origin-destination pair xy € A.

We now define an iterative procedure that generates the prices p. For the
initial step, we let

o_| P, ifzely
Pz = { —oco  otherwise ’

with the induction step given by

t+1 t 1t
= max , max {G ( )} .
Pz {PZ y:zyeﬂ{ o Py }

We then complete the argument with the following lemma:
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Lemma 3. Let Assumptions -4 hold. For t sufficiently large (but finite),
(g, u, p") is an equilibrium outcome of the equilibrium flow problem (Z, A, G).

Proof. We establish this result in the following series of steps:

1. After a finite number of steps, p’ > —co for all z.

To see this, let x ~» y denote a path from node x to node y, let [(x ~»
y) denote the number of arcs along this path, let G...,, (py) be the
composition of the functions G along the arcs in this path, and let
d (x, y) be the number of arcs in the shortest path from x to y. Then we
have,
P; - I;lezg( zwyzrlr(l?}»y)g szy (Py) ’

letting the inner maximum be —co if {z w» y : [(zwy) < t} is
empty. Hence, if there is a directed path of length at most k& from z
to Y, then the price of z will be updated to a finite price (and never
thereafter reduced) after at most k steps. Assumption 2 (for nodes z
with g, > 0) and Assumption 3 (for nodes z with g, = 0) ensure that
for every node z ¢ Y, there is a path from node z to Y. As a result, all
prices will be updated to finite values, ensuring p’ > —oo for all z, after
max; minyey d (z,y) steps.

2. The price p, of anode y € Y is never updated by the algorithm.

Assume that one updates the price of node y € Y at some step. Then
there is a path y ~» y’ from y to some y’ € Y with py < Gywy (py).
Let x € X be an element of X such that ., > 0. Then one has
Px = ny (py), and hence p, < ny © Gywy (Py) = Grwy (Py) <
Gy (py). a contradiction.

3. There exists a T such that p’ = p” forall ¢ > T.
If the price at node z is updated at step ¢, then it must be that

t t—1
p.=max  max Gy (py) >p
z Vel zvoyil(zway)<t y ( Y) b4

forsomenode y € Y. Assumption4 ensures that MaX w,y:/(zwsy) <t G zvoy (Py)
is achieved by path z ~» y that contains no loop. There are a finite num-
ber of nodes y € Y and for each pair of nodes z € Z and y € Y a finite
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number of paths z ~» y that contain no loops. This ensures that for each
node z € Z, the price p. is updated a finite number of times. Hence,
there exists a step T after which no further updating occurs.

4. Foranodey € Y, pg = py. Forx € X, pl = p,.

The first statement follows from steps 2 and 3. For the second statement,
if there exists a x such that pI # p,, then:

o If pT > p,, then there exists a node y € Y and a path x ~» y such

that way (ﬁy) = p,{ > Py = maXy ey ny’ (ﬁy’) 2 GX“"')y (ﬁ)’)’ a
contradiction.

o If pI' < p,, then there is a node y € Y and a path x ~ y such
that py = Gy (p§) Moving along path x ~» y, take the last z

such that pT # G, (pg), and let 7’ be its successor. One has by

definition p? < G., (pg) - G.. (G},y (pg)) - G., (pf,), which
contradicts the fact that the algorithm has reached stationarity.

5. We let the stationary prices p! be our price vector p. The construction of
the prices ensures that for every arc zz' € A, wehave p, > G, (p, ), and
hence the no-positive-payoff equilibrium condition (2) holds. Moreover,
if u,z > 0, then the arc zz’ is contained in a path from source node
x to destination node y for some xy € A with fxy > 0. We then
have p, = Gy(p,) and hence p, = Gywy(py), which suffices to ensure
p. = G, (p) and hence the equilibrium condition (3) is met. O

This completes the proof of Lemma 2. O

3.3.2. Bipartite Existence Result

The bipartite equilibrium flow problem (X U Y, A, G) and the quantity g
satisfy Hall’s (1935) condition if, for every subset 8 of X, we have

_qu < Z dy- (6)

x€B {yeY : AxeB with xyeA}

Intuitively, the set B is a set of nodes from which from which the total quantity
— Yxes gx (= 0) must flow. The term on the right side sums over the set of
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nodes to which this quantity might possibly flow, and the condition requires
that the latter set has at least the capacity to receive the desired flow.

Lemma 4. Let Assumptions 1, 3 and 4 hold. Fix a node z with q, # 0 and
a price 0 € R. If the bipartite equilibrium flow problem (X U Y, A, G) and
quantity q satisfy Hall’s condition, then there exists an equilibrium outcome
(q,ii, p) for (XU Y, A, G) with p. = 0.

Proof. The proof first extends the set of arcs A to the set X x Y by
introducing an arc for every xy € (X X Y) \ A, with the connection function
G extended to such arcs (without introducing new notation) by letting

ny(py) =py—n

for some integer n. Our approach will be to establish the existence of an
equilibrium outcome in the equilibrium flow problem created by added these
additional arcs, and then to ensure that for sufficiently large n, flow along any
such arc not in A is so unprofitable that the equilibrium outcome will not
exhibit such flow. This will ensure that the outcome is also an equilibrium
outcome of the bipartite equilibrium flow problem (X U Y, A, G).

We refer to the bipartite equilibrium flow problem with the additional arcs
as the expanded (bipartite, hereafter omitted from the name) equilibrium flow
problem, denoted by (X U Y, AE, G). Notice that if an equilibrium flow in
this expanded problem directs flow along an arc xy that is not contained in A,
then it must be that p, = p, —n.

Let (q, ,ufy, p) be an equilibrium outcome of the expanded equilibrium

flow problem, i.e., let (q,,ufy,p) satisfy

() -%, ,ufy =g, forall x € X and X, ,ufy =g, forally e ¥

(i) px = Gy (py) forallx € X,y € ¥ i
(iii) ,ufy > 0 implies py = Gyy (py), with py = py, —nif xy ¢ A.
(iv) p, = 6.

The existence of this outcome follows from Proposition 6 of Noldeke and
Samuelson. The key to applying this proposition is to note that the function
G,y(py) 1s increasing, continuous, and as p, varies, sweeps out the entire
real line. Alternatively, one could first work with a regularized version of the
equilibrium flow problem, following the lines of Galichon et al. (2019), for
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which a constructive proof of existence can be given, and then exploit results
from Galichon et al. (2015) to provide a limiting argument giving existence in
the underlying equilibrium flow problem.

We begin with an intermediate result. Consider the arcs defined by

ﬂ*={xy€ﬁ}u{yx:x€/\’,y€y,ufy>0}

The set A" thus adds to the set of arcs A from the bipartite equilibrium
flow problem an arc yx from node y to node x whenever the arc xy is not
contained in A but carries positive flow in the equilibrium outcome of the
extended equilibrium flow problem. These added arcs may not appear in the
extended equilibrium flow problem, nor will we use them to construct yet
another equilibrium flow problem, but the set A* is useful in formulating the
following intermediate result:

Lemma 5. Let Assumptions 1, 3 and 4 hold and let the bipartite equilibrium
flow problem (X U Y, A, G) and quantity q satisfy Hall’s condition. Assume
x*y* ¢ A and ,uf* i 0. Then there exists no partition of the set of nodes
Z = X U Y into sets A and B such that y* € A, x* € B and there are no arcs
of A* from B to A.

The question is whether we can partition the set of nodes Z so that the set
B containing node x* is retaining (given the arcs ‘A*) and excludes the node
y*. The set B must contain more than simply the node x*, since there is some
arc x*y in A*. We can accordingly think of successively adding nodes to the
set B in an effort to make it retaining. The proof uses the fact that ,uf*y* >0
is an equilibrium outcome of the extended equilibrium flow problem to show
that this effort leads to a contradiction.

Proof. We suppose that a partition with the desired properties exists, and
seek a contradiction. Let AX = An X and AY = AN Y, and define BX and
BY in a similar fashion.

Hall’s condition implies that the bipartite equilibrium flow problem has a
flow satisfying mass balance. Because there are by assumption no arcs in A*

from BX to AY, this implies that —q (A%) > ¢ (Ay )

Similarly, by assumption there exists a flow u* satisfying the mass balance
equation in the extended equilibrium flow problem. Because there are by
assumption no arcs in A* from BY to AX, this implies that —¢ (BX ) >¢q (By )

Journal of Mechanism and Institution Design 9(1), 2024



Alfred Galichon, Larry Samuelson, Lucas Vernet 73

Summing the previous two inequalities yields —¢g (X) > ¢ (Y), but as this
holds as an equality, we get an equality in the two previous inequalities. Thus

—q (A¥) = ¢ (Ay) and —¢ (BY) = ¢ (By).
Now —¢q (AX) = T cax Yyey ,ufy. In addition, for x € AY and y € BY,
we have ,ufy = 0, since otherwise there would be an arc of A* from B to A.

Hence
—-q (AX) = Z Z l’tfy

xeAX yeAY

Because uf satisfies mass balance, we also have

a(A) =3 3 uh

xeX yeAy

Subtracting gives

0= ()-a(w) - 3 T

xeBX yeAY

and hence for all x € BX and y € AY, ﬂfy = 0, which contradicts x* € BYX,
y* e AY and ,uf*y* > (. This contradiction proves the claim. |

The proof of Lemma 4 is then completed by the following lemma.

Lemma 6. Let Assumptions 1, 3 and 4 hold and let the bipartite equilibrium
flow problem (X U Y, A, G) and quantity q satisfy Hall’s condition. For n
large enough, ,uf*y* > 0 implies x*y* € A.

Proof. The proof makes use of Lemma 5 to establish a contradiction.
Suppose we have x* € X and y* € Y with ,uf*y* > 0 and x*y* ¢ A. We now
seek a partition of the set of nodes. We start by partitioning the set of nodes
Z into the sets A = {y*} and B = Z\{y*}. Then by Lemma 5 there must be
an arc in A* from B to A. Call z; the origin point of that arc, and form a new
partition with A = {y*,z;} and B = Z\{y", z1}. Once again, as long as the
new candidate for the set A does not contain x*, by Lemma 5 there must be
an arc in A* from B to A. We continue in this fashion, successively adding
nodes to our candidate set A, until encountering an arc in A* from x* to some
Zx 1n the preceding iteration to A, at which point the node x* is added to the
updated set A. At this point, the elements of A along with their arcs, taken in
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the reverse of the order in which they were added to A, constitute a path from
x* to y*, given by

X" = Zhals Tk Thels- - -»22:21,20 =Y -

By the construction of the path, any pair of successive nodes z,.1z, from
this path for which € + 1 is odd is an arc from a node in X to a node in Y. This
arc is included in the set of arcs A" in the bipartite equilibrium flow problem,
and so satisfies the no-positive-surplus equilibrium condition

Pz 2 G€+1,€(ng)- (7)

This includes the arc x*zj, as this must be an arc from a node in X (namely
x*) to anode in Y, namely z;, where k must be an even integer.

Again by the construction of the path, any pair of successive nodes z;.12¢
from this path for which € + 1 is even is an arc z,.12¢ € ﬂ*\f{. Then by
the construction of A*, the arc z,z,+1 (note the reversal of subscripts) carries
a positive flow in the equilibrium outcome of the expanded equilibrium flow
problem, and hence satisfies

Pze = Pzpy — N (8)

By assumption, we have ,uf*y* > 0 with x*y* ¢ A, and hence we have

Dy = Gx*y* (py*) = py* —n. (9)

Equation (9) shows that as n grows, p,+ — p,~ diverges. We show that this
gives a contradiction, establishing the result.
Write py« — py as

Py —Px* = Py — Pz (pz 2 Gzly*(py*)) (1)
+ Puy P (Pzy = pzy +11) (2)
+ Pz — Pz (Pzz 2 G35, (p2y)) 3)
+ P~ Py (Pzy =Pz +1) “4)
+ Pz — DPzs (Pzs = G524(pz3)) (&)
+ Pz — Dz (Pzo = Pzs +1) (6)

+ Pz~ Px (py 2 Gx*zk(ka))-
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The terms with odd numbers correspond to arcs from X to Y that are
contained in A. (The final - is an odd-numbered term.) The terms with even
numbers correspond to arcs from Y to X, contained in A* \ A. In each case,
we have included in parentheses the relationship between the prices at the two
nodes of the corresponding arc, taken from (7) or (8).

We now examine a sequence along which n grows arbitrarily large, with
,uf*’y* > (0 along this sequence. Suppose first that as n grows, p+ approaches a
limit. This imposes a lower bound on p, (from condition (1) in our expansion
of py+ — py+), which in turn imposes a lower bound on p,, (from condition
(2) in the expansion), and so on, leading to the conclusion that p,- does not
diverge to —oo, a contradiction.

A similar argument can be constructed, beginning from the assumption that
Px+ approaches a limit as n grows large, with a similar construction ensuring
that it cannot be the case that p,«~ — +oo, giving a contradiction.

It remains to preclude the possibilities that p,- and p,+ both approach
+0o or both approach —oco. We present the argument for the case in which
both approach +co, with the other case being analogous. If p,+ and p,- both
approach +oo, then we can divide X into disjoint sets X and X and can divide
Y into disjoint sets Y and Y such that the prices in X and Y diverge and the

prices in X and Y do not diverge. The sets X and Y are nonempty, because
they contain x* and y*. The set X U Y is nonempty because it contains the

node z whose price we have fixed. There must be no arcs in A from X to Y
(since otherwise such an arc would generate positive payoff, a contradiction).
There must exist no flow from nodes in X to nodes in Y (since these arcs earn
negative payoff). Any flow from X to Y must occur along arcs in A, since
otherwise the arc must earn negative payoff. Hall’s condition must then hold
for the system whose nodes are X and Y, and then must separately hold the

system whose nodes are X and Y.

We now repeat the previous existence argument separately for each of these
systems, with one price p fixed at a node in the system whose nodes are X

and Y and price p fixed for the system whose nodes are X and Y. This gives
us an equilibrium for each system separately. We cannot be sure that we have
an equilibrium of the combined systems, since there may be arcs in A from
X to Y. However, if we set p sufficiently low and p sufficiently high, these
arcs will carry no flow, and we will indeed have an equilibrium in each of the
disjoint sets. This again either gives a contradiction, or we have prices in the
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system whose nodes are X and Y that diverge. In the latter case, we repeat
this procedure, until obtaining a contradiction. O

This completes the proof of Lemma 4. O

3.3.3. Closing the Ring

The proof of Theorem 1 is then completed by the following:

Lemma 7. Let Assumptions 1, 3 and 4 hold. The equilibrium flow problem
(Z, A, G) and quantity q satisfy Assumption 2, that g(B) > O for all retaining
B, if and only if the associated bipartite equilibrium flow problem (X U
Y, A, G) together with the quantity q satisfies Hall’s marriage condition.

Proof. [Only if:] Suppose the equilibrium flow problem (Z, A, G) and
quantity ¢ are such that g(B) > 0 for all retaining sets. Suppose X U Y
is a subset of X U Y for which, in the bipartite equilibrium flow problem
Xuy VA, G), there are no arcs from nodes in X to nodes outside V. To
establish Hall’s condition, it suffices to show that ¢(X U Y/) > 0 for any such
set.

In the equilibrium flow problem (Z, A, G), define a sequence of sets by
letting 7| = XuJY, letting Z» be the union of Z; and any node that is the
endpoint of an arc whose origin lies in Z;; letting Z3 be the union of Z;
and any node that is the endpoint of an arc whose origin lies in Z, and so
on. This sequence terminates (since the set Z of nodes is finite) in a set Z*
that is retaining (otherwise the process would not terminate) and hence by
assumption satisfies g(Z*) > 0. Moreover, Z* contains no node z for which
g. > 0 that is not contained in Y (since otherwise there would be a link in
the problem (X U Y VA, (~?) from some node in X to a node outside Y ,a
contradiction). Then we have

0<q(Z*)<qXud),
giving Hall’s condition.

[If:] For the other direction, let Z be a retaining set in equilibrium flow
problem (Z, A, G). Then

92 =q(XN2HuWYN2)
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Because Z is retaining in the equilibrium flow problem (Z, A, G), the set
(Xn Z) Uy n Z ) is retaining in the bipartite equilibrium flow problem
(X UY,A,G). Hence, Hall’s condition gives g((X N 22U n2) =0,
establishing the needed result that g(Z) > 0. O

4. DISCUSSION

Section 1 argued that a number of familiar problems can be formulated as spe-
cial cases of the equilibrium flow problem. This section offers an illustration.

Consider the following one-to-one matching market. Let X be a finite set
of types of workers and Y a finite set of types of firms. There are n, workers
of each type x € X, and m, firms of each type y € Y. We can think of n,
as identifying the number of workers of type x, or we can think of n, as the
mass of a continuum of workers of type x in an infinite population, as may be
appropriate when modeling a competitive market.

A match involves a worker of type x, a firm of type y, and a wage wy,.
Such a match generates utility Uy, (wyy) for the worker (increasing in wy,)
and Vi, (wyy) for the firm (decreasing in w,,). We allow workers and firms
to be unmatched, with an unmatched worker receiving utility Uyo and an
unmatched firm receiving utility V. A matching is a pair (1, w), where u is
a vector identifying the mass u,, of matches between workers of type x and
firms of type y, for each xy € X x Y, and w is a vector specifying the wage
wyy attached to each pair xy € X X Y.

We can reformulate this matching problem as an example of the equilibrium
flow problem. The sets of types of workers and firms become the nodes in
the network, augmented by a dummy node used to allow the possibility that
a worker or firm remains unmatched. The quantities attached to the nodes
represent the quantities of workers and firms of each type. In particular, let

Z = XuYyu{o}
A = (XU{0}h x Y u{0}))\{0,0)}
q, = —-n, z¢€X
q; = my, z€Y
qo = an—Zmy.
xeX yey

There is thus a node for each type of worker, a node for each type of firm, and
a dummy node denoted by 0. There is an arc from each worker node to each
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firm node as well as to the dummy node. There is an arc from the dummy
node to each firm node. Each node corresponding to a type of worker carries
a negative quantity equal to the mass of workers of that type, while each node
corresponding to a type of firm carries a positive quantity corresponding to
the mass of that type. The dummy node carries the remaining mass, which
ensures that the total },cz g, equals zero. Because the quantity vector ¢
identifies the negative of the quantity of each type of worker and the quantity
of each type of firm, we can represent a match between a worker and a firm as
a flow along the arc connecting the node containing that type of worker to the
node representing the firm. In general, a flow along an arc signifies the mass
of matches between the types residing at each node connected by the arc.

The price attached to a node identifies the utility of the agent at that node
(if a worker) or the negative of the utility of the agent at that node (if a firm).
Reminiscent of our treatment of quantities, the payoff vector p identifies the
payoffs of workers and the negative of the payoffs of firms. An increase in
the payoff p, at firm node y thus corresponds to a smaller utility requirement
from the firm at that node, making it more attractive for workers to traverse
the arc terminating at the node. This allows us to write connection functions
G,y(py) that are increasing functions. Formally, the connection function G
describes the utility possibilities generated by a match, with

Gy (py) = Uyo V5 (-py) forxe X,y ey
G0 (Po) U+ poforxe X
Goy (Py) = Voy+pyforye .

As required, G,y (p,) is increasing in p,.

We adopt the normalization py = 0.5 This ensures that if buyer x is
unmatched, so that the equilibrium outcome involves flow along the arc x0,
then the no-positive-payoff equilibrium condition ensures that p, = U,y +
po = Uy, the payoff specified for an unmatched buyer. Similarly, if seller
y is unmatched, then we have pg = 0 = V, + p,, and hence —p, = Vp,.

The existence result in Theorem 1 allows us to normalize the price at any node z for which
q: # 0. We can thus immediately apply Theorem 1 if the matching market is unbalanced,
and hence the dummy node exhibits a nonzero quantity. However, if the market is balanced,
then gop = 0. In this case, we can bring the equilibrium flow problem into the purview of
Theorem 1 by introducing an additional buyer type £ with g3 < 0, with an arc from £ only to
the dummy node, so that this buyer must remain unmatched. To accommodate this additional
type, we let the mass on the dummy node equal —g; (> 0), and then can normalize py = 0.
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Remembering that p, measures the negative of the seller’s utility, we again
have the seller receiving her unmatched payoff.
Following the standard definition, the matching (u, w) is stable if

Z HMxy < ny, Z:uxy < nmy,

yey xeX
and

xy(ny) = max {maxyey 7/{xy ny xO} }

Y 0
Hoey = = { xy(ny) = max {maxxe)( (ny (ny) (VOY}

Z Mxy <n, = Uy =max {Ipax(l/lxy (Wyy) ,‘leo}
yey yey

Dty <my =V, =max {max(ny (Wey) (Voy}
xeX X

The first condition is the feasibility requirement that the quantity of each type
of worker and firm that is matched is no more than the total quantity of this
type in the market (with excess agents remaining unmatched). The second set
of conditions is the stability requirement that no worker and firm can improve
their utilities, either by matching with one another at some appropriate wage
or by remaining unmatched.

Galichon et al. (2024, Lemma 6) prove the following:

Lemma 8. The matching (u, w) is stable in the matching market if and only if
the associated outcome (q, i, p) is an equilibrium outcome of the associated
equilibrium flow problem.

The proof is a relatively straightforward bookkeeping exercise, connecting the
requirements for stability to their equivalents in the definition of an equilibrium
flow.

To see how this result might be useful, we define the equilibrium flow
correspondence Q, which associates with each utility vector p the set of vectors
q, i.e., the specifications of the sets of firms and workers, for which there exists
an equilibrium flow outcome yielding the utilities specified by p. The point
of Galichon et al. (2024) is to show that the equilibrium flow correspondence
in general satisfies their condition of unified gross substitutes (Theorem 4),
and hence has an inverse which is lattice valued (Corollary 1) and increasing
(in the strong set order, Theorem 1). This implies, for example, that as the
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number of a given type of firms increases, the set of equilibrium payoffs of all
firms decreases (in the strong set order) while the set of equilibrium payoffs
of all workers increases. An increase in the number of workers has the reverse
effects.’

More generally, let Q(p) be a correspondence that maps a vector p, spec-
ifying the price attached to each node of the equilibrium flow network, to
the set of quantities ¢ with the property that if ¢ € Q(p), then there exists
an equilibrium outcome (g, u, p). Again, Q has an inverse which is lattice
valued and increasing. In a hedonic pricing context, this implies that adding
a consumer to the market increases (again, at least weakly, in the strong set
order) the set of equilibrium prices received by all sellers in the market. In a
time-dependent routing context, it implies that adding a new supplier to the
production network accelerates the delivery times attained by all final users.
We thus view the equilibrium flow problem as a potentially useful tool for
characterizing equilibrium outcomes in a variety of settings.
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1. INTRODUCTION

N their seminal 1962 paper, Gale & Shapley introduced the two-sided match-
I ing problem: We are given sets of men and women, each with preferences
over members of the opposite gender; we seek a stable matching, i.e., an
assignment of partners such that no one finds his or her partner unacceptable,
and no two agents mutually prefer each other to their assigned partners.

Gale & Shapley (1962) showed that stable matchings can be found via the
following deferred acceptance algorithm, under which men propose marriage
in sequence, and women defer accepting prospective partners until the full
sequence of proposals has been completed.

DEFERRED ACCEPTANCE ALGORITHM

Step 1. Each man proposes to his first-choice woman. Each
woman “holds” her best acceptable proposal (if any) and
rejects all other proposals.

Step ¢ > 2. Each man who was rejected in the previous step
proposes to his most-preferred woman to whom he has not
yet proposed (if any). Each woman holds her best acceptable
proposal among those made in this step and held from the
previous step (if any) and rejects all others.

If at any time no men are available to make proposals—that is, if
all men not currently held have proposed to all women they find
acceptable—then the algorithm terminates. The (man-proposing)
deferred acceptance outcome is the matching that matches each
woman to the man whose proposal she is holding (if any) at the
end of the last step before the algorithm terminates.

Variants of deferred acceptance are by now applied in a number of real-world
contexts, including medical residency matching (Roth 1984; Roth & Peranson
1999), school choice (Balinski & Sonmez 1999; Abdulkadiroglu & Sonmez
2003; Pathak 2011), and the assignment of cadets to branches of military
service (Sonmez & Switzer 2013; S6nmez 2013; Greenberg et al. 2024).]

I For surveys of this and related work in market design, see, e.g., Roth (2008, 2013, 2015) and
Kominers et al. (2017).
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One of the most classic results in the theory of stable matching is an entry
comparative static that characterizes how the deferred acceptance outcome
changes when a new woman is added to the market (Kelso & Crawford 1982;
Gale & Sotomayor 1985; Roth & Sotomayor 1990; Crawford 1991). The exact
form of the comparative static varies across settings, but the core result is that
under deferred acceptance, adding a new agent to one side of the market makes
all agents on the other side of the market weakly better off (see, e.g.,Blum
et al. 1997; Blum & Rothblum 2002; Hatfield & Milgrom 2005; Bir6 et al.
2008; Ostrovsky 2008; Hatfield & Kominers 2013; Chambers & Yenmez 2017;
Yenmez 2018; Fleiner et al. 2018).2

Proofs of the entry comparative static and its generalizations tend to rely
either on meticulous inductive arguments (Kelso & Crawford 1982; Crawford
1991; Blum et al. 1997; Blum & Rothblum 2002; Hatfield & Milgrom 2005;
Biré et al. 2008; Hatfield & Kominers 2013; Fleiner et al. 2018) or on broad
results characterizing the structure of the set of stable matchings (Gale &
Sotomayor 1985; Ostrovsky 2008; Chambers & Yenmez 2017).3

In this paper, we give a new, more concise proof of the comparative static
by way of another classic result—specifically, the fact that deferred acceptance
respects (unambiguous) improvements in the sense that making one agent
more highly ranked in other agents’ preferences improves that agent’s deferred
acceptance outcome (Balinski & S6nmez 1999; Choi et al. 2024).* We show
how to transform the entry of a new agent on one side of the market into a
simultaneous preference rank improvement for the agents on the other side; the
comparative static result then follows directly from respect for improvements.

As we describe, our approach extends naturally to yield novel comparative
static results in more general settings, such as the “slot-specific preferences”
framework that Kominers & Sonmez (2016) introduced to model matching
with diversity constraints. In particular, we show that expanding the capacity

2 As we discuss in Section 6, we typically also obtain a sort of dual to this result: agents on the

same side of the market as the entering agent are made weakly worse off. To our knowledge,
however, the methods we use here only enable us to derive the comparative static for agents
on the side of the market opposite to that of the entering agent.

Additionally, Choi (2022) used the logical compactness—based methods introduced by
Gonczarowski et al. (2024) to establish a version of the entry comparative static for mar-
kets with infinitely many agents.

See also the work of Wang & Kominers (2020), which uses the theory of matching with
contracts to show a particularly strong link between respect for improvements and strategy-
proofness.

3
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of a firm that has slot-specific preferences weakly improves employees’ match
outcomes. Then, again in the slot-specific preference setting, we obtain what—
to the best of our knowledge—are the first comparative statics for how the
set of stable matchings changes when new contracts with an agent become
possible.

2. AN ILLUSTRATIVE EXAMPLE

We consider a market with three men {Alex, Bob, Charlie} and two women
{Xena, Yvette}, who rank each other as follows (with the option @ representing
being unmatched):

Alex : Yvette = Xena = 0 Xena : Alex = Bob > Charlie = 0
Bob : Yvette > Xena > 0 Yvette : Alex > Bob > 0. (D)
Charlie : Xena > Yvette > 0

If we run deferred acceptance on our example, we see that first Alex and
Bob propose to Yvette, while Charlie proposes to Xena; then Yvette and Xena
hold Alex’s and Charlie’s proposals, respectively. Thus Bob is rejected; he
proposes to Xena in the second step, causing Xena to hold Bob and reject
Charlie. Finally, Charlie proposes to Yvette but is rejected, leaving us with an
outcome 1 in which Alex is matched to Yvette and Bob is matched to Xena.
By construction, this matching u is stable—everyone who is matched has an
acceptable partner, and no man and woman mutually prefer each other to their
assigned partners.

Now, we imagine that a new woman, Zelda, is added to the market we
considered earlier, and that Zelda has the same preferences over men as Yvette.
We suppose furthermore that Zelda is especially popular’ so that preferences
are now given by

Alex : Zelda = Yvette > Xena > 0 Xena : Alex = Bob > Charlie > 0
Bob : Zelda > Yvette > Xena >0  Yvette: Alex > Bob > 0 2)
Charlie : Zelda = Xena = Yvette > 0 Zelda : Alex = Bob >~ 0.

Deferred acceptance now produces a matching fi under which Alex, Bob,
and Charlie are matched to Zelda, Yvette, and Xena, respectively. Under [i

> Perhaps she has an entire videogame franchise to her name.
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every man is matched to a partner he weakly prefers to his partner under u;
the entry comparative static implies that this sort of improvement should arise
in general.

Now, to illustrate our approach to the comparative static, we recall that
deferred acceptance respects improvements in the sense that making one agent
more highly ranked in other agents’ preferences improves that agent’s deferred
acceptance outcome. We show in particular that the entry of a new woman
such as Zelda can be modeled as a (weak) increase in the preference rank of
every man in the market. Indeed, we could have written our original market
(1) in the form

Alex : Zelda > Yvette = Xena = 0 Xena : Alex = Bob = Charlie = 0
Bob : Zelda = Yvette = Xena >~ 0 Yvette : Alex = Bob >~ 0 3)
Charlie : Zelda > Xena > Yvette > 0 Zelda : @ >~ Alex > Bob,

with Zelda treated as if she were already present, but found all men unaccept-
able. (Note that in (3) we have given Zelda a ranking of unacceptable men
consistent with her preferences over men in (2), even though she will end up
assigned to “0” rather than to any of them.) Now, the deferred acceptance
outcome under (3) corresponds directly to that under (1): Alex is matched to
Yvette and Bob is matched to Xena, just as under . Yet the “entry” of Zelda
obtained by transforming (3) to (2) represents a ranking improvement for all
the men, since each man is now more highly ranked relative to (. This implies
by the respect for improvements result that all the men’s deferred acceptance
outcomes must weakly improve—precisely the claim of the entry comparative
static.

We show in the sequel that the argument just described can be formalized
to prove the full entry comparative static for the marriage model. Moreover, the
argument extends directly to yield comparative static results in more general
settings.

3. THE MARRIAGE MODEL

We start by introducing the marriage model of Gale & Shapley (1962): There
are finite sets M and W of men and women; we denote by I = M UW the
set of agents. We assume that each man m € M has a complete, transitive,
and strict preference ordering >,, over W U {0}, where 0 denotes an outside
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option that represents the possibility of remaining unmatched. Similarly, each
woman w € W has a complete, transitive, and strict preference ordering >,
over MU {0}. For each agent i € I, we denote the weak part of i’s preferences
by ’=;, so that if j >=; k then either j >, k or j = k. We use the convention that
=y = (> )icr; analogously, we write =, = (*=; )icr-

3.1. Stable Matchings

A (marriage) matching is amap y : I — I'U{0} from the set of agents to the
set of agents plus the outside option, such that:

1. Under u, each man is assigned to a woman or to the outside option—that
is, u(m) € (WU {0}) for each m € M—and each woman is assigned to
a man or to the outside option—pu (w) € (MU{0}) for eachw € W.

2. If aman m € M is assigned to a woman w € W, then w is assigned to
m—i.e., if u(m) =w € W, then u(w) = m—and vice versa—if u(w) =
m € M, then pu(m) = w.

We say that agent i € I is matched to j € I under p if u(i) = j; we say that
i € I is unmatched under p if p(i) = 0.

A matching u is individually rational if no agent prefers the outside option
to his or her assigned partner, i.e., if for all i € I, we have that u(i) »=; 0. A
matching u is unblocked if there does not exist a man m € M and woman
w € W who mutually prefer each other to their assigned match partners, i.e.,
such that w >, p(m) and m >, p(w). A matching u is stable if it is both
individually rational and unblocked.

The main result of Gale & Shapley (1962) shows that the deferred ac-
ceptance algorithm introduced in the Introduction always produces a stable
outcome.

4. THE CLASSIC COMPARATIVE STATIC

Now, we show that the entry of a new woman W to the market must make
all the men weakly better off under (man-proposing) deferred acceptance.
Abusing notation slightly, we extend our model to the set of agents /U {Ww} =
MUW U{w}, writing = and i, respectively, for preferences and matchings in
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the expanded market. To reflect the idea that W is a new entrant to an existing
market, we require that the preference profile > be consistent with > on I:

foralli, j,k €I, wehave j=; k < j >, k;

equivalently, for each man m € M, the expanded preferences -, correspond
to >,, with w added in somewhere, and for each woman w € W, we have

S = e

Theorem 1 (Kelso & Crawford 1982; Gale & Sotomayor 1985; Roth & So-
tomayor 1990). If u* is the outcome of man-proposing deferred acceptance
in the market I and f1* is the outcome of man-proposing deferred acceptance
in the market I\ U{W} that arises after the entry of woman W, then each man
m € M (weakly) prefers his assignment under [1* to his assignment under [L*;
that is,

e (m) = 1 (m).0 )

One can prove Theorem 1 by explicitly tracking how the presence of Ww
affects each step of deferred acceptance (see, e.g., Crawford 1991; Chambers
& Yenmez 2017). Another approach to Theorem 1 starts with the outcome
of man-proposing deferred acceptance in the original market and then studies
how the market re-equilibrates after w enters (see, e.g., Kelso & Crawford
1982; Blum et al. 1997).

Here, we give a novel proof of Theorem 1 that avoids the need to explicitly
track either the algorithm or the path of adjustment. The key to our approach
is a core property of deferred acceptance called respect for (unambiguous)
improvements.

4.1. Respect for Improvements

For w € W and preference relations >, and =, we say that =, unambiguously
improves upon =, for m € M if m is ranked (weakly) higher under =, than
under >, ; the relative rankings of all other men are left unchanged; and no
man becomes unacceptable where he was previously acceptable. Formally:

Theorem 1 is also a special case of the comparative static results of Crawford (1991); Hatfield
& Milgrom (2005); Ostrovsky (2008); Hatfield & Kominers (2013); Chambers & Yenmez
(2017); Yenmez (2018); Fleiner et al. (2018).

Dworczak (2021) tracks similar re-equilibration dynamics in his Deferred Acceptance with
Compensation Chains algorithms, which generalize deferred acceptance by allowing agents
on both sides of the market to make proposals.
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Definition 1. We say that =, is an unambiguous improvement over >, for
me M if

e forallm’ € (M\ {m})U{0}),if m>=, m' thenms=, m';

o forall m',m"” € (M \ {m}), we have m’ =, m" if and only if m' =, m";
and

o forallm’ € (M\ {m}),if m >, 0 then m’' =, 0.

We say that a profile of the women’s preferences =y, is an unambiguous
improvement over =y, for m if each =, is an unambiguous improvement over
=, for m.

Balinski & Sonmez (1999) showed that deferred acceptance respects (un-
ambiguous) improvements in the sense that if =y, is an unambiguous improve-
ment over >y, for m, then m (weakly) prefers his man-proposing deferred
acceptance outcome when the women’s preferences are =y, to that when the
women’s preferences are .5

Lemma 1. If =y, is an unambiguous improvement over >y, for m, and {I* and
[1* denote the man-proposing deferred acceptance outcomes under (>, >y )
and (>=,;, >y ), respectively, then m (weakly) prefers his or her assignment
under [I* to that under [1*; that is,

" (m) 2=, {0 (m).

Respect for unambiguous improvements is an extremely natural property
to desire in practice, as it means that agents have no incentive to try to lower
their standing in others’ preference relations.”>' But the respect for improve-
ments condition is also subtle: If a man’s rank just improves relative to the
outside option 0, then the second and third conditions of Definition 1 hold
automatically. Thus a (strict) unambiguous improvement for one man can also

As discussed by Choi et al. (2024), the form of the respect for unambiguous improvements
condition stated in Definition 1 is slightly weaker than the version used by Balinski & S6nmez
(1999); as a result, the statement of Lemma 1 is slightly stronger than the Balinski & S6nmez
(1999) version of the respect for improvements result. But the essence of the result is the
same—and formally, our Lemma 1 follows from Lemma 2, which in turn comes from Choi et
al. (2024).

% Imagine the chaos if intentional self-sabotage were a standard feature of the marriage market!
10Moreover, respect for unambiguous improvements in some sense uniquely characterizes
deferred acceptance (see Theorems 5 and 6 of Balinski & Sonmez 1999).
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be a (strict) unambiguous improvement for some other man, so long as both
men’s positions only improve relative to the outside option 0; this property
allows us to derive an elegant and efficient proof of Theorem 1.'!

4.2. Proof of Theorem 1

As in the statement of Theorem 1, we suppose that u* is the outcome of
man-proposing deferred acceptance in the market / and fi* is the outcome of
man-proposing deferred acceptance in the market /U {w}.

We write the preferences of W in the form

>-W:m1>-w--~>-wm€>-w@>-wmg+1-~- (5)

and let >y be the “null” preference relation for w that is consistent with =
but treats all men as unacceptable:

=t O my =y iy Mgy (6)

We let fi* be the outcome of man-proposing deferred acceptance in the market
with agents /U {Ww} and preference profile (=, =y, >w). As =y = >, and
each =, agrees with >, except for the inclusion of w, we see directly that

i (i) = (i) )

for each i € I. Indeed, as W treats all men as unacceptable under >;, deferred
acceptance’s outcome is unchanged if all men drop W from their preference
relations—and with that preference adjustment, the algorithm corresponds
exactly to deferred acceptance in the market /, and so must yield an outcome
that corresponds to (*.

Now, we note by inspecting (5) and (6) that =, is an unambiguous im-
provement over >; for each man m € M. Hence, by Lemma 1, we see that
each man m € M (weakly) prefers his assignment under {i* to that under it*;
that 1s,

[ (m) 50 1 (m) ®)
for each man m € M. Combining (7) and (8) shows the desired result, (4).

I As this intuition suggests, the argument does not require the full strength of the respect for
improvements result—we use only respect for improvements relative to the outside option 0.
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4.3. Discussion

Our proof of Theorem 1 highlights that the key feature underlying Theorem 1
is that Ww’s entry simultaneously improves all the men’s overall standing in
the market by increasing competition among the women. This idea is closely
related to a much earlier argument due to Gale & Sotomayor (1985). Like
us, Gale & Sotomayor (1985) treated W’s entry as equivalent to transforming
w’s preferences from a null relation to = ;. Unlike in our argument, however,
Gale & Sotomayor (1985) derived the comparative static through appeal to a
result showing that the set of stable outcomes has a lattice structure (see Roth
& Sotomayor 1990, pp. 43—44). Approaching the argument in terms of respect
for improvements instead is useful because it immediately suggests substantial
generalizations, some of which are outside the scope of the lattice structure
result—as we describe next.

5. A MORE GENERAL MODEL: MATCHING WITH
SLOT-SPECIFIC PREFERENCES

We now extend Theorem 1 to a setting with many-to-one matching—that is,
one in which employees on one side of the market may take multiple partners
on the other side (Gale & Shapley 1962; Roth 1985; Roth & Sotomayor 1990).
We furthermore generalize by allowing the matching process to determine not
just who matches with whom but also contracts that specify terms of exchange
like wages or hours worked (Crawford & Knoer 1981; Kelso & Crawford
1982; Hatfield & Milgrom 2005). Specifically, we work with the slot-specific
preference structure introduced by Kominers & Sonmez (2016).

5.1. Intuition

The slot-specific preferences framework, which we describe formally in the
next section, is a model of employee—firm matching in which each firm has
a set of positions—s/ots—that can be assigned to different employees. Slots
have their own (potentially independent) rankings over contracts. Within each
firm, a linear order called the order of precedence determines the order in
which slots are filled.

For example, we might imagine a firm with two slots, s' and s, one of
which can be used to hire any worker at either a high (£g) or low (£;) salary,
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while the second slot can only be used to hire workers at a lower salary:

sU (€)= (0L £0) = (. £L) = (G, €)= -+
52 (i,£) = (j,£1) = - .

One special case of slot-specific preferences is when we make all the slots
within a given firm identical, making that firm’s preferences consistent with
a single linear order over contracts and a maximum number of positions that
can be filled (the responsive preference model of Roth 1985). More broadly,
slot-specific preferences embed multiple models of affirmative action, such as
using some slots to reserve positions for members of disadvantaged groups
(Abdulkadiroglu 2005; Kojima 2012; Hafalir et al. 2013; Kominers & S6nmez
2014; Dur et al. 2018, 2020).

5.2. Formal Model

We suppose that there is a set of employees E and a set of firms F, and a (finite)
set of contracts X. Each contract x € X is between an employee e(x) € E and
firm f(x) € F, and may also specify additional “terms” of exchange drawn
from a set 7. Thus X may be considered a subset of £ x F' x T. We extend the
notations e(-) and f(-) to sets of contracts ¥ C X by setting e(Y) = Uyey{e(y)}
and f(Y) = Uyey {f(y)}. ForY C X, we denote Y, = {y € Y : e(y) = e} and
Ypr = U,ep'Ye; analogously, we denote Yy = {y € Y : f(y) = f} and Yp =
UrerYy.

Each employee e € E has a complete, transitive, and strict preference order
>, (with weak order :=,) over contracts in X, U {0}, where, as before, 0 is an
outside option that represents remaining unmatched; we use the convention
that @ >, x for all x € X \ X,. We say that the contracts x € X for which 0 >, x
are unacceptable to e. We denote the profile of all employees’ preferences by
-

Each firm f € F has a set Sy of slots; each slot can be assigned up to one
contract in Xy. Slots s € Sy have (linear) preference orders > (with weak
orders =) over contracts in Xy. As with employees, we assume that each slot
s € Sy ranks an outside option () that represents remaining unassigned, and
as with employees, we use the convention that @ > x if x € X \ X;. We set
S = UyerSr and denote the profile of all slots” preferences by .

Employees have unit demand, that is, they choose at most one contract
from a set of contract offers. We assume also that employees always choose
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the best available contract, so that the choice C¢(Y') of an employee ¢ € E from
contract set ¥ C X is the >,-maximal element of Y, (or the outside option if
O>,yforallye Y,)."?

Meanwhile, firms f € F may be assigned as many as gy = |Sy| contracts—
one for each slot in § ;—but may hold no more than one contract with a given
employee. We assume that for each f € F, the slots in S are ordered according
to a (linear) order of precedence /. We denote S = {s}, e ,s;{f } with the

understanding that s? >/ sfc“ unless otherwise noted. The interpretation of >/

is that if s >/ s’ then—whenever possible—firm f fills slot s before filling s’.
Formally, the choice C/(Y) of a firm f € F from contract set ¥ C X is
defined as follows:

* First, slot s} is assigned the contract x' that is ar -maximal among
°f
contracts in Y.

* Then, slot s]% is assigned the contract x* that is >~ »-maximal among
contracts in the set ¥ \ Y(,1) of contracts in ¥ with employees other than
e(x!).

* This process continues in sequence, with each slot sff being assigned the

contract x’ that is i -maximal among contracts in the set
!

YAY (a1

If no contract x € Y is assigned to slot sfc € Sy in the computation of cl(y),
then sfp is assigned the null contract 0.

5.3. Stable Outcomes

An outcome is a set of contracts ¥ C X that is “feasible” in the sense that

* Y contains at most one contract for each employee, i.e., |Y,| < 1 for each
ecE,and

* Y contains at most g contracts for each firm f, i.e., |Y,| < gy for each
feF.

12To simplify our exposition and notation, we treat individual contracts as interchangeable with
singleton contract sets.
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We say that an outcome Y is stable if it is

1. individually rational—C¢(Y) =Y, for all e € E and C/(Y) = Y; for all
f € F—and

2. unblocked—there does not exist a firm f € F and blocking set Z # C/(Y)
such that Z = C/(YUZ) and Z, = C¢(Y UZ) for all e € (Z).

Note that if all employee—firm pairs may contract and the set 7' of con-
tractual terms is trivial, then X = E x F. If moreover all workers and firms
have unit demand (i.e., if we always have |C¢(Y)| < 1 and |C/(Y)| < 1), then
we recover the marriage model from Section 3, where the man—woman pairs
matched under some matching p correspond to the pairs contained in an
outcome Y.

5.4. Generalized Deferred Acceptance

Kominers & Sonmez (2016) showed that stable outcomes exist under slot-
specific preferences, and can be found via the following (employee-proposing)
cumulative offer process (Kelso & Crawford 1982; Hatfield & Milgrom 2005),
which generalizes deferred acceptance: '

CUMULATIVE OFFER PROCESS

Step 1. Some employee e! € E proposes their most-preferred
acceptable contract, x' € X,1. Firm f(x') holds x! if x! €

Cf(xl)({xl}), and rejects x' otherwise. Set A%(xl) = {x'},

and set A}, = & for each f’ # f(x!); these are the sets of
contracts available to firms at the beginning of Step 2.

Step £ > 2. Some employee e/ € E for whom no contract is
currently held by any firm proposes their most-preferred
acceptable contract that has not yet been rejected, x’ € X0

13The cumulative offer process generalizes deferred acceptance by (in principle) allowing firms
to hold contracts they had rejected in earlier steps—although under slot-specific preferences,
firms never actually use this extra degree of freedom (see, e.g., Hatfield et al. 2021). For
consistency with Kominers & Sénmez (2016), we state the cumulative offer process with a
single agent proposing in each step; Hirata & Kasuya (2014) have proven that in our setting
this formulation is equivalent to one in which employees propose simultaneously, directly
generalizing the version of deferred acceptance we presented in the Introduction.
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Firm f(x’) holds the contracts in Cf(xl)(Af(xg) U {x}) and
rejects all other contracts in Aﬁ(x@) U{x’}; firms f’ # f(x")

continue to hold all contracts they held at the end of Step ¢ —

1. Set Af&}) = Af(xé,) U {x’}, and set Afj’l — AY, for each

f A E(0).

If at any time no employee is able to propose a new contract—
that is, if all employees for whom no contracts are on hold have
proposed all the contracts they find acceptable—then the algorithm
terminates. The outcome of the (employee-proposing) cumulative
offer process is the set of contracts held by firms at the end of the
last step before the algorithm terminates.'*

Although stable outcomes exist under slot-specific preferences, the set of
stable outcomes under slot-specific preferences does not have lattice structure
(see Kominers & Sonmez 2016; Hatfield & Kominers 2020). Consequently the
approach Gale & Sotomayor (1985) used to prove Theorem 1 does not carry
over to the slot-specific preference setting. Nevertheless, as we show next, our
approach based on respect for improvements extends directly.

5.5. Respect for Improvements Under Slot-Specific Preferences

Following Kominers & Sonmez (2016) and Choi et al. (2024), = is an unam-
biguous improvement over preference profile > for e € E if > is obtained
from > by raising the positions of some of e’s contracts (at some slots) while
leaving the relative preference orders of other employees’ contracts unchanged
(and not making any contracts that were previously acceptable at some slot
unacceptable'>). Formally:

Definition 2. We say that preference profile >~ is an unambiguous improve-
ment over > for e € E if for all slots s € S:

14 Here we refer to “the” outcome of the cumulative offer process because—at least under
slot-specific preferences—the outcome is independent of the order proposals (see Kominers &
Sonmez 2016, as well as Hirata & Kasuya 2014).

15This last condition—which corresponds to the third condition in Definition 2—was not
included by Kominers & Sonmez (2016); however, as Choi et al. (2024) showed, correcting
Kominers & Sonmez (2016), it is actually needed for the respect for improvements result to
work as stated.
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1. forallx € X, and y € (XE\{e} U{0}), if x>, y, then x = y;
2. forall y,z € Xp\ (¢}, ¥ = zif and only if y = z; and

3. forally € Xg\ (), if y = 0, then y = 0.

The cumulative offer process respects unambiguous improvements in the
sense that if & is an unambiguous improvement over > for e, then e (weakly)
prefers their cumulative offer process outcome under (>, =) to that under

(=g >s)-

Lemma 2 (Kominers & Sonmez 2016; Choi et al. 2024). If = is an unambigu-
ous improvement over = for e, and Y* and Y* denote the employee-proposing
cumulative offer process outcomes under (-, *~g) and (>, =), respectively,
then e (weakly) prefers their assignment under Y* to that under Y*; that is,

Vre, Y

5.6. Comparative Statics

Lemma 2 immediately implies several comparative statics for markets with
slot-specific preferences—generalizing Theorem 1—through a version of the
argument we presented in Section 4.2.

5.6.1. Expanding Capacity

First, we consider what happens to the cumulative offer process outcome when
we add a slot § at firm f. Abusing notation again, we extend our slot-specific
preference model to the set of slots SU {5}, writing & and ¥, respectively, for
slot preferences and outcomes in the expanded market (5§ can appear anywhere
in the precedence order). To reflect the idea that § is a new addition to an
existing market, we require that preferences of slots in § are unchanged:
=g = =g. (Note that here we may also leave the employee preferences
unchanged, as we have not in any way changed the set of firms F or the set of
contracts X.)

By construction, adding the new slot § impacts the market exactly the way
that adding a new woman impacted the market in Section 4.2: it is as if we
raised the position of all agents’ contracts at a slot that previously treated all
contracts as unacceptable, holding all other slots’ preferences fixed. Hence,
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adding § results in an unambiguous improvement for all agents; this implies
the following comparative static.

Theorem 2. If Y™ is the outcome of the employee-proposing cumulative offer
process in the market with the set of slots S and Y* is the outcome of the
employee-proposing cumulative offer process in the market with the set of slots
SU{5}, then each employee e € E (weakly) prefers their assignment under ¥*
to their assignment under Y™, that is,

Vo=, Y

Theorem 2 generalizes Theorem 1, as in the slot-specific preferences
framework we can model entry of a new woman into a marriage market as
adding a single slot at a firm that previously had none. Theorem 2 also has
practical implications: Perhaps most naturally, the result means that under
(employee-proposing) deferred acceptance, expanding the number of available
positions at a firm always works in employees’ favor. Moreover, by applying
Theorem 2 iteratively (adding one slot at a time), we obtain the conclusion of
Theorem 2 for the entry of a wholly new employer to the market.

5.6.2. Adding Contracts

A further generalization of Theorem 1 shows that adding new contracts at the
bottom of some slots’ preference orders (that is, right before the null contracts
@) again results in improved outcomes for all employees.

Suppose that we introduce new contracts X, yielding the contract set X UX.
We write = and ¥ for preferences and outcomes in the expanded market,
assuming that y =, y" if and only if y =, y' for all r € EUS and y,y’ € X—
reflecting the idea that adding X does not affect agents’ or slots’ preferences
over pre-existing contract options. If y = % forall s €S,y € X, and ¥ € X,
then, just as in the argument we used in Section 4.2, we may interpret >
as an unambiguous improvement over >¢ under the contract set X uX by
imagining that - ranks all the contracts in X as unacceptable—with relative
ranking consistent with = ¢—so that =g can be obtained from - by raising
the position of contracts in X relative to the outside option. Thus, we have the
following comparative static by Lemma 2.

Theorem 3. IfY* is the outcome of the employee-proposing cumulative offer
process in the market with the set of contracts X and Y* is the outcome of
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the employee-proposing cumulative offer process in the market with the set
of contracts X UX (with y = X forall s €S, y € X, and ¥ € X), then each
employee e € E (weakly) prefers their assignment under Y* to their assignment
under Y*; that is,

Y).

e-e

vy

WY

Lastly, we note that adding new contracts for a single employee e € E
anywhere in slots’ preferences also results in an unambiguous improvement—
and hence ensures that e will be better off under the cumulative offer process. '

Indeed, suppose that we introduce a new contract %, yielding the contract
set X U{x}. We write & and ¥ for preferences and outcomes in the expanded
market, assuming that y =,y if and only if y =, y' for all r € EUS and
y,y' € X—again reflecting the idea that adding % does not affect agents’ or
slots’ preferences over pre-existing contract options. By construction, adding
the new contract ¥ results in an unambiguous improvement for e(X): employee
e(¥) has weakly-higher ranked contracts at every slot, while relative rankings
of all other contracts are unchanged; this implies the following comparative
static by Lemma 2.

Theorem 4. IfY* is the outcome of the employee-proposing cumulative offer
process in the market with the set of contracts X and Y* is the outcome of
the employee-proposing cumulative offer process in the market with the set
of contracts X U{X}, then e(X) (weakly) prefers their assignment under Y* to
their assignment under Y*; that is,

Vets) 7ets) Ve

5.7. Discussion

Our use of the respect for improvements result (Lemma 2) here is similar
to an early application of Kominers & Sonmez (2014) for the slot-specific
preferences framework. Indeed, Kominers & Sonmez (2014) used respect for
improvements under slot-specific preferences to show that guaranteeing slots
at a school for minorities (Hafalir et al. 2013) improves welfare relative to
simply capping the number of majority students allowed to attend that school
(Kojima 2012). The crux of the Kominers & Sonmez (2014) argument consists

16We cannot in general add contracts at arbitrary positions for multiple agents, however, as the
resulting change in preferences might not be an unambiguous improvement.
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of observing that converting a quota slot into a reserve slot is an unambiguous
improvement for all majority students, as it corresponds to raising majority
students’ positions relative to the null option at each quota slot (while still
ranking majority students below minority students at those slots); this is
analogous to the way we apply Lemma 2.

Meanwhile, Chambers & Yenmez (2017) showed a result analogous to The-
orem 2 for ways of “expanding” choice rules that satisfy a regularity condition
called path-independence (Aizerman & Malishevski 1981). Yenmez (2018)
extended the Chambers & Yenmez (2017) result still further to cover choice
rules that can be modified—or in the language of Hatfield & Kominers (2020),
completed—in ways that make them path-independent (see also Echenique
& Yenmez 2015; Kamada & Kojima 2015). Slot-specific preferences are not
path-independent, in general, but do have path-independent completions (see
Hatfield & Kominers 2020). However, the additions of slots and contracts
considered in Theorems 2 to 4 are not expansions in the sense of Chambers &
Yenmez (2017) and Yenmez (2018); hence, our results here extend Chambers
& Yenmez’s (2017) and Yenmez’s (2018) comparative statics to new types
of transformations. To our knowledge, we are the first to prove comparative
statics for the addition of new contracts to the market.'”

6. CONCLUSION

Using the respect for improvements property of deferred acceptance, we have
developed a new method of proving entry comparative statics in matching
markets. Our method generalizes readily to any matching setting for which a re-
spect for improvements result is known: We illustrated one such generalization
in Section 5, where we used respect for improvements to show comparative
statics for matching settings with slot-specific preferences.'®:1”

17 That said, a few comparative statics have been shown previously for structured changes to the
full set of contracts, such as adjustments to the level at which transfers between agents are
taxed (see, e.g., Dupuy et al. 2020).

18 ikewise, we can extend the entry comparative static to some matching settings under weak-
ened substitutability conditions using the respect for improvements results of Afacan (2017,
2022).

191t also seems possible that variations of the standard respect for improvements concept, such
as Choi & Li’s (2024) respect for improvements with manipulations, would give rise to
corresponding versions of the entry comparative static.
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We note, however, that others have found more refined comparative static
results through appeal to structural results for the set of stable matchings. Most
common is a sort of dual to Theorem 1, showing that entry of a new woman
to the market makes all the other women (weakly) worse off (see, e.g., Gale
& Sotomayor 1985; Roth & Sotomayor 1990; Crawford 1991). Others have
given more precise characterizations of which agents are helped and/or harmed
by other agents’ entry (see, e.g., Romm 2014), or shown comparative statics
for the full set of stable matchings, rather than just for the deferred acceptance
outcome (see, e.g., Blum et al. 1997; Chambers & Yenmez 2017). It is unclear
whether our respect for improvements—based approach can also be used to
prove the refinements just described. At a minimum, such an argument would
seem to require a sharper version of the respect for improvements theorem. If
we may pun a bit, let us leave such further “improvements” for future work.
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ABSTRACT

An auctioneer wishes to sell multiple heterogeneous indivisible items to several
bidders. Every bidder can demand several items, have complex preferences
and faces a hard budget constraint. In this setting, Walrasian equilibria may
fail to exist. We propose an ascending menu auction that always yields an
efficient allocation of items, which is not only in the core but also strongly
Pareto efficient. Furthermore, the auction finds a strong core allocation with a
fully efficient assignment of items when bidders are not budget constrained.
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1. INTRODUCTION

HIs paper addresses the problem of how to auction n heterogeneous
T indivisible goods to m bidders who face hard budget constraints. Every
bidder wants to buy several goods and has personal valuations on his interested
bundles of goods. Valuations can be very general, irregular and complex. Some
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bidders may view the goods as substitutes, while the others may view them as
complements. In this setting, Walrasian equilibria are not guaranteed to exist
so it is not possible to follow the traditional approach of using market-clearing
prices to allocate goods. We aim to develop a new dynamic auction to overcome
the nonexistence problem of market-clearing prices and still achieve an efficient
market outcome.

Auctions are powerful market mechanisms and have been long and widely
used by both private and public sectors to carry out a broad range of economic
activities; see e.g., Klemperer (2004), Milgrom (2004, 2017), and Krishna
(2010). A key assumption in auction theory has been that all potential bidders
do not face any budget constraints. Under this assumption, over the last 40
years, a number of efficient dynamic auctions have been proposed, such as
Crawford & Knoer (1981), Demange et al. (1986), and Andersson & Erlanson
(2013), for the cases in which there are multiple items but each bidder demands
at most one item, and Kelso & Crawford (1982), Gul & Stacchetti (2000),
Milgrom (2000), Ausubel (2004, 2006), Milgrom & Strulovici (2009), Sun &
Yang (2009, 2014), and Shioura & Yang (2015), for the cases in which there are
multiple items and each may demand several items. Unfortunately, in reality,
buyers may not always have enough cash or credit to buy the goods that they
want to buy. It is well-known that budget constraints pose a serious obstacle
to the efficient allocation of resources as pointed out by Che & Gale (1998),
Laffont & Robert (1996), and Maskin (2000). Besides budget constraints, the
current model also faces complex valuations going beyond those identified by
Kelso & Crawford (1982), Danilov et al. (2001), Fujishige & Yang (2002),
Sun & Yang (2006), Baldwin & Klemperer (2019), and Baldwin et al. (2023).
Complex valuations can also make Walrasian equilibrium unattainable.

In this paper, we develop an ascending menu auction that can handle both
complex and irregular preferences and hard budget constraints. In spite of
complex preferences, budget constraints and non-transferable utilities, we prove
that the auction always finds an efficient allocation of items which is not only
in the core but also strongly Pareto efficient. Furthermore, it locates a strong
core allocation with a fully efficient assignment of goods when bidders face no
budget constraints. Roughly speaking, every bidder initially sets his bids on
all his interested bundles according to his valuations and budget and reports
his initial bids to the auctioneer. Then the auctioneer selects a provisional
assignment based on the reported bids from all bidders and her own valuations
over all bundles. If a bidder gets no item from the provisional assignment
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and can make new bids (such a bidder is called a provisional loser), then
at least one of such bidders reduces his target utility and all other bidders
keep their target utilities unchanged. Every bidder then updates his bids on
his interested bundles and reports his updated bids. The auctioneer chooses
again a provisional assignment based on currently reported bids and her own
valuations. This process stops at the time when there is no provisional loser
anymore. The auction contains a unique tie-breaking rule.

Another salient feature of this new auction is that we generalize a long-
established pricing rule: a seller will sell her good only if the price is no less
than her valuation or reserve price. Because our current model allows the
seller to have any kind of valuation on every bundle of items, we generalize
this conventional rule in a way that a bundle can be sold only if its price is no
less than its marginal value to the seller. We prove that at every core allocation
the price of every sold bundle is at least equal to its marginal value to the
seller when no condition is imposed on the seller’s valuations, and that at every
core allocation the price of every sold bundle is at least equal to the seller’s
valuation when her valuations are super-additive or when all items are sold out.

The current auction generalizes those of Bernheim & Whinston (1986),
in particular, Ausubel & Milgrom (2002), Milgrom (2007), Mishra & Parkes
(2007), Day & Milgrom (2008), and Erdil & Klemperer (2010) from their
settings without budget constraints to the current setting with budget constraints.
This article also connects with several recent papers on the assignment markets
with budget constraints.! In such markets, every bidder demands at most one
item or every firm hires at most one worker and every worker works for at
most one firm. Aggarwal et al. (2009) examine an assignment model with
budget constraints under which a Walrasian equilibrium exists. Ashlagi et al.
(2010) investigate a position auction model with budget constraints, a special
assignment model.” In their Section 8, Ausubel & Milgrom (2002) also discuss
a specific auction model with budget constraints and present a mechanism for
finding a core allocation. They require that bidders have strict preferences over
a finite number of choices. Their auction does not work for the assignment
models, or the current one, in which bidders have a continuum of choices and

The well-known assignment markets without budget constraints have been studied by Koopmans
& Beckmann (1957), Shapley & Shubik (1971), Crawford & Knoer (1981), and Demange et al.
(1986).

See Dobzinski et al. (2012) for an impossibility result when several identical items are sold to
budget constrained bidders each of whom may demand multiple items.
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can be indifferent between different choices.

The following four papers deal with the assignment models with budget
constraints that may fail to achieve Walrasian equilibria. Talman & Yang
(2015) propose a dynamic auction that finds a core allocation. Laan van der &
Yang (2016) introduce an ascending auction to locate a constrained equilibrium.
Herings & Zhou (2022) propose an algorithm for finding a quantity-constrained
competitive equilibrium. In these two papers, both constrained equilibria need
not be a core allocation. Yang & Yu (2022) introduce a dynamic auction which
generates a core allocation and also induces bidders to bid truthfully. The other
literature on auctions concerning one or two goods with budget constraints
includes Zheng (2001), Hafalir et al. (2012), Benoit & Krishna (2001), Pitchik
(2009), and Pai & Vohra (2014) among others.

The rest of the paper is organized as follows. Section 2 presents the model
and basic concepts. Section 3 introduces and analyzes the auction. Section 4
concludes.

2. THE MODEL

An auctioneer (seller) wishes to sell a set of heterogeneous indivisible goods
(items) N = {a, b, ...} to a group of potential bidders M = {1,2,...}. Let
0 represent the seller (she) and let My = M U {0} stand for all agents in the
market. Let 2V denote the collection of all subsets of N, and an element
A € 2V is called a bundle of goods. For every bidder i € M, let 7' c 2V
represent the family of bundles in which he is interested. We assume that
consuming nothing can be one of his options, i.e., € F*. Bidder i attaches a
monetary value (units of money) to each interested bundle of items, namely,
each bidder i has a valuation function v/ : ¥% — Z, with v/(0) = 0. Every
bidder i is endowed with an amount m’ € Z, of money. We say that bidder i
is budget constrained if m' < max 4cgi v'(A), that is, the valuation of bidder
i for some bundle exceeds what he can afford. Otherwise, bidder i is not
budget constrained or faces no budget constraint. The seller has a valuation
v0(A) € Z, for every bundle A € 2V and an initial income m° = 0. Observe
that for the seller we have 79 = {4 | A C N}. Here money will be treated as a
perfectly divisible commodity. Because all v/(A) and m' are integers, we can
actually prove that there will be an integral solution by using our proposed
auctions and the size of price adjustment in the auctions can be 1.

A bundle A € 2V can be sold only if its price p(A) is no less than its
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marginal value to the seller, i.e., p(A) > v°(A U B) —v%(B), where B is the
bundle that will not be sold but kept by the seller. This pricing rule is a natural
and practical generalization of the traditional one that the seller is willing to
sell her good only if its price is not below her reserve price. This new rule is
needed because we allow the seller to have a very general pattern of valuations
on her bundles of items. In the literature, it is typically assumed that the seller
has a zero reserve price on every item or bundle of items.
The following assumptions are imposed upon the model:

(A1) Private Values: Every bidder i € M knows privately his own feasible
bundles 77, valuation function v/, and budget m'.

(A2) Quasilinear Utility: For any bidder i € M, if he pays p(A) in exchange
for bundle A € 77, he gets utility of v/(A) — p(A) for p(A) < m' and
utility of —co for p(A) > m'.

(A3) Monotonicity of the Seller Values: The seller’s valuation function v° is

weakly increasing with v(0) = 0, i.e., v0(A) < v’(B) for A C B C N.

We use (v, Fi, m');e M, to represent this auction model.

An assignment of items in N is a partition 7 = (7(i));epm, of items among
all agents in My such that 7 (i) N 7(j) = @ for alli # j and ;ep, 7(i) = N.
Note that 71(i) = ( is allowed. An assignment 7 assigns the bundle 7 (7) to
agent i. If 7(0) # 0, then the bundle 7(0) is not sold and thus stays with the
seller. An assignment 7 is feasible if 7(i) € ¥ for every bidder i € M. Let
A denote the family of all assignments and A C A the family of all feasible
assignments. A feasible assignment 7 is fully efficient if for every feasible
assignment p, we have

D i) = D vip(). (1)

ieMy ieEMy

Given a fully efficient assignment 7%, let w(Mo) = X;cp, vi(r*(i)). We call
w(My) the potential market value. Clearly, this value is the same for any
fully efficient assignment. Moreover, for any subset of agents S C My which
includes the seller, we use A to denote the family of all assignments p € A
which satisfy p(i) = 0 for every bidder i € My \ S. Then the value of the
coalition § is w(S) = max,c gs Djes Vvi(p(i)).

A vector r = (ri),-eMO is a feasible income distribution if 3¢, rt =
2iem,m and r' > 0 for all i € My. A pair (7, r) of a feasible assignment 7
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and a feasible income distribution r is called an allocation. At (x,r), agent
i € My receives bundle 7 (i) and holds r* a total amount of income. Then the
net utility that the agent achieves is given by

u' (m,r) =vi(n(Q)) — (m' —r') .3

When there is no budget constraint, the Walrasian equilibrium has been the
most widely used solution for auction and equilibrium models and Walrasian
equilibrium or market-clearing prices are used in auction design.

Given a price vector p = (p/) jen Which specifies a price for each item,
the set of affordable bundles of bidder i who faces a budget m' is represented
by ¥/ = {B € ' | Xjcpp’ < m'}. The demand set of bidder i given
p = (p’)jen is defined by

D'(p) = {A e 1 1v(A) = ) p7 = max(v(B) - pr)} .

JEA BeF? JEB
So D(p) is the collection of his most preferred affordable bundles at prices p.

Definition 1. A Walrasian equilibrium is a pair (p,n) of prices p and
assignment 1 such that n(i) € D'(p) for every bidder i € M and v°(x(0)) =

Zjeﬂ(o) p’ for the seller.

At equilibrium, every bidder gets his best bundle at the prices within his
budget and the price of the unsold bundle is equal to the seller’s valuation of
the bundle.

If (p, ) is a Walrasian equilibrium, then p is called an equilibrium or
market-clearing price vector and m a Walrasian equilibrium allocation. It
is well-known from Koopmans & Beckmann (1957) and Kelso & Crawford
(1982) that there will be at least one Walrasian equilibrium when all indivisible
goods are substitutes and traders face no budget constraints.

It is known that when buyers are budget constrained or preferences are
very general and complex, Walrasian equilibrium cannot be guaranteed to
exist. For the current model, we have to adopt a more general solution: the
core. The notion of core has been widely used in general equilibrium theory
and cooperative game theory; see e.g., Gillies (1953), Debreu & Scarf (1963),

3 The seller’s utility is also «°(r, ) = vO(7(0)) = (m® — r%) =v0(7(0)) + X;cps (M = 11).
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Scarf (1967), Shapley & Scarf (1974), and Predtetchinski & Herings (2004).
We now introduce this concept for a non-transferable utility n-person game.

An allocation (7, r) is individually rational if every agent i € M achieves
no less utility than they would achieve if they stood alone, i.e., u' (7, 7) > 0
for every i € M and u®(x,r) > vO(N) for the seller. An allocation (7, r)
is Pareto efficient if there does not exist another allocation (p, f) such that
u'(m,r) < u'(p,t) for all i € My; otherwise, we say that (r,r) is strongly
Pareto dominated by (p, 7). An allocation (7, r) is strongly Pareto efficient if
there does not exist another allocation (p, ¢) such that ' (, 7) < u'(p, t) for all
i € My with at least one strict inequality; otherwise, we say that (r, r) is Pareto
dominated by (p, ¢). A nonempty subset S C M) is called a viable coalition if
S consists of either the seller with any number of bidders or a single bidder.
Given a viable coalition S, an allocation ( pS ,1) is feasible for S, if pS is in AS
such that p5 (i) = 0 for every bidder i € My \ S, and ¢ = (¢');cp, is a feasible
income distribution such that Y;.g#' = 3;cgm' and #* = m' for every bidder
i € My\ S. An allocation (m,r) is blocked by a viable coalition § if there
exists a feasible allocation (p3,¢) such that u’(pS,1) > u'(m,r) forall i € S;
the allocation (7, r) is weakly blocked by a viable coalition S if there exists a
feasible allocation (p*, ) such that u’(p®,¢) > u'(x,r) for all i € S and with
at least one strict inequality.

Definition 2. An allocation (&, r) is in the core and is called a core allocation
if it is not blocked by any coalition. It is in the strong core and is called a
strong core allocation if it cannot be weakly blocked by any coalition.

Clearly, every core allocation is Pareto efficient and every strong core
allocation is strongly Pareto efficient. Note that in the current model utilities
cannot be fully transferable because of budget constraints and indivisibility.

The following example shows that when bidders are budget constrained,
the core is not empty but the strong core is empty.

Example 1. There are three items {a, b, ¢} and three bidders {1,2,3}. Each
bidder’s interested bundles, valuations, and budget are given in Table 1. For
ease of notation, we express bundle {a, b} as ab.

Case 1: Consider the case of (m!, m?, m>) = (4, 4, 6). In this case no bidder
is budget constrained. We will show that the market has a nonempty strong
core. The market has a unique fully efficient assignment 7* = (0, 0, b, ac),
which assigns b to bidder 2 and {a, ¢} to bidder 3. By giving a feasible income
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Table 1: Valuations and budgets.

Bidders Fi V()
1 {ab,ac,0} | vi(ab) =4, vi(ac) =4,vI(0) =0
2 {b,ab,0} | v?(b) =3,v*(ab) =4,v*(0) =0
3 {c,ac,0} | v3(c)=4,v(ac) =6,v>(0) =0

N ENENE]
| o] w3

distribution r* = (9,4, 1,0), we construct a strong core allocation (7%, r*).
To show this, see the utility distribution (u°, u!, u?, u?) = (9,0,0,0), which
satisfies e, u' =9 = w(Mp) and Y,cgu’ > w(S) for any proper subset
S c{0,1,2,3}.4

Case 2: Consider the case of (m!,m?,m®) = (3,2,2). In this case, all
bidders are budget constrained. We will show that the strong core is empty but
the core is not empty. Since any wasteful allocation, in which the seller holds
a bundle unsold, can be Pareto improved by assigning the unsold object(s)
to the right person without changing the income distribution, so we focus
on the four non-wasteful assignments: 7* = (0,0, b,ac), 7’ = (0,ac, b, D),
7"’ =(0,ab,0,c),and "’ = (0,0, ab,c).

We first consider the fully efficient assignment 7* = (0,0, b, ac). For
any feasible income distribution r = (7 — r' =2 =3, r!, r2, 1), individual
rationality implies that 7! > m!. (n*, r) is weakly blocked by coalition {0, 1,2},
and the blocking allocation is (77, 7(r)) with #(r) = (8 = r! = r2,r! = 3,r2,2)
and

WA t(r)=8—r' =2 >7-r = =¥ =4z, r),
ul(n t(r)) =vi(ac) +r! =3 —m' > 0=ul(n*,r),
(7, 1(r) = vE(b) +r* = m? =v2(b) +r* = m?* = u*(x%, r).

In a similar way, we can show that any individually rational allocation (7, ) is
weakly blocked by coalition {0, 1,3} and the proposed allocation is (7, (7 —
rl—3,rl 2,3 = 2)). The individually rational allocation (z”,r) will be
weakly blocked by coalition {0, 1,2} with the proposed allocation (7/, (7 —
r! —r2,rl,r? = 2,2)). Finally, (2", r) will be weakly blocked by coalition
{0, 1,3} with allocation (n”, (8 — r! —r2, 7! = 3,2,7%)).

The values of all the coalitions are listed here: w(0) = w(l) = w(2) = w(3) = w(12) =
w(13) = w(23) = w(123) =0, w(01) =4, w(02) =4, w(03) = 6, w(012) =7, w(013) =8,
w(023) =9, and w(0123) = 9.
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By contrast, the core is notempty. Infact, (77, (5,0, 0,2)) and (z”, (5,0,2,0))
are both in the core. Because there is always a bidder receiving nothing and
thus holding his budget in line with individual rationality, the seller cannot get
more than an income of 5. Then no coalition can improve the seller’s revenue
based on the two given core allocations.

The following example shows that even if bidders face no budget constraints,
complex preferences can still fail to achieve Walrasian equilibrium.

Example 2. There are two items {a, b} and two bidders {1,2}. Table 2 shows
every bidder’s budget and valuations.

Table 2: Valuations and budgets.

Bidders Fi Vi) i
1 {a,b,ab,0} | vi(a) =1,vI(b) =2,vI(ab) =5,vI(0) =0 | 7
2 {a,b,ab,0} | v’(a) = 4,v*(b) = 4,v*(ab) =5,v*(0) =0 | 9

In this example, no bidder is budget constrained. Bidder 1 views items a
and b as complements but bidder 2 views them as substitutes. The market has
a unique fully efficient assignment 7* = (0, b, a). Suppose to the contrary that
the market has a Walrasian equilibrium. Then there exist supporting prices
p® and p? for n*. For bidder 1, we have 2 — p” > 5 — p® — p? which implies
p?® > 3. We also have p? < 2. For bidder 2, we have 4 — p® > 4 — p” which
implies p® > p?, contradicting p* > 3 and p® < 2. This shows that the market
has no Walrasian equilibrium. Nevertheless, the market has a strong core
allocation at which bidder 1 gets item b and pays 2 and bidder 2 gets item a
and pays 4.

We will establish the following core existence theorem for our auction
model.

Theorem 1. There exists at least one core allocation in the auction model
(Vl, Tl, ml)iEMo-

In the next section we will propose a dynamic auction mechanism which
finds a strongly Pareto efficient core allocation, not just a core allocation, thus
giving a constructive proof of a stronger version of the theorem.
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3. MAIN RESULTS

This section first introduces the new dynamic auction and then illustrates it and
discusses its properties.

3.1. A New Dynamic Auction

Before introducing the new dynamic auction, we make some preliminary
remarks. At each round k of the auction, every bidder i will update his bids
on his feasible bundles and his target utility ﬁlk as follows. For every feasible
bundle A € 77, he finds the intermediate bidding price

PI(A | i) =vI(A) - .

If p'(A | @&},) < 0, he will not bid for A in this round. If 0 < p(A | i) < m',
he proposes an foer of buying bundle A with price p} (A) = ﬁ’ (A | ﬁlk).. And
if m' < p'(A | &), he proposes to buy bundle A with price p) (A) = m'. The
bidder treats the empty bundle () as a normal bundle. If bidder i is required
by the auctioneer to submit new offers, he makes new offers by reducing his
target utility. We define the decrement of target utility, A’ (ﬁl}c)’ as the minimal
integer that leads to new offers. Formally,

Al () = min{d € Z,. | p'(Ald, — d) € [0, m'] for some A € F'}.

The decrement is usually one but can be larger than one when the bidding price
of some bundle reaches the bidder’s budget. We use x = (i, A, p) € Ix2V xR,
to denote bidder i’s offer of buying bundle A at price p. Given an offer
x = (i, A, p), let x)y =i denote the proposer, xz = A the bundle, and xp = p
the bidding price.

In each round, the auctioneer uses every bidder’s reported bids to calculate
feasible assignments that maximize her revenues. Because the auctioneer can
use only the revealed information such as offer prices and bid bundles of every
bidder i € M, she will set the price of every nonempty bundle for which he has
not bid at —co. Now we describe the new dynamic auction mechanism in detail.

Initialization: Set & = 1 and go to the Bidding stage.

Bidding stage: If it is the first round k = 1, every bidder i € M sets his
initial target utility ﬁ’l = max .5 V' (A) and the intermediate bidding

Journal of Mechanism and Institution Design 9(1), 2024



Zaifu Yang, Jingsheng Yu 115

price p! (A | @) = v'(A) — i}, for every feasible bundle A € 7, and
makes the offer (i, A, min{ﬁ’,;(A | ﬁk) m’}) and sets his price p’){(A) =
min{ﬁ’}c(A | ﬁ’,'c),mi} on A only if ﬁ’,'((A | ﬁ}c) > 0. Let X]i denote
bidder i’s offer at round k. Go to the Assigning stage. In any other
round k& > 2, if bidder i is required to submit new offers, he updates
his target utility ﬁ’k = ﬁ’}{_ | A"(ﬁi_ |)» sets the intermediate bidding
price ﬁ’,;(A | ﬁ’k) =vi(A) - ﬁ’k for every feasible bundle A € 7, and
makes the offer (z‘, A, min{p\ (A | @), m’}) and sets his price p’ (A) =
min{p’ (A | 4}),m'} on A only if p! (A | 4,) > 0. Let X! denote bidder
i’s offer at round k. Every other bidder ;j # i keeps his target utility and
offer unchanged @) = @) , and X; = X|_|.

Go to the Assigning stage.

Assigning stage: The auctioneer keeps the record of every bidder i’s bidding
history {X'}1<.<x. For every bidder i € M, the auctioneer sets the
price of every nonempty bundle A for which he has not bid until the
current round as p’,'((A) = —oo and sets the price of the empty bundle
for which he has not bid as p; (@) = 0. Then the auctioneer calculates
i’s first-bidding-round f; (A) of the current offer on his bid bundle A by
setting

fi(A) =min{x € {1,--- ,k} | 3x € X} such that x5 = A
and xp = p’ (A)}
and by setting fli (A) = oo for any bundle A for which he has not bid until
the current round k. The auctioneer records fi () = ( fli (ﬂ(i))). " as
= i€

the first-bidding-round vector of every assignment 7 € ‘A at round k.
Based on the current bidding prices Py = (Pl}c)ieMo with pg(A) =9(A)
for every A € 2V, the auctioneer finds all optimal assignments that
maximize her revenues by solving the problem:

C(Py) = {n € A|x=argmax( ) p;(p<i>>)} : )
PEA  ieMy

If there is only one assignment in C(Py), the auctioneer chooses the
unique assignment as the provisional assignment ;. If C(Py) contains
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more than one assignment, the auctioneer chooses 7y € C(Py) such
that there does not exist another assignment p € C(Py) with f;(p) <

fi(m).

Go to the Continuation or termination.

Continuation or termination: Atthe provisional assignment 7y, if f,ﬁ (mr (i) <
oo for all bidders i € M, the auction stops with the provisional assign-
ment 7. Then every bidder i € M receives bundle 74 (i) and pays his
bidding price p?{(ﬂ'k(l')). The seller keeps bundle 74 (0) and receives
the payments for the sold bundles. Otherwise, the auctioneer randomly
selects one bidder with f,ﬁ (7 (i)) = co (which means that he is assigned
the empty bundle () not proposed by him) and asks him to submit new
offers at next round.

Set k = k + 1 and go back to the Bidding stage.

Several comments are in order. First, for every bidder the price of the
empty bundle is always zero regardless of whether the bidder has bid on it or
not. Second, if a bidder has bid on a nonempty bundle, the price of the bundle
will not decrease. Third, the tie-breaking rule of using the functions fj(-)
plays an indispensable role in finding a strongly Pareto efficient core allocation,
not just a core allocation. Note that when bidders face no budget constraints,
no tie-breaking rule is needed, because in this case the core coincides with
the strong core. Lastly, target utility is also used in Day & Milgrom (2008)
for a model without budget constraints. Concerning the auction, we have the
following observation.

Proposition 1. If 7 is an optimal solution to Problem (2), it must be a feasible
assignment, i.e., 1 € A. Furthermore, for any bidder i € M, if n(i) is not
empty, then bidder i must have bid for it.

Proof. Note that for any bidder i € M and any nonempty bundle A, if the
bidder has no interest in the bundle, he will not bid on the bundle, resulting
in the bundle’s price being —co. Moreover, the price of the empty set 0 is
always zero. It is clear that when the auctioneer tries to find an assignment
maximizing her revenues by solving Problem (2), she will definitely not choose
any nonempty bundle for which no bidders have bid. The conclusion follows
immediately. O

> The inequality of the vectors means that f,f (p(@)) < f,f (mx (7)) for every bidder and with strict

inequality for at least one bidder.
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3.2. Illustration of the Proposed Auction

To have a better understanding of the proposed auction mechanism, we illustrate
it through the following Example:

Example 3. There are three items {a, b, c} and three bidders {1,2,3}. The
seller values every bundle at 0. Table 3 shows every bidder’s budget and
valuations.

Table 3: Valuations and budgets.

Bidders F vi(+) m'
1 {a,b,0} | vi(a) =6,vI(b)=2,vI(0)=0] 2
2 {c,0} v2(c) =5,v*(0) =0 2
3 {abc, 0} v3(abe) =4,v3(0) =0 4

Table 4 collects the data generated by the proposed auction mechanism
and shows that the auction finds the core allocation. Let’s take a closer
look at the auction process. With respect to the prices in round 1, all the
feasible assignments yield zero revenue for the auctioneer. However, the
auctioneer should choose an assignment with minimal first-bidding-round
vector, so she cannot choose the no-sale assignment p = (abc, 0, 0, Q) since
f1(p) = (00, 00, 00) is larger than fi(71) = (1,1, 00). At round 2, bidder 3 is
required to propose a new offer. He reduces his target utility by 1 and makes
the offer (3, abc, 1). Recall that the offer means that bidder 3 is willing to
buy the bundle abc with price 1. Then, 7 is the unique feasible assignment,
maximizing the seller’s revenue, so it is chosen regardless of the first bidding
times. Turn to round 7 in which bidder 1 is required to propose new offer.
If bidder 1 reduces his target utility by 1 as usual, then the two intermediate
prices of his interested bundles both fall outside the feasible interval (i.e.,
pl(al3) =3 >2=m' and p'(b|3) = -1 < 0). So bidder 1 reduces his target
by 2 and proposes an offer (1, b,0). In addition, his previous offer (1, a,?2)
is kept unchanged, and the first round of bids is recorded as 4. At round
12, there are three feasible assignments yielding the highest revenue, they
are 1 = (0,a,c,0), 711 = (0,0,0,abc), and 7’ = (0, b, c,D). The three
first-bidding-round vectors are fi2(m12) = (4,12,9), fio(711) = (11,00,9),
and fi2(n’) = (11,12,9). The auctioneer selects 71, and the auction stops
because it has the minimal first-bidding-round vector and no bidder makes any
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new bid. Observe that 7y, is the unique strongly Pareto efficient allocation.
At the final allocation, bidder 1 gets a and pays 2, bidder 2 gets ¢ and pays 2,
bidder 3 gets nothing and pays nothing, and the seller gets 4 and keeps b. It
is easy to verify that this allocation 77 is a core allocation, creating a social
value of 11. As will be shown, the current auction will always find a strongly
Pareto efficient core allocation. Let us now briefly compare the current auction
with that of Ausubel & Milgrom (2002). Their auction cannot guarantee to
find the outcome given by our auction but can end up with the outcome which
assigns abc to bidder 3 who pays 4, generating a social value of 4.

Table 4: Illustration of the proposed auction mechanism via Example 3.

Cla | ey |4 | Hew | 5 | Hao | ™G | Teer
Vel s s8] 09 Gh ]
el e o] e [Sase]
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3.3. Properties of the Proposed Auction

This section will demonstrate several properties of the proposed auction
mechanism.

Lemma 1. The proposed auction terminates in a finite number of rounds with
each bidder’s target utility no less than his budget.

Proof. Observe th.at, for every bidder i € M, his initial target value ﬁ’l 1S an
integer max s v'(A) > 0. His target utility decreases by an integer if he is
required to submit new offers. And 0 is also an integer and the offer (7, 0, 0)
will be made if bidder i sets his target utility at 0. He cannot set the target utility
below 0. When ﬁ’k = 0, he has proposed all of his feasible bundles including 0,
so at least one of his offers is chosen in the feasible provisional assignment.
Thus the bidder will stop reducing target utility when he reaches his budget.

Therefore, the auction must terminate in a finite number of rounds. O

In the auction process, every bidder i’s bidding price p’,'( is an increasing
function of k. Because iz} > 0 for all k, by the pricing formula his bidding price
for every feasible bundle will never be higher than his valuation of the bundle
nor above his budget, i.e., p’}c (A) < min{m’,v'(A)} forall k and A € F.

Suppose the auction stops at round K. The final assignment is 7k, and the
corresponding income distribution is ¥ = ¥c), p%(nK(i)) for the seller, and
r' =m' — pt (ng (i) for every bidder i € M. Bidder i € M is said to be a loser
if his assigned bundle 7g (i) is empty; otherwise, he is a winner. Let (g, r)
denote the final outcome generated by the auction. Clearly, a loser gets no item
and pays nothing.

The next result shows that the price of every sold bundle by the auction is
at least as high as its marginal value to the seller.

Lemma 2. At the outcome (ng, r) generated by the proposed auction, every
bidder i € M pays a price for his assigned bundle no less than its marginal
value to the seller, i.e.,

P (i (i) 2 V0 (mx (0) U mk (i) = v (25 (0)).

Proof. It follows immediately from the Assigning stage of the auction that the
seller is maximizing her revenue. O
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Recall that we do not impose any specific condition upon the valuation
functions of bidders and the seller. The next result shows that when the seller’s
valuation function is super-additive, the price of every sold bundle by the
auction is at least as high as the seller’s reserve price of the bundle.

Corollary 1. When the seller’s valuation function v° is super-additive, i.e.,

vO(A U B) > v2(A) +vY(B) for any two disjoint sets A and B of items, then at
the outcome (g, r) generated by the proposed auction, every bidder i € M
pays a price for his assigned bundle no less than the seller’s reserve price, i.e.,

P (m (i) 2 VO (g ().

Proof. Tt follows from Lemma 2 that

V(g (0) U g (i) = vO (i (0))

Pl (i (i)
VO(rk (0)) +vO(mx (i) = v (mk (0)) = vO (7 (i)

vV v

We have another desirable property.

Corollary 2. When all items are sold to the bidders by the auction, every
bidder i € M pays a price for his assigned bundle no less than the seller’s
reserve price, i.e., p’}((nK(i)) > v0(7k (i)).

Proof. 1t follows from g (0) = 0 and
P (i) > v (g (0) U mk (i) = v (7 (0)).
that we have p"[((nk(i)) > v0(ng(i)) foralli € M. O

The following lemma shows that the outcome given by the proposed auction
is individually rational.

Lemma 3. The outcome (ng,r) generated by the proposed auction is individ-
ually rational and gives every bidder i at least his target utility ﬁ’K

Proof. Observe that bidder i is a loser, i.e., his assigned bundle 7k (i) is
empty, only if (7,0, 0) is in his offer set and thus his target utility is ﬁ’K =0.
In this case, he achieves utility u'(7g,r) = v/(0) — p(0) = 0. We prove
that each winner i achieves his final utility u'(7g,r) > i%. To see this,
let A = mg (i) denote i’s assigned bundle, and his final bidding price on A
is p%(A) = min{v'(A4) — ﬁ;(, m'}. We need to consider the following two
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cases. Firstly, if pt.(A) = v/(A) — d' < m' holds, then bidder i’s utility is
u' (ng,r) = vi(A) - pi(A) = ik Secondly, if.p%(A) = m' < VI(A) — ik
holds, then bidder i’s utility equals u' (mg,7) = v'(A) —m' > it}

For the seller, consider the no-sale assignment g such that 5(0) = N and
p(i) =0 foralli € M. It is feasible (i.e., p € A) and gives her the utility of
2ieM, p;([)(i)) = p(I)((N) = vO(N). The sqller’s optimal choice guarantees
her rationality, u®(ng, r) = maxpea Yiem, Px (0(0) = vO(N). O

We are ready to establish the first key result concerning the auction: the
outcome generated by the auction is not only a core allocation but also strongly
Pareto efficient. This also gives a constructive proof of Theorem 1.

Theorem 2. The outcome (ng,r) yielded by the proposed auction is not only
in the core but also strongly Pareto efficient.

Proof. We first show that the outcome is a core allocation. By Lemma 3, the
outcome (7g, r) is individually rational. Suppose to the contrary that (g, r)
is not in the core. Then there exists a coalition S consisting of the seller and at
least one bidder with an allocation (p3, ¢) such that u’(p®, 1) > u’(7k, r) for all
i € S. Without loss of generality, we can assume that ¢ < m' foralli € S\ {0}.
To see this, suppose that there is a nonempty subset of bidders J C S\ {0}
such that #/ > m/ for all j € J. We can construct a new blocking coalition
I =S\ J who blocks (7, r) via an allocation (p’, ) defined as follows. Let
every agent in I keep the same bundle and the same income as at (p3, ), then
we have u!(p!, 1) = u'(p5,t) > u'(ng,r). The seller 0 € I takes back the
bundles and transfers assigned to agents in J. Then we have p/(0) > p°(0)
and v%(p’(0)) > v%(p5(0)) by the monotonicity of the seller values. We also
have 70 = Y;cp 0y (m' = 1) > Tiep oy (m' = 1) + Yiey(m' = 1) = 1°. So we
get u®(p!, 1) > u®(p5,1) > u®(ng, 7).

For each bidder in the coalition i € S\ {0}, if he is a winner of the auction,
then his final target utility in the auction is lower than the improved utility,
ie., ﬁlK < ul(mg,r) < u(p5,1) = vi(p5(i)) + tf' — m'. This 'implies tha; he
sets a higher intermediate price on p°(i), i.e., pi (p°(i)) = v'(p5 (i) — %, >
m' — ¢ > 0, and proposes a higher bidding price on p° (i), i.e.,

Pi(p* (i) = min{m', P (0> (i)} = m' —1'.
Ifi € S\ {0} is a loser of the auction, he is also improved in the coalition, i.e.,
0=u(ng,r) <u(p5 1) =vi(p5(i))+t'=m'. Itfollows that vi(pS (i) > mi—t'.
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The loser sets his final target utility ﬁ’K = 0, so his offering price on bundle
p3 (i) is

P (p° (i) = min{m',v'(0* (D))} = m' — 1",
Then for the seller we have

Do Pk(5 ) = pR(p°(O) + > (m' =)
ieS i€S\{0}

=u0(p%.1) > W (rgr) = ) plek(i)).

ieMy

This contradicts the fact that 7x maximizes the seller’s revenue based on the
final bidding prices Px. Conclusively, (7g, r) is in the core.

We then show that (7g,r) is strongly Pareto efficient. Suppose on the
contrary that (g, r) is Pareto dominated by an allocation (p,¢) such that
u'(p,t) > u'(ng,r) for all i € My with at least one strict inequality. Because
every bidder is (weakly) better off at (p, 7), similar to the coalition members
in above proof, at the final round of the auction each bidder i € M sets a
comparatively lower target utility i} < u “(p, t) =v (p(l))+t’ m' andahigher
intermediate price ﬁK(p(i)) =vi(p(i)) - iy > m' — toIf e < ml, we have
that Pl (p(1) = m' =1 = 0 and pie(p() = min{in'. e (p(i)} = m' ~ i
if ¥ > mt, it 1s obvious that pK(p(z)) > 0 > m' —t'. Anyhow, we have
p K(p(z)) > m' —t'. The seller is also (weakly) better off, so we have

D Pk (p() = p(p(0) + > (m' = 1) = u(p, 1)

ieMy ieM
> u(ngr) = ) phlax() 2 Y pi(p(@).
ieMy ieMy

The last inequality comes from the fact that 7x maximizes seller’s utility on
prices Px. So we have Ziep, P (1 (1)) = Ziea, P (0(i)), and pi (p(0)) =
m' —t" for all i € M. These imply that, for each bidder i € M, his final
offering price on bundle p5(i) is m' — ', (i.e., (i, p5(i),m" — 1') € X&); for
the auctioneer, p yields the highest revenue as nx does (i.e., p € C(Pk)).
Note that if i strictly prefers (i, p(i), m' — t') to (i, ﬂK(i),p%(ﬂK(l'))), then it
holds that fi (p(i)) < fi(x(i)); if i is indifferent between (i, p(i), m' —t')
and (i, g (i), p% (nk(i))), then it holds that fi (p(i)) = fi(n(i)). So the
allocation (p,t) Pareto dominates the auction outcome (7g,r) means that
fx(p) < fx(mk). It contradicts the choice rule of Assigning stage. O
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The following example shows an interesting aspect of the proposed auction
in that it finds a strongly Pareto efficient core allocation, which is not in the
strong core, even though the strong core is not empty. More surprisingly,
the assignment of the found strongly Pareto efficient core allocation is fully
efficient, but the assignment of the unique strong core allocation is not fully

efficient.

Example 4. There are two items a and b, and two bidders 1 and 2. Valuations
and budgets of bidders are given in Table 5. The seller values every bundle at

123

0.
Table 5: Valuation and budget with two items.
Bidder | 0 | Item a | Item b | Package ab | Budget

1 0 2 - 10 5
2 0 — 5 6 5

Table 6 shows the bidding process of the dynamic auction.

Table 6: The bidding process of the dynamic auction via Example 5.

c | gl p}f(a, ab,0) 42 p%(b, ab,0) | m(0,1,2,3) | New Offer

k| fi(a,ab,0) | "% | f7(b,ab,0) S () Required

(=,0,-) (=,0,-) (0,ab,0)

P (eotie) | O] (i) | (L) ’
(_’ 07 _) (O, 1, _) (@, @, ab)

P e [0 @200 | (22) :
(= 1,-) (0,1,-) (0,ab, 0)

1 w3 |0 22w | () ’
(_’ 1’_) (1, 2, _) (@, (Z),ab)

P s [P @) | (o) 1
(-,5,-) (4,5,-) (0,ab,0)

S o) | 1] (10,10,00) | (11,00 2

1l s (-,5,-) 0 (5,5,0) (0,ab,0) )

(00,11, 00) (12,10, 12) (11,12)
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The auction ends with the allocation (712,712) = ((0,ab, ), (5,0,5)).
This outcome assigns the two items to bidder 1, maximizes the seller’s revenue
and the total nontransferable utility and yields utilities w®, u',u?) = (5,5,0).
The assignment is fully efficient. The allocation is in the core but not in
the strong core. To see this, consider the coalition {0,2} with a feasible
allocation p° = (0, 0, ab) and a feasible income distribution ¢ = (5, 5,0). The
new allocation yields utilities (5,0, 1) weakly blocking (72, r12). Actually,
allocations (72, r12) and (p, r) weakly block each other.

To show that the strong core is not empty, consider the allocation

(m,r) =((0,a,b), (6,4,0)).

It offers utilities (x°, u', u?) = (6, 1,0). Clearly, it is individually rational.
We show why it cannot be weakly blocked by any coalition. The first viable
coalition is § = {0, 1}. In this, bidder 1 cannot pay more than 5 and thus
the seller’s revenue decreases. The second viable coalition S = {0, 2} faces
a similar problem. In it, bidder 2 cannot pay more than 5 and so the seller
gets less. The final viable coalition is S = {0, 1, 2}. In this case, each bidder
pays money to sustain the seller’s revenue no less than 6; in return, each bidder
gets one item. The only possible assignment is 7 = (0, a, b). Using the same
assignment, any redistribution of income favors one but also hurts someone
else in the coalition.

Observe that the strong core assignment 7 is not fully efficient. In contrast,
the assignment 75, found by the proposed auction is fully efficient.

The above example shows that under budget constraints, the auction can
always find a strongly Pareto efficient core allocation but may not guarantee
to locate a strong core allocation even if it exists. This does not contradict
Theorem 3, which says that the proposed auction can always find a strong core
allocation when no bidder is budget constrained.

We have proved that the proposed auction always finds a strongly Pareto
efficient core allocation no matter whether bidders are budget constrained or
not. We have also shown that when bidders are budget constrained, the auction
cannot guarantee to find a strong core allocation even if it exists. So we have to
accept some loss of market efficiency. This raises an important question as
to whether the auction can find a strong core allocation when bidders are not
budget constrained. Our next result establishes the equivalence between the
core and the strong core when no bidders are budget constrained.
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Lemma 4. When no bidder faces a budget constraint, an allocation (r,r) is
in the core if and only if it is in the strong core.

Proof. The ‘if’ part is obvious, so we prove the ‘only if” part. Suppose on the
contrary that (7, r) is in the core but not in the strong core. By the definition,
(m, r) is individually rational and cannot be blocked by any single agent. Then
there would exist a viable coalition S C My and an implementable pair (o3, )
such that u’(p5,¢) > u'(m, r) for all i € S with at least one strict inequality.

Let j € S be one of the agents being strictly improved, i.e. u/(p5,1) >
u/(n,r). Define A = u/ (p5, t)—u’ (m,r) > 0. Define a new income distribution
7 by

. l‘j—ﬁ S lfl:],
=4+ |S|A ifieS\{j};
t, ifieM\S.

Foreveryi € M\ S, v’ =t = m' is feasible. Foreveryi € S\ {j}, 7" >t >0
is also feasible. Let’s consider the feasibility for agent j. If j is a bidder, then
we have

IS, _ 1A
1 1
>m! = v/ (0°(j) + = |S| > |S|A

The first inequality arises because (7, r) is individually rational such that
v/ (n(j)) +r/ > m'; the second inequality is because bidder j is not budget
constrained such that m/ — v/ (p3(j)) > 0. If j is the seller, we have a similar
condition

o_ISI=1,_ o ) 1
t —|S| A (7(0)) +r° = v/ (p5(0)) + |S|A
> vO(N) =0 (p° (0))+—|S|A > |S|A

The first inequality arises because (7, ) is individually rational for the seller;
the second inequality is attributed to the monotonicity of the seller’s values.
Anyhow, 7/ > 0 is also feasible for agent j.

Then consider the implementable allocation (p3,7). For agent j, we

have u/ (p5,7) = u/ (p5,1) - |S||T|1 =ul(n,r)+ |S|A For every other agent

i € S\ {j}, we have u'(pS,7) = u'(p5,1) + 1 |S| > u'(n, r)+ A We
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reach a contradiction that (7, r) is blocked by the coalition S with allocation
(p5,7). O

As an implication of Theorem 2 and Lemma 4, the proposed auction
will always generate a strong core allocation when bidders face no budget
constraints. Recall that a strong core allocation must be strongly Pareto efficient.
The next result shows that the assignment of every strong core allocation is
fully efficient.

Lemma 5. When no bidder faces a budget constraint, the assignment n of
every core allocation (m,r) is fully efficient.

Proof. Suppose that (7, r) is in the core but its assignment 7 is not fully efficient.
Then there must be another assignment p € A such that ), V' (p(i)) >

Siea, V' (m(i)). Define A = ¥ vV (0 (i) = e, yi(ﬂ(i)). Clearly, we have
A > 0. Now consider the income distribution ¢ = (#');ep, With

o o A
t=vi(n@)+r' —v'(p(i)) + M for every agent i € M.
0

The individual rationality of (r, r) implies that v/ (7 (i)) + r' — m’ > 0. That
bidder i is not budget constrained implies that m’ > v/(p(i)). So we have
t' > 0 for every agent i € M. What’s more, we have

Z {= Z Vi(r(i)) + Z - Z Vi(p(D) + A = Z = Z m'

ieMy ieMy ieMy ieMy ieMy ieMy

In sum, the income distribution ¢ is feasible. It is easy to see that ui(p, t) =
u(m,r) + @A > u' (7, r). We have a contradiction that (7, r) is blocked by
the coalition of all agents M, with allocation (p, 1). |

We have the following theorem.

Theorem 3. When no bidder faces a budget constraint, the outcome (my,r)
yielded by the proposed auction is in the strong core and the assignment my is

fully efficient.
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4. CONCLUDING REMARKS

In this paper we have proposed an efficient dynamic menu auction for a general
market where bidders can demand several items and have general and complex
preferences and also face hard budget constraints. The auction always finds
a strongly Pareto efficient core allocation.® It returns with a strong core
allocation when no bidders are budget constrained. The current auction can
be potentially used to tackle challenging and complex resource allocation
problems involving significant indivisibility, heterogeneity in preferences and a
shortage of financial resources. This study leaves a challenging open question
of whether it is possible to design an efficient and strategy-proof dynamic
auction which induces bidders to bid truthfully and yields an efficient outcome
for the market studied here. Yang & Yu (2022) have shown this possibility for
the assignment market.
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